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Abstract

These lecture notes introduce supervised machine learning, from its mathemat-
ical foundations to the algorithms that are used in practice and to the theory that
explains why they work. Part I gathers the mathematical background needed
throughout the course: norms, derivatives, convex sets and convex functions, and
convex optimization, with the optimality conditions, the gradient descent algo-
rithms and the Lagrangian duality that underlie most learning methods.

Part II sets up the supervised learning problem. It describes the data and
the main learning tasks, introduces the framework of statistical learning theory —
empirical risk minimization and generalization bounds — and details the learning
procedure: how to train a model, how to tune its hyper-parameters and how to
evaluate it with performance measures adapted to regression and classification. It
then presents the main supervised algorithms: surrogate losses, k-nearest neigh-
bours, support vector machines, linear and logistic regression, multinomial logistic
regression, kernel regression, decision trees and neural networks. For each of them,
we describe the model, the optimization problem it solves and the way it is used in
practice.

Part III goes one step further. It comes back to statistical learning theory
through the decomposition of the error into bias, variance, approximation and es-
timation terms, and uses it to explain why combining models works: bagging and
random forests, boosting, stacking and gradient boosting. Metric learning and
practical advice on learning with real data complete this part.

Part IV presents PAC-Bayesian theory, a framework whose object of study is
a distribution over models, that is, precisely what an ensemble method learns. It
derives generalization bounds that certify the risk of majority votes, explains the
role of the diversity of the voters, and shows how minimizing these bounds leads
to self-bounding algorithms, which output a model together with a guarantee on its
risk.

Each notion is illustrated with examples and figures, and each section ends
with short questions to check one’s understanding. The exercises of the course
are gathered in a separate booklet whose sections follow those of these notes. For
neural networks, we warmly recommend the video lectures of Hugo Larochelle, an
excellent complement to the corresponding section.

mailto:guillaume.metzler@univ-lyon2.fr
https://www.youtube.com/playlist?list=PL6Xpj9I5qXYFD_rc1tttugXLfE2TcKyiO
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How to read these notes

The notes are organized in four parts, which can be read in order. Part I is a toolbox:
readers familiar with convex optimization can skip it and come back to it when a
result is needed. Part II is the core of the course (Master 1), Part III is devoted to
ensemble methods and to the practice of machine learning, and Part IV develops the
PAC-Bayesian theory of ensemble methods (Master 2 MALIA), in six short sections
that start from the fundamentals.

Definitions are given in blue boxes, and theorems, propositions and corollaries in
red boxes, always with their proofs or proof sketches; lemmas are in green boxes. Long
computations are written one step per line, and a grey arrow ↓ like this explains how
each line is obtained from the previous one. Examples are numbered by section.

Each section ends with a summary To remember and with short questions Check
your understanding, grouped by subsection, whose answers are in Section A. The figures
of Part IV are generated by Python scripts gathered in the folder code/ of the project,
or by TikZ files of the folder figures/tikz/; the end of each caption indicates its
source.

Prerequisites. Basic linear algebra (vectors, matrices, inner products), differential
calculus in several variables, and probability (expectation, variance, independence, the
law of large numbers).
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Part I

Mathematical background

Machine learning algorithms are, for the most part, solutions of optimization prob-
lems: a model is learned by minimizing a criterion that measures how badly it fits the
data, often with a penalty on its complexity. This first part recalls the mathematical
tools needed to write, understand and solve such problems. Since models are learned
from random data, Section 1 first recalls the probability needed to describe this ran-
domness: expectations, conditional expectations, limit theorems and the concentration
inequalities that turn an error measured on a sample into a guarantee on unseen data.
Section 2 gathers the notions of linear algebra and convexity (norms, derivatives, convex
sets and convex functions); Section 3 studies unconstrained smooth convex optimiza-
tion, its optimality conditions and the gradient descent algorithms that underlie most
learning methods; Section 4 deals with constrained problems, Lagrangian duality and
the Karush–Kuhn–Tucker conditions, which are the key to support vector machines.
These reminders are essential to understand the calculations and properties of the algo-
rithms presented later, and the way solvers work. For further details on convexity and
convex optimization, we refer to Boyd and Vandenberghe (2004).
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1 Probability Essentials and Concentration Inequalities

Machine learning is about learning from data, and data are random: the examples that
we observe could have been different, and the examples on which our model will be used
are not known yet. Probability theory is the language that allows us to describe this
randomness, to define precisely what a “good” model is, and, above all, to quantify how
much we can trust what we measure on a finite sample. This first section gathers the
notions of probability used throughout the notes. It starts from scratch, with intuition
and examples (a very readable complement is the book of Wasserman (2004)), so that it
can be read by students who have not practised probability for a while, but it remains
rigorous, since the results stated here are used in the proofs of the following sections.

About this section

Guiding question. A classifier makes 12% of errors on 1000 examples: what does this
tell us about the errors it will make on new examples, and how confident can we be?
In this section you will learn to:

• describe a random experiment with a probability space, random variables and their
distributions (probability mass functions, densities, cumulative distribution func-
tions), and use the i.i.d. assumption that underlies supervised learning;

• compute expectations, variances and conditional expectations, and recognize that
the risk of a predictor is an expectation and the empirical risk an average;

• state the law of large numbers and the central limit theorem, and explain why they
are not sufficient to certify a learning algorithm;

• prove and use the union bound and the inequalities of Markov, Chebyshev, Cher-
noff and Hoeffding, use those of Bernstein and McDiarmid, and turn them into
statements “with probability at least 1− δ” and into sample sizes.

In a nutshell The true performance of a model is an expectation over the un-
known distribution of the data; what we can compute is an average over a finite
sample. The law of large numbers says that the average converges to the expecta-
tion; concentration inequalities say how far apart they can be for a given sample
size m, with a given confidence. Typically, the deviation is of order

√︁
ln(1/δ)/m:

to halve the uncertainty, one needs four times more data, whereas a much higher
confidence costs very little.

Throughout the section, we use the following running question: a classifier h has
been fixed (for instance, it was trained on other data), and we evaluate it on m new
examples on which it makes ˆ︁p errors in proportion. What can we say about its true
error rate p? We will meet this question again and again, with sharper and sharper
answers.

1.1 Probability spaces, random variables and distributions

Random experiments

A random experiment is an experiment whose outcome cannot be predicted with cer-
tainty: rolling a die, drawing a customer at random in a database, observing tomorrow’s
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temperature, or drawing a training sample. Its mathematical description is a probability
space.

Definition 1.1: Probability space

A probability space is a triple (Ω,F ,P) where
• Ω is the set of all possible outcomes ω of the experiment (the sample space);

• F is a collection of subsets of Ω, called events, which contains Ω and is stable
under complement and countable unions (a σ-algebra);

• P : F → [0, 1] is a probability measure: P(Ω) = 1 and, for every sequence
(Ak)k≥1 of pairwise disjoint events,

P
(︂ ⋃︂

k≥1
Ak

)︂
=
∑︂
k≥1

P(Ak) (σ-additivity).

The σ-algebra is a technical ingredient that we will not discuss further: in this
course, every set that we write down is an event. The axioms immediately give the
rules that you already know: P(∅) = 0, P(Ac) = 1− P(A), P(A) ≤ P(B) if A ⊆ B, and
P(A ∪B) = P(A) + P(B)− P(A ∩B).

Example 1.1. For a fair die, Ω = {1, . . . , 6}, every subset is an event and P(A) = |A|/6.
The event “the result is even” is A = {2, 4, 6} and P(A) = 1/2. For two independent
tosses of a coin with probability p of heads, Ω = {HH, HT, TH, TT} and P({HT}) =
p(1− p).

The conditional probability of A given an event B with P(B) > 0 is P(A | B) =
P(A∩B)/P(B): it is the proportion of the outcomes of B that also belong to A. If (Bk)k

is a partition of Ω into events of positive probability, we get the law of total probability
and Bayes’ formula:

P(A) =
∑︂

k

P(A | Bk) P(Bk), P(Bj | A) = P(A | Bj) P(Bj)∑︁
k P(A | Bk) P(Bk) . (1.1)

Random variables and their distributions

In practice, we are not interested in the outcome ω itself, but in numbers computed from
it: the size of a customer, the label of an image, the number of errors of a classifier.

Definition 1.2: Random variable, distribution, cumulative distribution
function

A (real) random variable is a function X : Ω → R such that {X ≤ t} = {ω ∈
Ω : X(ω) ≤ t} is an event for every t ∈ R. The distribution (or law) of X
is the probability PX on R defined by PX(B) = P(X ∈ B), and its cumulative
distribution function (cdf) is

FX(t) = P(X ≤ t), t ∈ R.
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A cdf is non-decreasing, right-continuous, tends to 0 at −∞ and to 1 at +∞, and
it characterizes the distribution: two random variables with the same cdf have the same
distribution, which we write X ∼ Y (or X ∼ PX). Two kinds of distributions will cover
all our needs.

• X is discrete if it takes its values in a finite or countable set {x1, x2, . . .}. Its
distribution is described by its probability mass function (pmf) pX(xk) = P(X =
xk), with ∑︁k pX(xk) = 1, and P(X ∈ B) = ∑︁

k:xk∈B pX(xk).

• X is continuous (or has a density) if there exists a nonnegative function fX with∫︁
R fX(x) dx = 1 such that P(X ∈ [a, b]) =

∫︁ b
a fX(x) dx for all a ≤ b. Then

FX(t) =
∫︁ t

−∞ fX(x) dx and fX = F ′
X wherever fX is continuous.

Pitfall A density is not a probability: fX(x) can be larger than 1 (see the density
of N (1, 0.25) in Fig. 1), and for a continuous variable P(X = x) = 0 for every x.
Only areas under the density are probabilities.

The following distributions will appear everywhere in this course.

• Bernoulli B(p), p ∈ [0, 1]: X ∈ {0, 1} with P(X = 1) = p. It models any yes/no
outcome; in particular, the indicator 1{h(x)̸=y} that a classifier h errs on a random
example (x, y) is a Bernoulli variable whose parameter is the error rate of h.

• Binomial Bin(m, p): the number of successes in m independent Bernoulli trials of
parameter p, with P(X = k) =

(︁m
k

)︁
pk(1− p)m−k for k ∈ {0, . . . , m}. The number

of errors of a fixed classifier on m independent test examples is binomial.

• Uniform U([a, b]), a < b: density f(x) = 1
b−a on [a, b] and 0 elsewhere. All the

sub-intervals of [a, b] of the same length have the same probability.

• Gaussian (or normal) N (µ, σ2), µ ∈ R, σ > 0: density f(x) = 1
σ

√
2π

exp
(︁
− (x−µ)2

2σ2
)︁
.

If X ∼ N (µ, σ2), then (X − µ)/σ ∼ N (0, 1), whose cdf is denoted by Φ.
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Figure 1: (a) The pmf of the binomial distribution Bin(10, 0.3), e.g. the number of errors on 10
test examples of a classifier with error rate 0.3. (b) Densities of two Gaussian distributions and
of a uniform distribution; the shaded area is P(−1 ≤ X ≤ 0.5) for X ∼ N (0, 1), and a density
can exceed 1. (c) The cdf of N (0, 1) is continuous, while the cdf of the Bernoulli distribution
B(0.3) is a step function, which jumps by P(X = x) at each value x (filled dots: value of the cdf
at the jump). [ code: make_figures_prob.py: fig_prob_distributions ]
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Random vectors, joint distributions and independence

A random vector X = (X1, . . . , Xd) is a vector of random variables defined on the same
probability space; its distribution on Rd is called the joint distribution of X1, . . . , Xd.
In supervised learning, the pair (x, y) made of a description x ∈ Rd and of a label y is
a random vector, whose joint distribution is the (unknown) distribution D of the data.

The distribution of a single component is called a marginal distribution; it is ob-
tained by summing (or integrating) the joint pmf (or density) over the other components.
For instance, for two discrete variables,

P(X = x) =
∑︂

y

P(X = x, Y = y), and, with densities, fX(x) =
∫︂
R

fX,Y (x, y) dy.

The marginals do not determine the joint distribution: knowing the distribution of the
heights and the distribution of the weights of a population does not tell us how heights
and weights are related. Independence is the special case where there is no relation at
all.

Definition 1.3: Independence

Random variables X1, . . . , Xn are (mutually) independent if, for all sets B1, . . . , Bn,

P(X1 ∈ B1, . . . , Xn ∈ Bn) =
n∏︂

i=1
P(Xi ∈ Bi).

Equivalently, the joint pmf (or the joint density) is the product of the marginal
ones. They are independent and identically distributed (i.i.d.) if, moreover, they
all have the same distribution.

If X1, . . . , Xn are independent, then so are g1(X1), . . . , gn(Xn) for any functions
g1, . . . , gn, and so are functions of disjoint groups of variables, such as X1 + X2 and
X3X4.

Pitfall Independence of all pairs does not imply mutual independence. Let
X1, X2 be independent and uniform on {−1, +1}, and X3 = X1X2. Each pair is
independent, but X3 is a function of (X1, X2): knowing X1 and X2, we know X3.

The i.i.d. assumption in machine learning

Throughout the notes, we assume that the examples of the learning sample S =
{(xi, yi)}mi=1 are drawn independently from the same distribution D over X × Y, and
that the future examples on which the model will be used are drawn from D as well.
We write S ∼ Dm, where Dm denotes the product distribution: the sample S is itself
a random object, and every quantity computed from it (the empirical risk, the learned
model, its accuracy on a test set) is a random variable.

This assumption is what makes learning possible at all. “Identically distributed”
means that the past is representative of the future: the examples we learn from look like
the examples on which we will predict. “Independent” means that each new example
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brings new information: the empirical risk then becomes an average of independent
variables, and all the tools of this section apply to it.

Remark The i.i.d. assumption is a model, and it can fail in practice: time series
(today’s stock price depends on yesterday’s), groups of correlated examples (sev-
eral images of the same patient, several sales of the same customer), duplicates
between training and test data, or a distribution that changes over time (distri-
bution shift). In these cases, the guarantees of this course do not apply as such,
and the evaluation protocol must be adapted, for instance by splitting the data
by patient or by date (see Section 6 and the following sections).

1.2 Expectation, variance and conditional expectation

Expectation

The expectation of a random variable is its mean value, where each possible value is
weighted by its probability. It is the “centre of mass” of its distribution.

Definition 1.4: Expectation

Let X be a random variable.
• If X is discrete with values x1, x2, . . . and ∑︁

k |xk| P(X = xk) < +∞, its
expectation is E[X] =

∑︂
k

xk P(X = xk).

• If X has a density fX and
∫︁
|x|fX(x) dx < +∞, its expectation is E[X] =∫︂

R
x fX(x) dx.

More generally, for a function g : R→ R (and in the same way for a random vector
X and g : Rd → R),

E[g(X)] =
∑︂

k

g(xk) P(X = xk) or E[g(X)] =
∫︂
R

g(x) fX(x) dx,

whenever the sum or the integral converges absolutely. The expectation of a ran-
dom vector is the vector of the expectations of its components.

The last formula (sometimes called the transfer theorem) is very convenient: to
compute E[X2] or E[eλX ], we do not need the distribution of X2 or of eλX , only that of
X. When the expectation is taken with respect to a variable whose distribution must
be made explicit, we write it below the symbol, as in E(x,y)∼D[ℓ(h(x), y)] or ES∼Dm [·].

Example 1.2. • If X ∼ B(p), then E[X] = 0× (1− p) + 1× p = p.

• If X ∼ U([a, b]), then E[X] = 1
b−a

∫︁ b
a x dx = a+b

2 .

• If X ∼ N (µ, σ2), then E[X] = µ (the density is symmetric around µ), and
E[eλX ] = eλµ+λ2σ2/2 for every λ ∈ R (complete the square in the exponent).

• For the indicator 1A of an event A (equal to 1 on A and 0 elsewhere), E[1A] =
P(A).
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Proposition 1.1: Properties of the expectation

Let X, Y be random variables with finite expectations, and a, b ∈ R.
(i) Linearity: E[aX + bY ] = aE[X] + bE[Y ], whether or not X and Y are

independent.

(ii) Monotonicity: if X ≥ 0 almost surely, then E[X] ≥ 0; hence X ≤ Y implies
E[X] ≤ E[Y ]. Moreover, |E[X]| ≤ E |X|.

(iii) Indicators: for every event A, E[1A] = P(A).

(iv) Independence: if X and Y are independent, then E[XY ] = E[X] E[Y ]; more
generally, E[g(X)k(Y )] = E[g(X)] E[k(Y )] for all functions g, k such that
these expectations are finite. In particular, for independent X1, . . . , Xn and
λ ∈ R, E

[︁
eλ
∑︁

i
Xi
]︁

= ∏︁
i E
[︁
eλXi

]︁
.

(v) Tail formula: if X ≥ 0, then

E[X] =
∫︂ +∞

0
P(X > t) dt,

and, if X takes values in N, E[X] = ∑︁
k≥1 P(X ≥ k).

Proof. (i)–(iii) follow from the linearity and the monotonicity of sums and integrals.
For (iv) in the discrete case,

E[XY ] =
∑︂
x,y

xy P(X = x, Y = y) =
∑︂
x,y

xy P(X = x)P(Y = y)

=
(︂∑︂

x

x P(X = x)
)︂(︂∑︂

y

y P(Y = y)
)︂
,

and the case of densities is identical, with integrals; the product formula for eλ
∑︁

i
Xi =∏︁

i eλXi follows by induction on n. For (v), write X =
∫︁X

0 dt =
∫︁+∞

0 1{t<X} dt and
exchange the expectation and the integral (this is allowed for nonnegative integrands,
by Tonelli’s theorem):

E[X] = E
[︂ ∫︂ +∞

0
1{t<X} dt

]︂
=
∫︂ +∞

0
E
[︁
1{t<X}

]︁
dt =

∫︂ +∞

0
P(X > t) dt.

For an integer-valued variable, P(X > t) = P(X ≥ k) for t ∈ [k − 1, k), which gives the
sum.

Remark Linearity holds without any independence assumption, and this is what
makes it so useful: the expected number of errors of a classifier on m examples is m
times its error rate, even if the examples were not independent. On the contrary,
the product rule (iv) requires independence: if X ∼ B(1/2), then E[X · X] =
1/2 ̸= 1/4 = E[X]2.

Variance and covariance

The expectation tells us where a variable is on average; the variance tells us how much
it fluctuates around this average.
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Definition 1.5: Variance, covariance

Let X, Y be random variables with E[X2] < +∞ and E[Y 2] < +∞. The variance
of X and the covariance of X and Y are

Var(X) = E
[︁
(X − E[X])2]︁ = E[X2]− E[X]2,

Cov(X, Y ) = E
[︁
(X − E[X])(Y − E[Y ])

]︁
= E[XY ]− E[X]E[Y ].

The standard deviation of X is σX =
√︁

Var(X), which has the same unit as X.

Proposition 1.2: Properties of the variance

Let X, X1, . . . , Xm be random variables with finite second moments and a, b ∈ R.
(i) Var(aX + b) = a2 Var(X), and Var(X) = 0 if and only if X is almost surely

constant.

(ii) Var
(︂ m∑︂

i=1
Xi

)︂
=

m∑︂
i=1

Var(Xi) + 2
∑︂
i<j

Cov(Xi, Xj).

(iii) If X1, . . . , Xm are independent (or only pairwise uncorrelated), the variance
of the sum is the sum of the variances. In particular, if they are i.i.d. with
variance σ2, the empirical mean X̄m = 1

m

∑︁m
i=1 Xi satisfies

E[X̄m] = E[X1] and Var(X̄m) = σ2

m
.

(iv) Bounded variables: if a ≤ X ≤ b almost surely, then Var(X) ≤ (b−a)2

4 .

Proof. (i) and (ii) follow from the definition by expanding the squares and using the
linearity of the expectation. (iii) Independence implies Cov(Xi, Xj) = 0 by Proposi-
tion 1.1 (iv); then Var(X̄m) = 1

m2
∑︁

i Var(Xi) = σ2

m . (iv) For every c ∈ R, E[(X − c)2] =
Var(X) + (E[X] − c)2 ≥ Var(X); with c = a+b

2 , |X − c| ≤ b−a
2 , hence Var(X) ≤

E[(X − c)2] ≤ (b−a)2

4 .

The formula Var(X̄m) = σ2/m is the first quantitative statement about averages
in this course: the standard deviation of an average of m independent measurements
decreases as σ/

√
m. This 1/

√
m rate will appear in every generalization bound.

Example 1.3. If X ∼ B(p), then X2 = X, so that Var(X) = p− p2 = p(1− p) ≤ 1
4 , with

equality for p = 1
2 . If X ∼ Bin(m, p), it is a sum of m independent Bernoulli variables,

hence E[X] = mp and Var(X) = mp(1 − p). For X ∼ U([a, b]), Var(X) = (b−a)2

12 , and
for X ∼ N (µ, σ2), Var(X) = σ2.

Pitfall Independent variables are uncorrelated, but the converse is false. If X is
uniform on {−1, 0, 1} and Y = X2, then Cov(X, Y ) = E[X3] − E[X]E[X2] = 0,
although Y is a function of X. The covariance only measures linear dependence.

14 - Statistical Supervised Machine Learning



Jensen’s inequality

Expectation and nonlinear functions do not commute: in general E[g(X)] ̸= g(E[X]).
For convex functions, the two quantities are nevertheless always ordered. Recall (Def-
inition 2.7 in Section 2) that f is convex if every chord of its graph lies above the
graph.

Proposition 1.3: Jensen’s inequality

Let X be a random variable with values in an interval I, with E |X| < +∞, and
let f : I → R be a convex function such that E |f(X)| < +∞. Then

f
(︁
E[X]

)︁
≤ E

[︁
f(X)

]︁
.

If f is concave, the inequality is reversed: E[f(X)] ≤ f(E[X]).

Proof. We give the proof for a differentiable convex function (the general case uses a
supporting line instead of the tangent). Let µ = E[X] ∈ I. A differentiable convex
function lies above its tangents (Proposition 2.6): f(x) ≥ f(µ) + f ′(µ)(x− µ) for every
x ∈ I. Applying this with x = X and taking the expectation, by monotonicity and
linearity,

E[f(X)] ≥ f(µ) + f ′(µ)
(︁
E[X]− µ

)︁
= f(µ).

For a concave f , apply the result to the convex function −f .

x1 [X] x2

X= x1 with probability 0.6
X= x2 with probability 0.4

[f(X)]

f( [X])

convex function f
chord

Figure 2: Jensen’s inequality for a variable taking two values. E[f(X)] is a weighted average of
f(x1) and f(x2), i.e. a point of the chord (red), while f(E[X]) is the point of the graph (teal)
at the same abscissa. For a convex f , the chord lies above the graph. [ code:
make_figures_prob.py: fig_prob_jensen ]

Jensen’s inequality is used constantly in learning theory. With f(x) = x2, it
gives E[X]2 ≤ E[X2], i.e. Var(X) ≥ 0. With the concave functions

√
· and ln, it gives

E
[︁√

Z
]︁
≤
√︁
E[Z] and E[ln Z] ≤ lnE[Z] for Z > 0; with the convex function exp, it

gives eE[X] ≤ E[eX ]. The last two inequalities are the heart of the change of measure
inequality of PAC-Bayesian theory (see Section 1.4).
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Pitfall E[1/X] ̸= 1/E[X] in general. For X uniform on {1, 3}, E[1/X] = 2
3

whereas 1/E[X] = 1
2 : by Jensen’s inequality applied to the convex function

x ↦→ 1/x on (0, +∞), E[1/X] ≥ 1/E[X] for every positive X.

Conditional expectation

In supervised learning, we want to predict a label Y from a description X. The nat-
ural object is then the average value of Y when X is known: this is the conditional
expectation.

Definition 1.6: Conditional expectation

Let X be a discrete random variable and Y a random variable with E |Y | < +∞.
For every x such that P(X = x) > 0, the conditional expectation of Y given X = x
is

E[Y | X = x] =
E
[︁
Y 1{X=x}

]︁
P(X = x)

(︂
=
∑︂

y

y P(Y = y | X = x) if Y is discrete
)︂
.

Setting g(x) = E[Y | X = x], the conditional expectation of Y given X is the
random variable E[Y | X] = g(X). When (X, Y ) has a joint density fX,Y , we
define in the same way g(x) =

∫︁
y fY |X(y | x) dy with the conditional density

fY |X(y | x) = fX,Y (x, y)/fX(x).

In words, E[Y | X = x] is the mean of Y over the sub-population of the outcomes
for which X = x, and E[Y | X] is a function of X: it is the best guess of Y that we
can make once we know X (we make this precise below). Conditional expectations are
manipulated with the following rules.

Proposition 1.4: Properties of the conditional expectation

Let X, Y, Z be random variables with E |Y |,E |Z| < +∞.
(i) Linearity: E[aY + bZ | X] = aE[Y | X] + bE[Z | X].

(ii) Tower property (law of total expectation): E
[︁
E[Y | X]

]︁
= E[Y ], i.e. E[Y ] =∑︁

x E[Y | X = x] P(X = x) in the discrete case.

(iii) Taking out what is known: E[k(X) Y | X] = k(X) E[Y | X] for every func-
tion k such that E |k(X)Y | < +∞.

(iv) Independence: if X and Y are independent, then E[Y | X] = E[Y ].

Proof. In the discrete case. (i) is the linearity of the expectation applied to Y 1{X=x}
and Z1{X=x}. (ii) Since the events {X = x} form a partition of Ω, ∑︁x 1{X=x} = 1 and

E
[︁
E[Y | X]

]︁
=
∑︂

x

E[Y | X = x] P(X = x) =
∑︂

x

E
[︁
Y 1{X=x}

]︁
= E

[︂
Y
∑︂

x

1{X=x}
]︂

= E[Y ].
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(iii) On {X = x}, k(X)Y = k(x)Y , so E[k(X)Y | X = x] = k(x)E[Y | X = x]. (iv) By
independence, E[Y 1{X=x}] = E[Y ] P(X = x).

The tower property is a “divide and conquer” rule: to compute an expectation,
first average within each group defined by X, then average the group means, weighted by
the size of the groups. Applied to Y = 1A, it gives back the law of total probability (1.1).

Risks are expectations

We can now write the central objects of supervised learning in the language of prob-
ability; they are studied in detail in Section 6, where they are denoted by Rℓ(h) and
Rℓ

S(h) (we drop the loss ℓ from the notation in this section). Let ℓ(h(x), y) be the loss
incurred by a predictor h on an example (x, y).

• The true risk of h is the expected loss on a new example drawn from D:

R(h) = E
(x,y)∼D

[︁
ℓ(h(x), y)

]︁
.

For the 0-1 loss ℓ(h(x), y) = 1{h(x)̸=y}, Proposition 1.1 (iii) shows that R(h) =
P(x,y)∼D

(︁
h(x) ̸= y

)︁
is the probability of error of h.

• The empirical risk of h on the sample S = {(xi, yi)}mi=1 is the average loss on the
sample:

RS(h) = 1
m

m∑︂
i=1

ℓ(h(xi), yi).

If h is fixed, i.e. chosen independently of S, the variables Zi = ℓ(h(xi), yi) are i.i.d.
with mean R(h), and Theorems 1.1 and 1.2 give

E
S∼Dm

[︁
RS(h)

]︁
= R(h) and Var

(︁
RS(h)

)︁
= Var(Z1)

m
≤ (b− a)2

4m
if ℓ ∈ [a, b].

(1.2)
The empirical risk is an unbiased estimator of the true risk, and its fluctuations decrease
as 1/

√
m. For the 0-1 loss, mRS(h) ∼ Bin(m,R(h)) is the number of errors on the

sample.

Pitfall Equation (1.2) holds for a predictor fixed before seeing S. The predictor
hS returned by a learning algorithm depends on S, the losses ℓ(hS(xi), yi) are
no longer independent of hS , and in general E[RS(hS)] < E[R(hS)]: the training
error is optimistic. This is why we evaluate a model on a test set that was not
used to learn it, and why generalization bounds must hold uniformly over all the
predictors that the algorithm could have chosen (Section 1.4).

Conditional expectations also describe the best possible predictors, called Bayes
predictors, which minimize the true risk over all functions; their risk is the Bayes risk
R⋆ of Section 6.
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Proposition 1.5: Bayes predictors

Let (X, Y ) ∼ D.
(i) Regression with the squared loss. Assume E[Y 2] < +∞ and let f⋆(x) = E[Y |

X = x] be the regression function. For every function g with E[g(X)2] < +∞,

E
[︁
(Y − g(X))2]︁ = E

[︁
(Y − f⋆(X))2]︁+ E

[︁
(f⋆(X)− g(X))2]︁.

Hence f⋆ minimizes the quadratic risk, and the excess risk of g is its mean
squared distance to f⋆.

(ii) Classification with the 0-1 loss. Let ηk(x) = P(Y = k | X = x) for each class
k. The classifier h⋆(x) ∈ arg maxk ηk(x) minimizes P(h(X) ̸= Y ) over all
classifiers h, and its risk is R⋆ = 1 − E

[︁
maxk ηk(X)

]︁
. For two classes with

η(x) = P(Y = +1 | X = x), h⋆(x) = +1 if and only if η(x) ≥ 1
2 (ties broken

arbitrarily), and R⋆ = E
[︁
min(η(X), 1− η(X))

]︁
.

Proof. (i) Write Y − g(X) = (Y − f⋆(X)) + (f⋆(X) − g(X)) and expand the square.
The cross term vanishes by the tower property and by taking out what is known:

E
[︁
(Y − f⋆(X))(f⋆(X)− g(X))

]︁
= E

[︂
(f⋆(X)− g(X))

(︁
E[Y | X]− f⋆(X)

)︁]︂
= 0.

(ii) Conditionally on X = x, the classifier h errs unless Y = h(x), so P(h(X) ̸= Y | X =
x) = 1 − ηh(x)(x) ≥ 1 −maxk ηk(x), with equality for h = h⋆. Taking the expectation
over X (tower property) gives P(h(X) ̸= Y ) ≥ 1−E[maxk ηk(X)] = P(h⋆(X) ̸= Y ).

In words, the best possible regressor predicts the mean of Y given X, and the best
possible classifier predicts the most probable class given X. Neither can be computed in
practice, since D is unknown: learning algorithms try to approximate them from data.
The Bayes risk is not zero as soon as the label is not a deterministic function of x (two
patients with the same description may have different diagnoses): it is the irreducible
error of the problem.

1.3 Limit theorems: law of large numbers and central limit theorem

We now let the size of the sample grow. Let X1, X2, . . . be i.i.d. random variables with
mean µ and variance σ2, and let Sm = ∑︁m

i=1 Xi and X̄m = Sm/m. We know that
E[X̄m] = µ and that Var(X̄m) = σ2/m → 0: the empirical mean becomes less and less
random. The two classical limit theorems make this precise.

Theorem 1.6: Strong Law of Large Numbers; Kolmogorov, 1933

Let (Xn)n∈N⋆ be a sequence of independent and identically distributed random
variables, and let Sn = ∑︁n

i=1 Xi. Assume that they have a finite moment of order
1, i.e. E [|X1|] < +∞.
Then the empirical mean Sn/n converges almost surely to E[X1]:

P
(︃

lim
n→+∞

Sn

n
= E[X1]

)︃
= 1.
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The law of large numbers justifies the use of empirical averages (such as the
empirical risk) to estimate expectations (such as the true risk), as well as the frequentist
interpretation of probabilities: the frequency of an event in independent repetitions
converges to its probability. It is illustrated in Fig. 3. A weaker version, the weak law
of large numbers, states that P(|X̄m − µ| ≥ ε) → 0 for every ε > 0 (convergence in
probability); we will prove it in two lines with Chebyshev’s inequality (Corollary 1.11).

100 101 102 103

number of observations m (log scale)

0.0

0.2

0.4

0.6

0.8

1.0

X̄
m

Hoeffding band, δ= 0.05 [X1] = p= 0.3

Figure 3: The law of large numbers: five trajectories m ↦→ X̄m of the empirical mean of i.i.d.
Bernoulli variables B(0.3) (think of the test error of a classifier with error rate 0.3, computed
on more and more examples). All trajectories converge to 0.3, but for small m they wander
far away from it. The grey band, given by Hoeffding’s inequality (Corollary 1.15), contains X̄m

with probability at least 95% for each m. [ code: make_figures_prob.py: fig_prob_lln ]

The law of large numbers tells us that X̄m−µ→ 0, but not at which speed. Since
the standard deviation of X̄m is σ/

√
m, it is natural to zoom in by a factor

√
m: the

central limit theorem describes the distribution of the rescaled fluctuations.

Theorem 1.7: Central Limit Theorem

Let (Xn)n∈N⋆ be i.i.d. random variables with mean µ and finite variance σ2 > 0.
Then

√
m (X̄m − µ)/σ converges in distribution to N (0, 1): for every t ∈ R,

lim
m→+∞

P
(︄√

m (X̄m − µ)
σ

≤ t

)︄
= Φ(t) =

∫︂ t

−∞

e−u2/2
√

2π
du.

Whatever the distribution of the Xi’s (provided that it has a finite variance),
the average of many of them is approximately Gaussian, with mean µ and standard
deviation σ/

√
m (Fig. 4). This explains the ubiquity of the Gaussian distribution, and

it gives the classical asymptotic confidence interval: since P(|Z| ≤ 1.96) ≈ 0.95 for
Z ∼ N (0, 1), for large m,

P
(︃
|X̄m − µ| ≤ 1.96 σ√

m

)︃
≈ 0.95. (1.3)
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Figure 4: The central limit theorem: histograms of the standardized mean
√

m(X̄m−µ)/σ over
50 000 samples, for exponential variables (top) and for Bernoulli variables B(0.05) (bottom),
compared with the density of N (0, 1) (red). For a skewed distribution the convergence is slow:
for m = 1 and m = 5, the Bernoulli mean only takes a few values (for m = 1, the bar of the
value X̄1 = 1 lies outside the window), and even for m = 30 the histogram is clearly asymmetric.
[ code: make_figures_prob.py: fig_prob_clt ]

Why limit theorems are not enough for learning

The limit theorems are statements about m→ +∞; a learning algorithm works with a
fixed, finite sample. This makes them insufficient for our purpose, for several reasons.

• They are asymptotic. The law of large numbers says nothing about X̄1000, and the
central limit theorem says that the Gaussian approximation is good for m large
enough, without telling us how large. The answer depends on the distribution: in
Fig. 4, m = 30 is enough for exponential variables but not for Bernoulli variables
with a small parameter. Yet, a classifier with a small error rate is precisely what
we hope to learn: for p = 0.01 and m = 100, the “95%” interval (1.3) computed
with the estimated variance contains p only 63% of the time.

• They are inaccurate for small probabilities. Even when the Gaussian approxi-
mation is good in the bulk of the distribution, its relative error in the tails can
be large. Yet, we need very small probabilities as soon as we want guarantees
for many predictors at once: with the union bound, certifying 1000 classifiers at
confidence 95% requires each individual statement to fail with probability at most
5× 10−5.

• They involve unknown quantities, such as σ, which must itself be estimated.

What we need are non-asymptotic statements: explicit upper bounds on P(|X̄m−µ| ≥ ε),
valid for every m and every distribution in a given class (e.g. bounded variables). These
are the concentration inequalities.
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Historical note The first law of large numbers was proved by Jacob Bernoulli
for coin tosses, in his Ars Conjectandi published in 1713; de Moivre (1733) and
Laplace (1810s) then showed that the binomial distribution is approximately
Gaussian, the first form of the central limit theorem. Probability theory became
a branch of mathematics in its own right with the axioms of Kolmogorov in
1933 Kolmogorov (1933), which are the ones of Definition 1.1; Kolmogorov also
proved the strong law of large numbers in its general form.

1.4 Concentration inequalities

A concentration inequality bounds the probability that a random variable (typically an
average) deviates from its expectation by more than a given amount. We present them
from the crudest to the sharpest; remarkably, all of them derive from the first one,
Markov’s inequality, applied to well-chosen functions of the variable. We start with an
even simpler tool, which is used to combine several bounds.

The union bound

Proposition 1.8: Union bound (Boole’s inequality)

For every finite or countable family of events (Ak)k,

P
(︂⋃︂

k

Ak

)︂
≤
∑︂

k

P(Ak).

Proof. For every outcome, the number of events Ak that occur is at least 1 if at least
one of them occurs, so 1

⋃︁
k

Ak
≤
∑︁

k 1Ak
. Taking expectations (monotonicity, linearity,

and monotone convergence for a countable sum) gives the result.

The union bound is crude, since it counts several times the outcomes where several
events occur, but it requires no assumption at all on the dependence between the events.
It is used as follows: if each of K statements fails with probability at most δ/K, then,
with probability at least 1 − δ, all of them hold simultaneously. This is the simplest
way to obtain guarantees that are valid for all the predictors of a finite class at once
(Section 1.4).

Markov’s and Chebyshev’s inequalities

Proposition 1.9: Markov’s Inequality

Let X be a nonnegative random variable. Then, for all t > 0,

P(X ≥ t) ≤ E[X]
t

.

Equivalently, for every δ ∈ (0, 1], with probability at least 1− δ, X < E[X]/δ.
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Proof. Since X ≥ 0, we have X ≥ t1{X≥t}: when X ≥ t, the right-hand side equals
t ≤ X, and otherwise it is 0 ≤ X. Taking the expectation (Proposition 1.1 (ii) and (iii))
gives E[X] ≥ t P(X ≥ t). The second form follows with t = E[X]/δ.

Markov’s inequality only uses the mean, and it cannot be improved without further
information: for the variable X equal to t with probability E[X]/t and to 0 otherwise,
it is an equality. In words, a nonnegative variable cannot often be much larger than
its mean: at most 10% of a population can earn more than ten times the average
income. It is weak (it decreases only as 1/t), but it becomes powerful when applied to
g(X) for a well-chosen nonnegative increasing function g, since P(X ≥ t) ≤ P(g(X) ≥
g(t)) ≤ E[g(X)]/g(t). With g(x) = x2, we get Chebyshev’s inequality; with g(x) = eλx,
Chernoff’s method.

Proposition 1.10: Chebyshev’s (Bienaymé–Chebyshev) Inequality

Let X be a random variable with a finite variance Var(X). Then, for all ε > 0,

P (|X − E[X]| ≥ ε) ≤ Var(X)
ε2 .

Proof. Apply Markov’s inequality to the nonnegative random variable (X−E[X])2 with
t = ε2:

P (|X − E[X]| ≥ ε) = P
(︂
(X − E[X])2 ≥ ε2

)︂
≤ E

[︁
(X − E[X])2]︁

ε2 = Var(X)
ε2 .

Corollary 1.11: Weak law of large numbers

Let X1, . . . , Xm be pairwise uncorrelated (e.g. independent) random variables with
the same mean µ and the same variance σ2. Then, for every ε > 0,

P
(︂
|X̄m − µ| ≥ ε

)︂
≤ σ2

mε2 −−−−−→m→+∞
0.

Proof. Apply Chebyshev’s inequality to X̄m, whose variance is σ2/m (Proposition 1.2).

Example 1.4 (Running question, first answer). A classifier is evaluated on m test exam-
ples; the losses are i.i.d. B(p), with variance p(1−p) ≤ 1

4 . Setting 1
4mε2 = δ, Chebyshev’s

inequality shows that, with probability at least 1− δ, |ˆ︁p−p| < 1
2
√

mδ
. To get a precision

ε = 0.05 with confidence 95% (δ = 0.05), it suffices to have m ≥ 1
4δε2 = 2000 test

examples; for a confidence of 99.9%, we need m ≥ 100 000.

The dependence in 1/δ of Chebyshev’s sample size is a problem: high confidence
becomes very expensive. The reason is that Chebyshev’s inequality only uses the vari-
ance, and must therefore hold for distributions with heavy tails. For bounded variables,
much more is true.
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Chernoff’s method

The idea of Chernoff’s method is to apply Markov’s inequality to the exponential eλX ,
and then to choose the best value of the free parameter λ. The function λ ↦→ E[eλX ] is
the moment generating function (MGF) of X.

Proposition 1.12: Chernoff’s bound

For every random variable X and every t ∈ R,

P(X ≥ t) ≤ inf
λ≥0

e−λt E
[︁
eλX]︁.

Proof. For λ = 0, the right-hand side equals 1. For λ > 0, the function x ↦→ eλx

is increasing and positive, so Markov’s inequality gives P(X ≥ t) = P
(︁
eλX ≥ eλt

)︁
≤

e−λt E
[︁
eλX

]︁
. The bound holds for every λ ≥ 0, hence for the infimum.

Chernoff’s method is particularly well suited to sums of independent variables,
because the MGF of a sum of independent variables is the product of their MGFs
(Proposition 1.1 (iv)): bounding the MGF of each term is enough.

Example 1.5 (Gaussian tails). If X ∼ N (0, σ2), then E[eλX ] = eλ2σ2/2, so P(X ≥ t) ≤
infλ≥0 e−λt+λ2σ2/2 = e−t2/(2σ2) for t ≥ 0 (the infimum is reached at λ = t/σ2). The tail
decreases like e−t2/(2σ2), much faster than the σ2/t2 of Chebyshev.

Example 1.6 (Bernoulli variables and the binary kl). Let X1, . . . , Xm be i.i.d. B(p) and
q ∈ (p, 1). Since E[eλXi ] = 1 − p + peλ, Chernoff’s bound applied to Sm = ∑︁

i Xi and
t = mq gives

P(X̄m ≥ q) ≤ inf
λ≥0

e−λmq(︁1− p + peλ)︁m = exp
(︂
−m sup

λ≥0

[︁
λq − ln(1− p + peλ)

]︁)︂
.

The supremum is reached where the derivative vanishes, i.e. at eλ = q(1−p)
p(1−q) , and a direct

computation shows that its value is the binary Kullback–Leibler divergence

kl(q∥p) = q ln q

p
+ (1− q) ln 1− q

1− p
.

Hence P(X̄m ≥ q) ≤ e−m kl(q∥p) for q > p, and symmetrically P(X̄m ≤ q) ≤ e−m kl(q∥p)

for q < p. This is the sharpest bound that can be obtained by this method, and it is the
form used in PAC-Bayesian theory (the kl test-set bound, Theorem 13.5 in Section 13).

Hoeffding’s inequality

For a general bounded variable, we do not know its MGF, but we can bound it.
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Lemma 1.13: Hoeffding’s Lemma

Let X be a random variable such that a ≤ X ≤ b almost surely. Then, for all
s ∈ R,

E
[︂
es(X−E[X])

]︂
≤ exp

(︄
s2(b− a)2

8

)︄
.

Proof. Replacing X by X − E[X] (and a, b by a− E[X], b− E[X]), we can assume that
E[X] = 0, so that a ≤ 0 ≤ b; we can also assume a < b, the case a = b being trivial.
Let s ∈ R.

Step 1: convexity. Every x ∈ [a, b] is the convex combination x = b−x
b−a a + x−a

b−a b,
so the convexity of x ↦→ esx gives esx ≤ b−x

b−a esa + x−a
b−a esb. Applying it to X and taking

the expectation, with E[X] = 0,

E
[︁
esX]︁ ≤ b

b− a
esa − a

b− a
esb = (1− θ)esa + θesb, where θ = −a

b− a
∈ [0, 1].

Step 2: change of variable. Let u = s(b−a). Since sa = −θu, the right-hand side equals
e−θu

(︁
1− θ + θeu

)︁
= eφ(u), with

φ(u) = −θu + ln
(︁
1− θ + θeu)︁.

Step 3: Taylor expansion. We have φ(0) = 0, φ′(u) = −θ + θeu

1−θ+θeu , so φ′(0) = 0, and

φ′′(u) = θeu(1− θ)
(1− θ + θeu)2 = ρ(1− ρ) ≤ 1

4 , where ρ = θeu

1− θ + θeu
∈ [0, 1].

By Taylor’s theorem, there exists ξ between 0 and u such that φ(u) = φ(0) + uφ′(0) +
u2

2 φ′′(ξ) ≤ u2

8 = s2(b−a)2

8 .

The lemma says that a bounded centred variable has an MGF dominated by
that of a Gaussian variable with variance (b− a)2/4: bounded variables have (at least)
Gaussian tails. Combined with Chernoff’s method, it gives the most used concentration
inequality of learning theory.

Proposition 1.14: Hoeffding’s Inequality

Let X1, . . . , Xn be independent random variables such that, for all i, ai ≤ Xi ≤ bi

almost surely, where ai < bi are real numbers, and let Sn = ∑︁n
i=1 Xi. Then, for all

ε > 0,

P (Sn − E[Sn] ≥ ε) ≤ exp
(︄
− 2ε2∑︁n

i=1(bi − ai)2

)︄
,

and the same bound holds for P (Sn − E[Sn] ≤ −ε). Consequently,

P (|Sn − E[Sn]| ≥ ε) ≤ 2 exp
(︄
− 2ε2∑︁n

i=1(bi − ai)2

)︄
.

In particular, if all the Xi’s take their values in [a, b], then for the empirical mean
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X̄n = Sn/n,

P
(︂
|X̄n − E[X̄n]| ≥ ε

)︂
≤ 2 exp

(︄
− 2nε2

(b− a)2

)︄
.

Proof. Let s > 0 and c2 = ∑︁n
i=1(bi − ai)2. By Chernoff’s bound (Proposition 1.12)

applied to Sn − E[Sn],

P (Sn − E[Sn] ≥ ε) ≤ e−sε E
[︂
es(Sn−E[Sn])

]︂
= e−sε E

[︄
n∏︂

i=1
es(Xi−E[Xi])

]︄
↓ independence, Proposition 1.1 (iv)

= e−sε
n∏︂

i=1
E
[︂
es(Xi−E[Xi])

]︂
↓ Hoeffding’s lemma

≤ exp
(︄
−sε + s2c2

8

)︄
.

The exponent is a quadratic function of s, minimal for s = 4ε/c2, where it equals
−2ε2/c2: this gives the first bound. The lower tail is obtained by applying this result
to the variables −Xi ∈ [−bi,−ai], and the two-sided bound by a union bound on the
two events. For the empirical mean, {|X̄n − E[X̄n]| ≥ ε} = {|Sn − E[Sn]| ≥ nε} and
c2 = n(b− a)2.

Figure 5 compares the inequalities seen so far with the exact tail of a binomial
distribution. The polynomial bounds of Markov and Chebyshev are useless for small
probabilities, while the exponential bounds of Hoeffding and Chernoff decrease at the
right speed, Chernoff’s kl bound being the closest to the truth.
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Figure 5: Upper tail P(X̄m − p ≥ t) of the mean of m = 100 Bernoulli variables (black, exact
binomial tail) and its upper bounds (log scale): Markov (p/(p+t)), Chebyshev (p(1−p)/(mt2)),
Hoeffding (e−2mt2) and Chernoff (e−m kl(p+t∥p)). For p = 0.5 (left), Hoeffding’s and Chernoff’s
bounds almost coincide; for p = 0.1 (right), the variance p(1− p) is small, and the bounds that
adapt to it (Chernoff, and Chebyshev for small t) are much better than Hoeffding’s. [ code:
make_figures_prob.py: fig_prob_tailbounds ]
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From a tail bound to a confidence statement

A concentration inequality is usually stated as “the probability of a deviation larger
than ε is at most g(ε)”. In learning theory, we prefer the inverse form “with probability
at least 1 − δ, the deviation is at most ε(δ)”. To go from one to the other, we solve
g(ε) = δ in ε.

Corollary 1.15: Hoeffding’s inequality, inverse form; sample size

Let X1, . . . , Xm be independent random variables with values in [a, b] and the same
mean µ, and let δ ∈ (0, 1). With probability at least 1− δ,

|X̄m − µ| < (b− a)

√︄
ln(2/δ)

2m
,

and (one-sided version), with probability at least 1− δ, µ < X̄m + (b− a)
√︂

ln(1/δ)
2m .

Consequently, to estimate µ with precision ε and confidence 1 − δ, it suffices to
have

m ≥ (b− a)2 ln(2/δ)
2ε2 .

Proof. Set 2e−2mε2/(b−a)2 = δ, i.e. ε = (b − a)
√︁

ln(2/δ)/(2m), in Proposition 1.14: the
probability of the event {|X̄m− µ| ≥ ε} is at most δ, so its complement has probability
at least 1− δ. The one-sided statement is obtained in the same way from the bound on
the lower tail P(X̄m−µ ≤ −ε), without the factor 2. The sample size is the smallest m
for which (b− a)

√︁
ln(2/δ)/(2m) ≤ ε.

Example 1.7 (Running question, second answer). For the test error of a fixed classifier
(a = 0, b = 1), Hoeffding’s inequality guarantees |ˆ︁p − p| < 0.05 with confidence 95%
as soon as m ≥ ln 40

2×0.052 ≈ 737.8, i.e. m = 738, instead of 2000 with Chebyshev; with
confidence 99.9%, we need m = 1521 instead of 100 000. With m = 1000 test examples
and an observed error ˆ︁p = 0.12, we can claim that p ∈ [0.077, 0.163] with confidence
95%, since

√︁
ln 40/2000 ≈ 0.043.

The comparison is summarized in Fig. 6. All the bounds decrease as 1/
√

m,
but the price of confidence is very different: Chebyshev’s sample size grows as 1/δ,
Hoeffding’s only as ln(1/δ). This logarithmic dependence is what makes the union
bound affordable: replacing δ by δ/K only adds ln K to the numerator.

Pitfall In “with probability at least 1 − δ, p ∈ [ˆ︁p − ε, ˆ︁p + ε]”, the randomness
is in the sample, hence in ˆ︁p, not in p, which is a fixed unknown number. The
statement means: if we repeated the whole experiment many times, the interval
would contain p in at least 100(1− δ)% of the repetitions. Once the sample has
been observed, the interval [0.077, 0.163] either contains p or not; we simply do
not know which, and our procedure fails at most 5% of the time.
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Figure 6: (a) Half-width ε of a confidence interval at level 99% for the mean of variables with
values in [0, 1], as a function of m (log-log scale): all decrease as 1/

√
m, and the union bound

over 1000 hypotheses (Section 1.4) costs less than Chebyshev’s inequality for a single one. The
CLT curve is shown for comparison, with the worst-case variance 1

4 ; it is only an approximation.
(b) Sample size needed for a precision ε = 0.05, as a function of δ: 1/δ for Chebyshev versus
ln(2/δ) for Hoeffding. [ code: make_figures_prob.py: fig_prob_ciwidth ]

Bernstein’s inequality: adapting to the variance

Hoeffding’s inequality only uses the range [a, b] of the variables. It is therefore tight
for the worst case, Bernoulli variables with p = 1

2 , whose variance is 1
4 , but pessimistic

when the variance is much smaller than (b− a)2/4, which is the case of the test error of
a good classifier: a Bernoulli variable with mean 0.01 has variance 0.0099. Bernstein’s
inequality takes the variance into account.

Proposition 1.16: Bernstein’s inequality

Let X1, . . . , Xm be independent random variables with the same mean µ, such that
|Xi − µ| ≤ c almost surely, and let σ2 = 1

m

∑︁m
i=1 Var(Xi). Then, for every ε > 0,

P
(︂
X̄m − µ ≥ ε

)︂
≤ exp

(︄
− mε2

2σ2 + 2cε/3

)︄
,

and the same bound holds for P(X̄m − µ ≤ −ε). Equivalently, for every δ ∈ (0, 1),
with probability at least 1− δ,

X̄m − µ <

√︄
2σ2 ln(1/δ)

m
+ 2c ln(1/δ)

3m
.

The proof follows Chernoff’s method, with a bound on the MGF that involves the
variance instead of the range (see Boucheron et al., 2013, Chapter 2). The inverse form
is obtained by solving a quadratic equation in ε and using

√
u + v ≤

√
u +
√

v. Let us
read it.

• For small deviations (ε ≪ σ2/c), the exponent is about mε2/(2σ2): the bound
behaves like the Gaussian approximation of the central limit theorem, with the
true variance. Since σ2 ≤ c2, and for a Bernoulli variable σ2 = p(1− p) ≤ 1

4 , this
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is never much worse than Hoeffding, and much better when σ2 is small.

• For a small variance, the second term dominates, and the deviation is of order
ln(1/δ)/m instead of

√︁
ln(1/δ)/m: this is a fast rate. For a classifier with error

rate p = 0.01, m = 1000 and δ = 0.05, Bernstein’s one-sided deviation is 0.0097,
four times smaller than Hoeffding’s 0.0387.

• The price is that σ2 is unknown in general. In practice, it is either bounded (for
the 0-1 loss, σ2 = p(1 − p) ≤ p, which leads to bounds that are implicit in p) or
replaced by the empirical variance (empirical Bernstein inequalities Maurer and
Pontil (2009)). The kl bound of example 1.6 adapts to the variance automatically,
and this is one reason why it is preferred in Part IV.

McDiarmid’s inequality: beyond sums

Hoeffding’s inequality concerns sums of independent variables. McDiarmid’s inequality
extends it to any function of independent variables that does not depend too much
on each of them; it is used, for instance, to derive generalization bounds based on the
Rademacher complexity or on algorithmic stability.

Proposition 1.17: McDiarmid’s (Bounded Differences) Inequality

Let X1, . . . , Xn be independent random variables taking values in a set X , and let
f : X n → R be a function satisfying the bounded differences property: there exist
constants c1, . . . , cn ≥ 0 such that, for all i and all x1, . . . , xn, x′

i ∈ X ,⃓⃓
f(x1, . . . , xi−1, xi, xi+1, . . . , xn)− f(x1, . . . , xi−1, x′

i, xi+1, . . . , xn)
⃓⃓
≤ ci.

Then, for all ε > 0,

P
(︂
f(X1, . . . , Xn)− E [f(X1, . . . , Xn)] ≥ ε

)︂
≤ exp

(︄
− 2ε2∑︁n

i=1 c2
i

)︄
,

and the same bound holds for the lower tail, so that the two-sided deviation is
bounded by twice this quantity.

Hoeffding’s inequality is the special case f(x1, . . . , xn) = ∑︁n
i=1 xi with xi ∈ [ai, bi],

for which ci = bi−ai. The proof of McDiarmid’s inequality applies the Chernoff method
and Hoeffding’s lemma to the martingale differences Vi = E[f | X1, . . . , Xi] − E[f |
X1, . . . , Xi−1], each of which lies, conditionally on X1, . . . , Xi−1, in an interval of length
at most ci; since f−E[f ] = ∑︁

i Vi, the argument is the same as for a sum (see McDiarmid,
1989; Boucheron et al., 2013).

The strength of McDiarmid’s inequality is that f can be very complicated, as long
as no single example has too much influence on it. Here is the application that matters
in learning theory. Let H be a class of predictors and ℓ a loss with values in [0, 1], and
consider the worst deviation between the true and the empirical risks over the class,

Φ(S) = sup
h∈H

(︁
R(h)−RS(h)

)︁
.
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If we replace the example (xi, yi) of S by another one, the empirical risk of each h
changes by at most 1/m (a single term of the average changes, and it lies in [0, 1]),
hence so does the supremum. McDiarmid’s inequality with ci = 1/m then shows that,
with probability at least 1− δ,

∀h ∈ H, R(h) ≤ RS(h) + Φ(S) ≤ RS(h) + E
S∼Dm

[Φ(S)] +

√︄
ln(1/δ)

2m
.

A random quantity, the worst deviation over H, has been replaced by its expectation,
up to a Hoeffding-like term. What remains is to bound this expectation: this is exactly
what the Rademacher complexity does (Definition 10.1 and Theorem 10.2 in Section 6
and the following ones), and it is how the bounds based on algorithmic stability are
proved.

Preview: uniform bounds and PAC-Bayes

Let us conclude by showing how the tools of this section combine into the generalization
bounds of the rest of the course.

A finite class of predictors. Let H = {h1, . . . , hK} and a loss with values in [0, 1].
For each fixed hk, Hoeffding’s inequality gives P(|R(hk)−RS(hk)| ≥ ε) ≤ 2e−2mε2 . By
the union bound,

P
S∼Dm

(︂
∃h ∈ H : |R(h)−RS(h)| ≥ ε

)︂
≤

K∑︂
k=1

P
(︁
|R(hk)−RS(hk)| ≥ ε

)︁
≤ 2Ke−2mε2

.

Setting the right-hand side to δ: with probability at least 1− δ,

∀h ∈ H, |R(h)−RS(h)| <

√︄
ln K + ln(2/δ)

2m
. (1.4)

Since the bound holds simultaneously for all h ∈ H, it holds in particular for the
predictor hS chosen by the learning algorithm, whatever the way it uses S. The price of
uniformity is the term ln K = ln |H|, which measures the complexity of the class; Fig. 7
shows that it is real, not an artefact of the proof. This is the starting point of Section 6,
which then replaces ln |H| by the VC-dimension or the Rademacher complexity for
infinite classes.

The kl version. Replacing Hoeffding’s inequality by Chernoff’s kl bound of exam-
ple 1.6 gives, for the 0-1 loss and with probability at least 1 − δ, kl

(︁
RS(h)∥R(h)

)︁
≤

ln K+ln(1/δ)
m for every h ∈ H such thatRS(h) ≤ R(h). This bound adapts to the variance,

like Bernstein’s inequality: when the empirical risk is close to 0, it gives a deviation of
order ln K+ln(1/δ)

m instead of its square root. It is the Occam bound of Section 13.

Change of measure. PAC-Bayesian theory (Part IV) goes one step further: instead
of a single predictor, it certifies a distribution Q over H (for instance, the weights of the
voters of a majority vote). Its key tool is a direct consequence of Jensen’s inequality. For
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Figure 7: The maximal deviation maxh∈H |RS(h)−R(h)| over K = |H| classifiers with true risk
0.3 whose errors are independent, for m = 200 (4000 simulated samples). The more classifiers,
the larger the worst deviation: picking the classifier with the smallest empirical risk among
many is optimistic. The dashed lines show the uniform bound (1.4) with δ = 0.05, which grows
only like

√
ln K. [ code: make_figures_prob.py: fig_prob_union ]

two distributions P, Q on a finite set H, with P (h) > 0 for all h, the Kullback–Leibler
divergence is KL(Q∥P ) = ∑︁

h Q(h) ln Q(h)
P (h) ≥ 0, and for every function ϕ : H → R,

E
h∼Q

[ϕ(h)] ≤ KL(Q∥P ) + ln E
h∼P

[︁
eϕ(h)]︁. (1.5)

Indeed, summing over the h such that Q(h) > 0 and using Jensen’s inequality for the
concave function ln,

E
h∼Q

[ϕ(h)]−KL(Q∥P ) = E
h∼Q

[︂
ln
(︂
eϕ(h) P (h)

Q(h)
)︂]︂
≤ ln E

h∼Q

[︂
eϕ(h) P (h)

Q(h)
]︂

= ln
∑︂

h:Q(h)>0
P (h) eϕ(h) ≤ ln E

h∼P

[︁
eϕ(h)]︁.

A PAC-Bayesian bound is then obtained in three steps that use the whole toolbox of
this section: (1) bound the exponential moment ES [eϕS(h)] of a deviation ϕS(h) of a
fixed h (Hoeffding’s lemma, or Chernoff’s kl bound); (2) average it over the prior P ,
exchange the expectations, and apply Markov’s inequality to the nonnegative variable
Eh∼P [eϕS(h)]; (3) transfer the result to any posterior Q with (1.5). This is done step by
step in Section 14 (Theorem 14.4).

Historical note Chebyshev’s inequality was published by Bienaymé in 1853 and,
independently, by Chebyshev in 1867; Markov, a student of Chebyshev, used the
simpler inequality that now bears his name a few years later. Bernstein’s in-
equality dates back to the 1920s. The exponential method was popularized in
statistics by Chernoff Chernoff (1952), and Hoeffding’s inequality was published in
1963 Hoeffding (1963). McDiarmid’s survey McDiarmid (1989) made the bounded
differences inequality popular in combinatorics and computer science, and it soon
became a standard tool of learning theory. The book of Boucheron, Lugosi and
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Massart Boucheron et al. (2013) is the reference on modern concentration in-
equalities.

To remember from Section 1

• The data are modelled as an i.i.d. sample S ∼ Dm; every quantity computed
from S is a random variable.

• The true risk R(h) = E(x,y)∼D[ℓ(h(x), y)] is an expectation; for a fixed h,
the empirical risk is an unbiased average whose standard deviation decreases
as 1/

√
m. The Bayes predictors are conditional expectations (regression)

and most probable classes (classification).

• The expectation is linear; Jensen’s inequality orders f(E[X]) and E[f(X)]
for a convex or concave f ; the tower property computes expectations by
conditioning.

• The law of large numbers and the central limit theorem are asymptotic;
learning needs non-asymptotic concentration inequalities.

• Markov ⇒ Chebyshev (variance, 1/δ) and Chernoff (exponential moments)
⇒ Hoeffding (bounded variables, ln(1/δ)), Bernstein (small variance, fast
rates) and the kl bound. McDiarmid extends Hoeffding to functions with
bounded differences.

• For variables in [0, 1]: with probability at least 1 − δ, |X̄m − µ| <√︁
ln(2/δ)/(2m); with the union bound over K hypotheses, ln(2/δ) becomes

ln(2K/δ).

Check your understanding

Short questions to test yourself; the answers are in Appendix A (click on the number of a question
to see its answer).

Expectation, variance and conditional expectation

Q1.1. True or false? If X and Y are two random variables with E[XY ] = E[X]E[Y ], then X
and Y are independent.

Q1.2. A classifier with error rate p = 0.2 is evaluated on m = 400 independent test examples.
What are the expectation and the standard deviation of its test error?

Q1.3. Why can a density take values larger than 1, whereas a probability mass function cannot?

Q1.4. Use Jensen’s inequality to compare E[
√

Z] and
√︁

E[Z] for a nonnegative variable Z, and
E[eX ] and eE[X].

Q1.5. Is the training error RS(hS) of the predictor hS learned on S an unbiased estimator of
its true risk? Is the error on an independent test set?

Limit theorems: law of large numbers and central limit theorem

Q1.6. What is the difference between the information given by the law of large numbers and
by the central limit theorem?

Q1.7. Why does the Gaussian approximation work badly for the test error of a classifier with
error rate p = 0.01 evaluated on m = 100 examples?
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Q1.8. True or false? By the central limit theorem, for every m ≥ 30, P(|X̄m − µ| ≥
1.96σ/

√
m) ≤ 0.05.

Synthesis of the section

Q1.9. Why is Markov’s inequality applied to eλX (Chernoff’s method) much stronger than
when it is applied to X itself?

Q1.10. With m = 500 test examples, what is the half-width of the two-sided Hoeffding interval
for the error rate of a fixed classifier at confidence 95%?

Q1.11. How does the sample size given by Hoeffding’s inequality change if we want twice the
precision (ε/2)? If we want δ/10 instead of δ?

Q1.12. True or false? Hoeffding’s inequality requires the variables X1, . . . , Xm to be identically
distributed.

Q1.13. Why does one need a union bound (or another uniform argument) to bound the true
risk of the hypothesis hS returned by empirical risk minimization?

Q1.14. In the uniform bound over a finite class, what happens to the half-width when the
number of hypotheses goes from 103 to 106, for m = 10 000 and δ = 0.05?

Q1.15. When is Bernstein’s inequality much better than Hoeffding’s inequality? Give an ex-
ample from classification.

Q1.16. What are the bounded differences constants ci of the function f(x1, . . . , xm) = maxi xi

for xi ∈ [0, 1], and what does McDiarmid’s inequality give?
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2 Linear Algebra and Convexity

This first section briefly introduces the mathematical tools required for the rest of the
course1. Throughout this section, we work in a real vector space E of finite dimension
d, which can be identified with Rd.

About this section

Guiding question. Which geometric and analytic tools do we need to write a learning
problem as an optimization problem, and to know when it is “easy”?
In this section you will learn to:

• measure the size of vectors and matrices with norms, and interpret the inner product
geometrically (angles, projections);

• compute gradients and Hessian matrices of functions of several variables;
• recognize convex sets and convex functions, and prove convexity from the definition

or with the derivatives;
• read the eigenvalues of a symmetric matrix on the level sets of the associated

quadratic form.

In a nutshell Almost every learning algorithm of this course minimizes a function
of a vector of parameters (the weights of a linear model, of a neural network,
etc.). Linear algebra gives us the language to describe these parameters and the
geometry of the space they live in, while convexity tells us when this minimization
is well-behaved: for a convex function, every local minimum is a global one.

2.1 Norms

Given two vectors x and y of Rd, we define their inner product as the sum of the
products of their components, i.e.

⟨x, y⟩ = xT y =
d∑︂

j=1
xjyj .

When we compute the inner product of x with itself, we obtain the squared norm
of x:

∥x∥2 = ⟨x, x⟩.

Definition 2.1: Norm

Let E be a real vector space of dimension d. A map ∥·∥ : E → R is said to be a
norm if, for all u, v ∈ E and for all λ ∈ R, the following properties hold:

• ∥u∥ ≥ 0 (nonnegativity),

1You can also read the Linear Algebra course that I wrote for second-year Bachelor students, which
is available on my website.
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• ∥u∥ = 0 ⇐⇒ u = 0 (definiteness),

• ∥λu∥ = |λ| ∥u∥ (absolute homogeneity),

• ∥u + v∥ ≤ ∥u∥+ ∥v∥ (triangle inequality).

A norm can be used to measure the distance between two vectors x, y of the same
vector space:

d(x, y) = ∥x− y∥ .

The following norms are the most commonly used:

• the Manhattan norm, also known as the L1-norm:

∥x∥1 =
d∑︂

j=1
|xj |;

• the Euclidean norm, also known as the L2-norm:

∥x∥2 =

⌜⃓⃓⃓
⎷ d∑︂

j=1
x2

j ;

• the L∞-norm (or max norm):

∥x∥∞ = max
j∈J1,dK

|xj |;

• more generally, for any real number p ≥ 1, the Lp-norm:

∥x∥p =

⎛⎝ d∑︂
j=1
|xj |p

⎞⎠1/p

.

It is also possible to define more complex norms when we work with objects other
than vectors, such as matrices or functions.

Example 2.1. Let us show that the Euclidean norm is indeed a norm. We have to check
each property of the definition. Let x, y ∈ Rd and λ ∈ R.

• It is obvious that ∥x∥2 =
√︂∑︁d

j=1 |xj |2 is nonnegative.

• Each |xj |2 is a nonnegative number, and a sum of nonnegative numbers is equal
to zero if and only if all of them are equal to zero. Hence ∥x∥2 = 0⇒ x = 0, and
the converse is obvious.

• We then focus on absolute homogeneity:
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∥λx∥2 =

⌜⃓⃓⃓
⎷ d∑︂

j=1
(λxj)2

=

⌜⃓⃓⃓
⎷ d∑︂

j=1
|λ|2x2

j

↓ λ does not depend on the index j

= |λ|

⌜⃓⃓⃓
⎷ d∑︂

j=1
x2

j .

• To prove the triangle inequality, we use the Cauchy–Schwarz inequality, which
holds for any inner product and the norm it induces (here, the Euclidean inner
product and the L2-norm):

|⟨x, y⟩| ≤ ∥x∥2 ∥y∥2 .

Thus,

∥x + y∥22 = ∥x∥22 + 2⟨x, y⟩+ ∥y∥22
↓ using the Cauchy–Schwarz inequality

≤ ∥x∥22 + 2 ∥x∥2 ∥y∥2 + ∥y∥22
= (∥x∥2 + ∥y∥2)2 .

Taking the square root, which is an increasing function, gives the result.

Geometric meaning of the inner product The Cauchy–Schwarz inequality states
that, for nonzero vectors, the ratio ⟨x, y⟩/(∥x∥2 ∥y∥2) lies in [−1, 1]. It is therefore the
cosine of an angle θ ∈ [0, π], the angle between x and y:

⟨x, y⟩ = ∥x∥2 ∥y∥2 cos θ.

In particular, x and y are orthogonal when ⟨x, y⟩ = 0. The inner product also gives the
orthogonal projection of x onto the line spanned by a nonzero vector y:

p = ⟨x, y⟩
∥y∥22

y, with ⟨x− p, y⟩ = 0,

see Figure 8. When ∥y∥2 = 1, the length of the projection is simply |⟨x, y⟩|: the inner
product with a unit vector measures how far x goes in the direction y.

Remark In Machine Learning, the quantity cos θ = ⟨x, y⟩/(∥x∥2 ∥y∥2) is known
as the cosine similarity; it is widely used to compare documents or embeddings.
Similarly, a linear model predicts with ⟨w, x⟩+ b: the sign of the prediction tells
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y

x

p
θ

∥p∥2 = ∥x∥2 cos θ

x− p ⊥ y

Figure 8: Geometric view of the inner product: ⟨x, y⟩ = ∥x∥2 ∥y∥2 cos θ, and p = ⟨x,y⟩
∥y∥2

2
y is the

orthogonal projection of x onto the line spanned by y (here θ is acute, so ⟨x, y⟩ > 0).

on which side of the hyperplane {x | ⟨w, x⟩+ b = 0} the point x lies, and, when
∥w∥2 = 1, its absolute value is the distance from x to this hyperplane.

We can also represent the unit balls associated with the norms defined above, see
Figure 9. For every p ≥ 1, the unit ball is a convex set, which reflects the fact that
every norm is a convex function (for p < 1, the quantity ∥·∥p is no longer a norm and
its unit ball is not convex). Figure 10 shows how the unit ball deforms continuously
from the diamond (p = 1) to the square (p = ∞), and what goes wrong when p < 1:
the triangle inequality fails and the ball has “inward” corners.

x1

x2

p = 1: |x1|+ |x2| ≤ 1

x1

x2

p = 2: x2
1 + x2

2 ≤ 1

x1

x2

p =∞: max(|x1|, |x2|) ≤ 1

1

1

1

1

1

1

Figure 9: Unit balls {x ∈ R2 | ∥x∥p ≤ 1} of the L1-norm (a “diamond”), of the L2-norm (a
disk) and of the L∞-norm (a square). All three are convex, and they are nested: diamond ⊂
disk ⊂ square.

In a nutshell All norms on Rd are equivalent (for instance ∥x∥∞ ≤ ∥x∥2 ≤
∥x∥1 ≤

√
d ∥x∥2), so they define the same notion of convergence; but they do not

have the same shape. This shape matters in Machine Learning: when the norm of
the parameters is used as a penalty (regularization), the corners of the L1 ball on
the axes favour solutions with many zero coordinates (sparse models, the Lasso),
whereas the round L2 ball only shrinks the coordinates (ridge regression).

Let us now focus on norms on matrices, and more specifically on the Frobenius
norm.
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1 0 1
x1

1

0

1
x

2

p≥ 1: norms, convex balls

p= 1

p= 1.5

p= 2

p= 4

p=∞

1 0 1
x1

1

0

1

x
2

midpoint outside:
‖(1

2
, 1
2
)‖0.5 = 2

p= 0.5: not a norm, nonconvex ball

Figure 10: Left: unit spheres {x ∈ R2 | ∥x∥p = 1} for several p ≥ 1; the balls are nested,
∥x∥∞ ≤ ∥x∥2 ≤ ∥x∥1, and all of them are convex. Right: for p = 0.5, the points (1, 0) and (0, 1)
belong to the “ball” but their midpoint does not, so the set is not convex and ∥·∥0.5 is not a
norm. [ code: make_figures_ch01.py: fig_ch01_lp_balls ]

Definition 2.2: Frobenius norm on Matrices

Given two matrices X, Y ∈ Rm×d, their inner product is defined by

⟨X, Y⟩ = Tr
(︂
XT Y

)︂
=

m∑︂
i=1

d∑︂
j=1

XijYij .

The norm induced by this inner product is the Frobenius norm:

∥X∥F =
√︂

Tr (XT X) =

⎛⎝ m∑︂
i=1

d∑︂
j=1

X2
ij

⎞⎠1/2

.

2.2 Derivatives

The notion of derivative, or more generally of gradient, is fundamental in optimization.
It is at the heart of gradient descent algorithms, and it will also allow us to characterize
convex functions. As we will see, this characterization can be made by studying the
first-order derivative or, often more simply, the second-order derivative.

A few reminders Let us start with a reminder on the derivative of a function of one
variable.

Definition 2.3: Derivative

Let f : R → R be a function and x0 ∈ R. We say that f is differentiable at x0 if
the limit
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f ′(x0) = lim
h→0

f(x0 + h)− f(x0)
h

exists and is finite.
Equivalently, f is differentiable at x0 if, for h close to 0, we have

f(x0 + h) = f(x0) + hf ′(x0) + h ε(h),

where ε(h) is a function that tends to 0 when h tends to 0.

The last formula is called the first-order approximation of the function f , and it
can be generalized to any order. This is what we call the Taylor expansion of a function.

Proposition 2.1: Taylor’s Theorem

Let f : R → R be a function that is k times differentiable, with k ≥ 1, at a point
x0. Then there exists a function εk : R→ R such that

f(x0 + h) = f(x0) + hf ′(x0) + f ′′(x0)h2

2 + . . . + f (k)(x0)hk

k! + hkεk(h),

where lim
h→0

εk(h) = 0.

First- and second-order derivatives of a function of several variables In Ma-
chine Learning, as the reader may have seen with linear models, the number of param-
eters to learn is almost always greater than 1. We are therefore most often led to study
real-valued functions of several variables, i.e. functions which take a vector as input
and return a real value.

Definition 2.4: First-order Derivative

Let f : Rd → R be a continuous function and x0 ∈ Rd. Then f is differentiable at
x0 if there exists a (row) vector Jf(x0) ∈ R1×d such that

lim
x→x0

|f(x)− f(x0)− Jf(x0)(x− x0)|
∥x− x0∥

= 0.

For all i, the components of Jf(x0), called the Jacobian of f at x0, are given by
the partial derivatives

Jif(x0) = ∂f(x)
∂xi

⃓⃓⃓⃓
x=x0

.

The column vector ∇f(x0) = Jf(x0)T is called the gradient of f at x0.

The gradient makes it possible to approximate the function in the neighborhood
of the point where it is computed, i.e. in a neighborhood V (x0) of x0. For all x ∈ V (x0),
we have
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f(x) ≃ f(x0) + ⟨∇f(x0), x− x0⟩.

It is this approximation that will provide a first characterization of convex func-
tions. In the following, we often identify the Jacobian with the gradient, and we write
∇f(x0)(x− x0) or ⟨∇f(x0), x− x0⟩ indifferently.

In a nutshell Moving from x0 by a small step hd in a unit direction d changes the
value of f by approximately h⟨∇f(x0), d⟩. By the Cauchy–Schwarz inequality,
this quantity is maximal when d = ∇f(x0)/ ∥∇f(x0)∥2 and minimal for the
opposite direction: the gradient points in the direction of steepest ascent, and
−∇f(x0) in the direction of steepest descent. This simple observation is the
starting point of the gradient descent algorithm of Section 3. In the same way,
the gradient is orthogonal to the level set {x | f(x) = f(x0)}, since f does not
change to first order along this set.

Example 2.2. Let us consider the function f : R3 → R defined by

f(x1, x2, x3) = 3x2
1 + 2x1x2x3 + 6x3 + 5x2x3 + 9x1x3.

We want to compute the Jacobian (or gradient) of this function. To do so, we
need to compute

∂f

∂x1
,

∂f

∂x2
and ∂f

∂x3
.

The Jacobian of f at (x1, x2, x3) is given by

Jf(x1, x2, x3) =
(︂
6x1 + 2x2x3 + 9x3 2x1x3 + 5x3 2x1x2 + 6 + 5x2 + 9x1

)︂
.

Example 2.3. We consider the log-sum-exp function, defined for all x ∈ Rd and a fixed
vector b ∈ Rd by

f(x, b) = ln
d∑︂

j=1
exp (xj + bj) .

When b = 0, this function is known to be a good (and smooth!) approximation
of the function x ↦→ maxj xj .

The gradient ∇xf(x, b) of this function (written here as a row vector) is given by

∇xf(x, b) =
(︄

exp(x1 + b1)∑︁d
j=1 exp(xj + bj)

· · · exp(xd + bd)∑︁d
j=1 exp(xj + bj)

)︄
.

Its components are positive and sum to 1: this is the softmax function, which we
will meet again with neural networks.
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Definition 2.5: Second-order Derivative

Let f : Rd → R be a real-valued function. Provided that this function is twice
differentiable at x0, its second-order derivative at x0, also called the Hessian of f
at x0, is the matrix H = ∇2

xf(x0) ∈ Rd×d whose entries are given by

Hij = ∂2f(x)
∂xi∂xj

⃓⃓⃓⃓
⃓
x=x0

.

This matrix is useful to prove whether a function f is convex, and also to build
efficient algorithms.

Example 2.4. Let us consider the function f : R2 → R defined by

f(x1, x2) = 4x2
1 + 6x2

2 + 3x1x2 + 2 (cos(x1) + sin(x2)) ,

for which we aim to compute the Hessian matrix. We first have to compute the
Jacobian of this function:

Jf(x) =
(︃

∂f

∂x1

∂f

∂x2

)︃
=
(︂
8x1 + 3x2 − 2 sin(x1) 12x2 + 3x1 + 2 cos(x2)

)︂
.

The Hessian matrix is then given by

Hf (x) =

⎛⎜⎜⎜⎝
∂2f

∂x2
1

∂2f

∂x1∂x2
∂2f

∂x2∂x1

∂2f

∂x2
2

⎞⎟⎟⎟⎠ =
(︄

8− 2 cos(x1) 3
3 12− 2 sin(x2)

)︄
.

2.3 Convex sets

The notion of convex set is important when we want to build optimization algorithms
and guarantee that the successive iterates of these algorithms remain in a given set.
Moreover, it will also allow us to characterize convex functions.

Let us start with the definition of a convex set.

Definition 2.6: Convex Set

A set C is said to be convex if, for all u, v ∈ C and for all t ∈ [0, 1], we have

tu + (1− t)v ∈ C.

In other words, C is convex if every point of the segment joining u and v belongs
to the set.

Figure 11 provides some examples of convex and nonconvex sets. The first and
third shapes represent nonconvex sets: for each of them, we can find two points of the
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set such that the segment joining them leaves the set. For instance, for the ring, if we
take two diametrically opposed points, the segment joining them goes through the hole
in the center, which does not belong to the set. The second and fourth shapes represent
convex sets: whichever two points we pick, the segment joining them stays inside.

nonconvex convex nonconvex convex

Figure 11: Two nonconvex sets (red) and two convex sets (blue). For the nonconvex sets, the
segment joining the two marked points leaves the set (it crosses the notch of the heart, and the
hole of the ring); for the convex sets, every such segment stays inside.

Example 2.5. Here are some fundamental examples of convex sets:

• the unit ball B = {u ∈ Rd | ∥u∥ ≤ 1} of any norm;

• every interval of R;

• every hyperplane {x ∈ Rd | aT x = b} and every half-space {x ∈ Rd | aT x ≤ b};

• if C1 and C2 are two convex sets, then their intersection C = C1 ∩ C2 is also
convex.

Let us study the unit ball, which we have claimed above to be convex, and prove
it for the L2-norm. Consider λ ∈ [0, 1] and two vectors u, v of the unit ball, and let us
set z = λu + (1− λ)v. Then

∥z∥2 = ∥λu + (1− λ)v∥2
↓ apply the triangle inequality
≤ ∥λu∥2 + ∥(1− λ)v∥2
↓ absolute homogeneity of the norm, with λ ≥ 0 and 1− λ ≥ 0

= λ ∥u∥2 + (1− λ) ∥v∥2
↓ both u and v belong to the unit ball
≤ λ + (1− λ) = 1.

Hence z belongs to the unit ball.

Proposition 2.2: Convex combination

Let u1, u2, . . . , um be m points of a convex set C. Then, for all nonnegative
numbers λ1, λ2, . . . , λm such that ∑︁m

i=1 λi = 1,

v =
m∑︂

i=1
λiui ∈ C.
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In other words, every convex combination of points of a convex set belongs to this
convex set.

Given a finite set of points x1, . . . , xm, the convex combinations of these points
form a convex set. This set, called the convex hull H of the points, is the smallest
convex set that contains all of them:

H =
{︄

x =
m∑︂

i=1
λixi

⃓⃓⃓⃓
⃓ λ1, . . . , λm ≥ 0,

m∑︂
i=1

λi = 1
}︄

,

see Figure 12.

x1 x2

x3

x4

x5
H

Figure 12: Convex hull H of ten points of the plane: it is the convex polygon whose vertices
x1, . . . , x5 are five of the points; the five other points lie inside H and do not change it.

2.4 Convex functions

The study of convex functions is essential in Machine Learning. Indeed, we will see
that most of the problems we will try to solve involve convex functions. Moreover, it
is through the study of this type of problem that we will be able to provide theoretical
guarantees on the performance of our algorithms.

Fundamental definitions Let us start with the definition of a convex function.

Definition 2.7: Convex functions

Let U be a nonempty convex subset of a real vector space of dimension d (i.e.
U ⊂ Rd). A function f : U → R is said to be convex if, for all u, v ∈ U and for all
t ∈ [0, 1], we have

f(tu + (1− t)v) ≤ tf(u) + (1− t)f(v).

Example 2.6. The following functions are convex:

• any linear (or affine) function,

• f : R→ R, f(x) = x2,
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• f : R→ R, f(x) = 0.4× exp(x).

x ↦→ x x ↦→ x2 x ↦→ 0.4 ex

Proposition 2.3: Convexity and Restriction

A function f : Rd → R is convex if and only if its restriction to any line is convex,
i.e. if and only if the function g : t ↦→ f(x + tv) is convex for all x and v (on the
set of t ∈ R such that x + tv belongs to the domain of f). Similarly, f is concave
if and only if all such functions g are concave.

Proof. It only requires writing down the definition of a convex function. Assume that
f is convex and let t1, t2 be two real numbers and λ ∈ [0, 1]. Then

g(λt1 + (1− λ)t2) = f
(︁
λ(x + t1v) + (1− λ)(x + t2v)

)︁
≤ λg(t1) + (1− λ)g(t2),

so g is convex. Conversely, let u, v be two points of the domain of f and t ∈ [0, 1], and
consider the restriction g(t) = f(v + t(u − v)) of f to the line going through v and u.
If g is convex, then

f(tu + (1− t)v) = g(t) = g(t · 1 + (1− t) · 0) ≤ tg(1) + (1− t)g(0) = tf(u) + (1− t)f(v),

which proves that f is convex. The concave case follows by applying this result to
−f .

Figure 13 provides an illustration of the definition of convex functions, and Fig-
ure 14 contrasts it with a nonconvex function.

Remark (Jensen’s inequality) By induction on the number of points, the
definition of convexity extends to any convex combination: if f is convex, then
for all u1, . . . , um ∈ U and all nonnegative λ1, . . . , λm summing to 1,

f

(︄
m∑︂

i=1
λiui

)︄
≤

m∑︂
i=1

λif(ui).

Reading the weights λi as the probabilities of a random variable U taking the
values ui, this is f(E[U ]) ≤ E[f(U)], the probabilistic form of Jensen’s inequal-
ity, which will be used repeatedly in the statistical parts of the course (e.g. in
Part IV).
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x

f

u vtu + (1− t)v

tf(u) + (1− t)f(v)

f
(︁
tu + (1− t)v

)︁
Figure 13: Illustration of the definition of a convex function f (here f(x) = x2, u = −1,
v = 2, t = 1/2): the chord (red) joining (u, f(u)) and (v, f(v)) lies above the graph, i.e.
f(tu + (1− t)v) ≤ tf(u) + (1− t)f(v) for every t ∈ [0, 1]; the teal arrow shows the nonnegative
gap between the two sides.

u v

x

convex

f

chord
tangent

u v

x

graph above
the chord

nonconvex

Figure 14: Left: for a convex function, every chord lies above the graph and every tangent lies
below it. Right: for a nonconvex function (a “double well”), the graph goes above the chord
joining u and v (shaded area), and the tangent at the local maximum goes above the graph.
Note that the nonconvex function has two local minima, only one of which is global. [ code:
make_figures_ch01.py: fig_ch01_convex_vs_nonconvex ]

Historical note Convex functions were introduced and studied systematically by
the Danish mathematician Johan Jensen, who proved the inequality that bears
his name for finite convex combinations (Jensen, 1906). Jensen worked as an
engineer for the Copenhagen telephone company and did mathematics in his
spare time. A modern reference on convexity and optimization, freely available
online, is the book of Boyd and Vandenberghe (2004).

The next definition makes it possible to link convex functions with convex sets.

Definition 2.8: Epigraph

Let U be a nonempty subset of a real vector space of dimension d (i.e. U ⊂ Rd)
and let f : U → R be a function. The epigraph of f , denoted by Ef , is the set of
points lying above the graph of f , i.e.
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Ef = {(x, y) ∈ U × R | f(x) ≤ y} .

Proposition 2.4: Convexity via Epigraph

Let U be a nonempty convex subset of a real vector space of dimension d (i.e.
U ⊂ Rd). A function f is convex on U if and only if its epigraph Ef is a convex
set.

Proof. It is again a direct application of the definitions. Assume that f is convex, and
let (x1, y1) and (x2, y2) be two points of Ef and t ∈ [0, 1]. Then

f(tx1 + (1− t)x2) ≤ tf(x1) + (1− t)f(x2) ≤ ty1 + (1− t)y2,

i.e. t(x1, y1) + (1 − t)(x2, y2) ∈ Ef : the epigraph is convex. Conversely, assume that
Ef is convex and let u, v ∈ U and t ∈ [0, 1]. Since (u, f(u)) and (v, f(v)) belong to
Ef , so does the point

(︁
tu + (1 − t)v, tf(u) + (1 − t)f(v)

)︁
, which exactly means that

f(tu + (1− t)v) ≤ tf(u) + (1− t)f(v).

This proposition is illustrated in Figure 15.

x

y

Ef

(x1, y1)

(x2, y2)

convex f: Ef is convex

x

y

Ef

segment outside Ef

nonconvex f: Ef is not convex

Figure 15: Left: the epigraph Ef (shaded) of a convex function is a convex set: the segment
joining two of its points stays inside. Right: for a nonconvex function, the segment joining two
points of the graph goes below the graph, i.e. it leaves the epigraph, which is therefore not
convex. [ code: make_figures_ch01.py: fig_ch01_epigraph ]

Definition 2.9: Concave functions

Let U be a nonempty convex subset of a real vector space of dimension d (i.e.
U ⊂ Rd). A function f : U → R is said to be concave if, for all u, v ∈ U and for all
t ∈ [0, 1], we have

f(tu + (1− t)v) ≥ tf(u) + (1− t)f(v).
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With this definition, we directly see that f is concave if and only if −f is convex.
Furthermore, it is also possible to characterize concave functions through the convexity
of their hypograph, i.e. the region below the graph of the function.

Example 2.7. The following functions are concave:

• any linear (or affine) function,

• f : R+ → R, f(x) =
√

x,

• f : R∗
+ → R, f(x) = ln(x).

x ↦→ x x ↦→
√

x x ↦→ ln x

The following proposition provides some properties of convex functions.

Proposition 2.5: Properties of Convex Functions

Let f and g be two convex functions defined on a convex subset U of Rd. Then:

• any linear combination of f and g with nonnegative coefficients, αf + βg
with α, β ≥ 0, is convex (in particular, any convex combination of f and g);

• if φ : R→ R is convex and nondecreasing, then φ ◦ g is convex;

• the function h defined by h(x) = max (f(x), g(x)) is convex.

Proof. The proof of this proposition only relies on the definition of convexity; it is left
to the reader as an exercise.

Pitfall The assumption that φ is nondecreasing cannot be dropped. The func-
tion φ(t) = e−t is convex and g(x) = x2 is convex, but φ ◦ g(x) = e−x2 is the
Gaussian bell, which is not convex (its second derivative (4x2−2)e−x2 is negative
for |x| < 1/

√
2). Similarly, the product of two convex functions or the minimum

of two convex functions are not convex in general: think of x ↦→ x · x2 = x3 or of
x ↦→ min

(︁
(x− 1)2, (x + 1)2)︁.

Remark Another very useful rule: the composition of a convex function with
an affine map is convex. If f : Rn → R is convex, A ∈ Rn×d and b ∈ Rn,
then x ↦→ f(Ax + b) is convex on Rd. This is why the losses used in Machine
Learning (squared loss, hinge loss, logistic loss, etc.) are convex with respect to
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the parameters of a linear model: the prediction ⟨w, x⟩+ b is affine in (w, b).

Characterization of convexity using derivatives In the following, we study how
the convexity of a function f can be characterized using its first- and second-order
derivatives.

Proposition 2.6: First-order derivative and convexity

Let f be a continuously differentiable function on an open convex set U ⊂ Rd.
Then f is convex if and only if, for all u, v ∈ U , we have

f(v) ≥ f(u) + ⟨∇f(u), v− u⟩.

Equivalently, f is convex if and only if, for all u, v ∈ U , we have

⟨∇f(v)−∇f(u), v− u⟩ ≥ 0.

Proof. Convexity ⇒ first inequality. Let u, v ∈ U and t ∈ ]0, 1]. By convexity, f(u +
t(v− u)) ≤ f(u) + t

(︁
f(v)− f(u)

)︁
, hence

f(u + t(v− u))− f(u)
t

≤ f(v)− f(u).

Letting t→ 0, the left-hand side tends to ⟨∇f(u), v−u⟩, which gives the first inequality.
First inequality ⇒ convexity. Let u, v ∈ U , t ∈ [0, 1] and w = tu + (1 − t)v.

Applying the inequality at the point w gives f(u) ≥ f(w) + ⟨∇f(w), u − w⟩ and
f(v) ≥ f(w) + ⟨∇f(w), v−w⟩. Multiplying the first inequality by t, the second one by
1− t and summing them, we get

tf(u) + (1− t)f(v) ≥ f(w) + ⟨∇f(w), tu + (1− t)v−w⟩ = f(w).

First inequality ⇒ second inequality. Write the first inequality for the pair (u, v)
and for the pair (v, u), and sum them.

Second inequality ⇒ first inequality. Let φ(t) = f(u + t(v − u)) for t ∈ [0, 1].
Then φ′(t) = ⟨∇f(u + t(v − u)), v − u⟩, and applying the second inequality to the
points u + t(v− u) and u (and dividing by t > 0) gives φ′(t) ≥ ⟨∇f(u), v− u⟩. Hence

f(v)− f(u) = φ(1)− φ(0) =
∫︂ 1

0
φ′(t) dt ≥ ⟨∇f(u), v− u⟩.

Proposition 2.6 is illustrated in Figure 16: the tangents of a convex function
always lie below its graph. Note that, for a concave function, the tangents lie above the
graph.
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In a nutshell The first-order condition is remarkable: a local information, the
value and the gradient of f at a single point u, gives a global lower bound on
f over the whole set U . In particular, if ∇f(u⋆) = 0, then f(v) ≥ f(u⋆) for
every v ∈ U : for a differentiable convex function, every critical point is a global
minimum. This is the main reason why convex problems are considered “easy” in
optimization, and why we try to formulate learning problems as convex problems
whenever possible.

x

f

u v

tangent at u

tangent at v

Figure 16: The convex function f(x) = x2 with its tangents (dashed) at the points u and v,
and the chord joining them (red). The tangents of a convex function always lie below its graph,
while its chords lie above it.

Proposition 2.7: Second-order derivative and convexity

Let f be a twice continuously differentiable function on an open convex subset U
of Rd, and denote by ∇2f(u) its Hessian matrix at u. Then f is convex if and
only if its Hessian is positive semidefinite (PSD) at every point, which we write
∇2f(u) ⪰ 0 for all u ∈ U , i.e.

∀u ∈ U , ∀z ∈ Rd, zT∇2f(u) z ≥ 0.

Remember that a symmetric matrix H is PSD if and only if all its eigenvalues
are nonnegative (this is a consequence of the spectral theorem recalled below). It is
sometimes easier to check this property than to apply the definition of convexity to a
complicated function.

Pitfall Positive semidefiniteness is not a property of the entries of the matrix.

The matrix
(︄

1 2
2 1

)︄
has only positive entries, but its eigenvalues are 3 and −1:

with z = (1,−1)T , we get zT Hz = −2 < 0. Conversely, a PSD matrix may
have negative off-diagonal entries. Also note that a positive definite Hessian
(∇2f(u) ≻ 0 everywhere) implies that f is strictly convex, but the converse is
false: x ↦→ x4 is strictly convex while its second derivative vanishes at 0.

A PSD Hessian means that, along every direction z, the directional derivative t ↦→
⟨∇f(u+tz), z⟩ is a nondecreasing function of t. This is consistent with Proposition 2.6: a
differentiable function is convex if and only if its gradient is “nondecreasing” (monotone)
along every direction.
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Example 2.8. Consider the diagonal matrix M defined by

M =

⎛⎜⎜⎜⎜⎝
λ1 0 . . . 0
0 λ2 . . . 0
... . . . ...
0 0 . . . λd

⎞⎟⎟⎟⎟⎠ ,

where λ1, . . . , λd are nonnegative. Its eigenvalues are λ1, . . . , λd, so it is PSD.
Such matrices arise when the variables are “separated”, for instance as the Hessian of a
function f of the form

f(x) =
d∑︂

j=1

λj

2 x2
j ,

which is therefore convex.

Symmetric matrices and quadratic forms The diagonal case of the previous ex-
ample is, in fact, the general case, up to a rotation of the axes. This is the content
of the spectral theorem, one of the most useful results of linear algebra (Strang, 2016;
Horn and Johnson, 2012).

Proposition 2.8: Spectral theorem

Let A ∈ Rd×d be a symmetric matrix (AT = A). Then all the eigenvalues
λ1, . . . , λd of A are real, and there exists an orthonormal basis (u1, . . . , ud) of Rd

made of eigenvectors of A (Auj = λjuj). In matrix form, with U =
(︂
u1 · · · ud

)︂
(so that UT U = I) and Λ = diag(λ1, . . . , λd),

A = UΛUT =
d∑︂

j=1
λjujuT

j .

Writing z in the eigenbasis, z = ∑︁
j cjuj with cj = ⟨z, uj⟩, the quadratic form

associated with A becomes a weighted sum of squares:

zT Az =
d∑︂

j=1
λjc2

j .

This immediately shows that A is PSD (zT Az ≥ 0 for all z) if and only if all the
λj are nonnegative, and positive definite if and only if they are all positive. It also
gives a geometric picture, shown in Figure 17: the eigenvectors are the axes of the level
sets of z ↦→ zT Az, and the eigenvalues control how fast the function grows along each
axis. When f is twice differentiable, Taylor’s formula f(u + z) ≈ f(u) + ⟨∇f(u), z⟩ +
1
2zT∇2f(u)z shows that, locally, f looks like such a quadratic form: this is why the
eigenvalues of the Hessian decide whether f is convex.

Example 2.9. Let A ∈ Rd×d be symmetric, b ∈ Rd, and f(x) = 1
2xT Ax + bT x. Then

∇f(x) = Ax + b and ∇2f(x) = A for every x, so f is convex if and only if A is PSD.
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u1

u2

positive definite
λ1 = 3, λ2 = 1

u1

u2

positive semidefinite
λ1 = 3, λ2 = 0

u1

u2

indefinite
λ1 = 3, λ2 =−1

Figure 17: Level sets of the quadratic form q(z) = zT Az for A = UΛUT with the same
eigenvectors u1, u2 (arrows) and three choices of eigenvalues. Left: both eigenvalues are positive,
the level sets are ellipses whose axes are the eigenvectors, longer along the direction of the smaller
eigenvalue; q is strictly convex with a unique minimizer. Middle: one eigenvalue is zero, q is
constant along u2 (a “valley” of minimizers); q is convex but not strictly. Right: the eigenvalues
have opposite signs, q increases along u1 and decreases along u2 (red: positive values, blue:
negative values); 0 is a saddle point and q is not convex. [ code: make_figures_ch01.py:
fig_ch01_quadratic_forms ]

A fundamental instance is the least-squares objective f(w) = ∥Xw− y∥22 of linear
regression, whose Hessian 2XT X is always PSD, since zT XT Xz = ∥Xz∥22 ≥ 0: the
least-squares problem is always convex.

Remark When the smallest eigenvalue of the Hessian is bounded away from
zero, i.e. ∇2f(u) ⪰ αI for some α > 0 and all u, the function grows at least like
a quadratic in every direction, as in the left panel of Figure 17. Such functions
are called strongly convex (Definition 3.4 in the next section); they have a unique
minimizer, and gradient methods converge faster on them. Adding a ridge penalty
α
2 ∥w∥

2
2 to a convex objective makes it α-strongly convex, since it adds αI to the

Hessian.

To remember from Section 2

• A norm measures the size of a vector; the L1, L2 and L∞ norms have
different unit balls, all convex. The inner product ⟨x, y⟩ = ∥x∥2 ∥y∥2 cos θ
measures angles and gives orthogonal projections.

• The gradient ∇f(x0) gives the best linear approximation of f around x0
and points in the direction of steepest ascent; the Hessian ∇2f(x0) gives
the second-order (quadratic) approximation.

• A set is convex if it contains every segment joining two of its points; a
function is convex if its chords lie above its graph, i.e. if its epigraph is
convex.

• For differentiable functions: f is convex ⇐⇒ its tangents lie below its graph
⇐⇒ its gradient is monotone ⇐⇒ (if twice differentiable) its Hessian
is PSD everywhere. Consequently, every critical point of a differentiable
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convex function is a global minimum.

• A symmetric matrix is diagonal in an orthonormal basis of eigenvectors; it is
PSD if and only if its eigenvalues are nonnegative, and its eigenvectors and
eigenvalues give the axes and the curvatures of the level sets of its quadratic
form.

Check your understanding

Short questions to test yourself; the answers are in Appendix A (click on the number of a question
to see its answer).

Norms

Q2.1. Is the function x ↦→ ∥x∥2
2 a norm?

Q2.2. What is the orthogonal projection of x = (2, 3)T onto the line spanned by y = (1, 0)T ?
And onto the line spanned by (1, 1)T ?

Q2.3. True or false? For every x ∈ Rd, ∥x∥1 ≤ ∥x∥2.

Q2.4. Compute ∥Id∥F and, for x ∈ Rm and y ∈ Rd, the Frobenius norm of the rank-one matrix
xyT .

Derivatives

Q2.5. Compute the gradient and the Hessian of f(x) = ∥x∥2
2 on Rd.

Q2.6. Let f(x1, x2) = x2
1x2. Use the first-order approximation at (1, 2) to estimate f(1.01, 2),

and compare with the exact value.

Q2.7. From the point (1, 1), in which unit direction does f(x1, x2) = x2
1 + 3x2

2 decrease the
fastest? Is it the direction pointing to the minimizer (0, 0)?

Convex sets

Q2.8. Is the union of two convex sets convex? And their intersection?

Q2.9. Is the set {x ∈ R2 | x1x2 ≥ 1} convex?

Q2.10. What is the convex hull of the five points (0, 0), (1, 0), (0, 1), (1, 1) and ( 1
2 , 1

2 )? Is the
way of writing ( 1

2 , 1
2 ) as a convex combination of the four others unique?

Synthesis of the section

Q2.11. Is f(x) = |x| convex? Can Proposition 2.6 be used to prove it?

Q2.12. A differentiable convex function satisfies ∇f(u⋆) = 0. What can you say about u⋆? Is
it necessarily the unique minimizer?

Q2.13. Is the matrix
(︃

2 −1
−1 2

)︃
positive definite?

Q2.14. Show that f(x) = ex − x is strictly convex on R and find its minimizer.

Q2.15. What happens if the Hessian of a twice differentiable function f has a negative eigenvalue
at some point u?

Q2.16. True or false? A convex function f : R→ R that is bounded from above is constant.
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3 Unconstrained and Smooth Convex Optimization

This section gives a general presentation of convex optimization; it then focuses on
unconstrained convex optimization and presents some fundamental algorithms.

About this section

Guiding question. How does a computer find the parameters that minimize a training
loss when no closed-form formula is available?
In this section you will learn to:

• characterize the critical points of a differentiable function with its gradient (Euler’s
equation) and classify them with its Hessian;

• write and run gradient descent, and understand the role of the step size, of line
searches (exact step, Armijo’s rule) and of the conditioning of the problem;

• use Newton’s method and quasi-Newton methods (BFGS), and know when they are
worth their cost;

• recognize the convergence speeds of these algorithms on a log-scale plot.

3.1 Motivation

Given a convex function f : Rd → R, we want to solve the problem

x⋆ = arg min
x∈Rd

f(x).

The aim of this section is to introduce algorithms that build a sequence (xn)n∈N
converging to x⋆, the point at which f reaches its minimum, as in Figure 18.

x0x1 x2x3 x4x

Figure 18: A descent algorithm builds a sequence of points x0, x1, x2, . . . along which the value
of f decreases, and which converges to the minimizer x⋆ of f . [ code: make_figures_ch02.py:
fig_ch02_motivation ]

We will see how to build such a sequence but, before doing so, we will see how
to characterize the optimum of a function f (in our case, its minimum), i.e. what the
optimality conditions are.
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3.2 Optimality Conditions

Let us first define the minimum of a function f .

Definition 3.1: Minimum

Let f : Rd → R be a continuous function. We say that u ∈ Rd is a local minimum
of f if there exists a neighborhood V ⊂ Rd of u such that

f(u) ≤ f(v), ∀v ∈ V.

We say that u is a global minimum of f if

f(u) ≤ f(v), ∀v ∈ Rd.

In other words, a minimum of the function f is simply a point x where f reaches
its lowest value (locally or globally), as illustrated in Figure 19.

x1

global minimum

x2

local minimum

local maximum

Figure 19: Local and global minima of a function of one variable. The point x1 is the global
minimum of the function, while x2 is only a local minimum; between them lies a local maximum.
[ code: make_figures_ch02.py: fig_ch02_minima ]

Although such minima are easy to find graphically for a function of one variable,
we need other criteria to detect them in general.

The following proposition gives a first characterization of relative (or local) min-
ima.

Proposition 3.1: Euler’s Inequality

Let f : Rd → R be a continuous function and U a nonempty convex set. Fur-
thermore, let u ∈ U be a relative minimum of f on U . If f is differentiable at u,
then

⟨∇f(u), v− u⟩ ≥ 0, ∀v ∈ U .

This first result will be very useful for constrained problems (see Section 4), but
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it is rarely used as such for unconstrained ones. If we go back to Figure 19, we see that
the minima (and maxima) are located at the points where the derivative of the function
is equal to 0. This optimality condition is known as Euler’s equation.

Proposition 3.2: Euler’s Equation

Let f : Rd → R be a continuous function which is differentiable at u ∈ Rd. If u is
a local minimum of f , then

∇f(u) = 0.

Proof. Let V be a neighborhood of u as in the definition of a local minimum. For all
v ∈ Rd, u + tv ∈ V as soon as t > 0 is small enough, and a first-order expansion gives

f(u) ≤ f(u + tv) = f(u) + t⟨∇f(u), v⟩+ t ∥v∥ ε(tv),
⇐⇒ 0 ≤ t⟨∇f(u), v⟩+ t ∥v∥ ε(tv),

where ε(tv)→ 0 when t→ 0. Dividing by t > 0 and letting t→ 0, we obtain

0 ≤ ⟨∇f(u), v⟩.

Replacing v by −v, we also have

0 ≤ −⟨∇f(u), v⟩.

Hence ⟨∇f(u), v⟩ = 0 for all v ∈ Rd, and thus ∇f(u) = 0 (take v = ∇f(u)).

Although this proof relies on the definition of a (local or global) minimum, the
same result holds for a maximum. The solutions of Euler’s equation are called critical
points (or stationary points).

Note that this proposition only provides a necessary condition for a point to be a
local optimum; this condition is by no means sufficient, as the example below shows.

Example 3.1. Let us consider the functions f and g respectively defined by f(x) =
1
2(x− 2)2 − 2 and g(x) = 1

2x3 − 1, and represented in Figure 20.

The points marked on both graphs (x = 2 and x = 0) are solutions of Euler’s
equation, f ′(x) = 0 and g′(x) = 0 respectively. However, while this point is a minimum
of f , this is no longer the case for g: its critical point is neither a minimum nor a
maximum.

This example shows that it is important to characterize the different solutions of
Euler’s equation, i.e. to determine when they correspond to optima, and what kind of
optima they are.

The solutions of Euler’s equation contain all the points where a differentiable
function f reaches a local extremum (a local or global minimum or maximum). Given
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2

f ′(2) = 0: minimum

f(x) = 1
2
(x− 2)2 − 2

g ′(0) = 0: neither
a minimum nor a maximum

g(x) = 1
2
x3 − 1

Figure 20: Euler’s equation is only a necessary condition. Both functions have a horizontal
tangent (dashed) at the marked point, but this critical point is a minimum of f (left) and
neither a minimum nor a maximum of g (right). [ code: make_figures_ch02.py: fig_ch02_euler1d ]

a solution u of ∇f(u) = 0, and assuming that f is twice continuously differentiable, we
can say that:

• u is a local minimum if ∇2f(u) = Hf (u) ≻ 0, i.e. if the Hessian matrix evaluated
at u is positive definite (all its eigenvalues are positive). This point is a global
minimum if the function is convex everywhere; in fact, for a convex function, every
critical point is a global minimum;

• u is a local maximum if ∇2f(u) = Hf (u) ≺ 0, i.e. if the Hessian matrix evaluated
at u is negative definite (all its eigenvalues are negative). This point is a global
maximum if the function is concave everywhere;

• if ∇2f(u) has both positive and negative eigenvalues, u is neither a minimum nor
a maximum (it is a saddle point);

• if ∇2f(u) is only semidefinite (some eigenvalues are zero), we cannot conclude
without further study; think of g(x) = 1

2x3 − 1 above, for which g′′(0) = 0.

These three typical situations are represented in Figure 21. They come from the
second-order Taylor expansion around a critical point u: since ∇f(u) = 0,

f(u + h) = f(u) + 1
2hT∇2f(u) h + o(∥h∥2),

so that, locally, f behaves like the quadratic form defined by its Hessian: it increases in
the directions of the eigenvectors associated with positive eigenvalues and decreases in
those associated with negative eigenvalues.

Pitfall In Machine Learning, a vanishing gradient does not mean that we have
found a minimum. For nonconvex objectives, such as the training loss of a neu-
ral network, saddle points are much more frequent than local maxima in high
dimension, and an algorithm based on the gradient alone may slow down consid-
erably in their neighborhood. Convexity is precisely the property that rules out
this difficulty: every critical point of a differentiable convex function is a global
minimum.
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local minimum
∇2fÂ 0

local maximum
∇2f≺ 0

saddle point
eigenvalues of both signs

Figure 21: Level sets of f (shaded) and descent directions −∇f (arrows) around the three types
of nondegenerate critical points (orange dot), where ∇f = 0. Gradient descent is attracted
by a minimum, repelled by a maximum, and, around a saddle point, it is attracted along one
direction and repelled along the other. [ code: make_figures_ch02.py: fig_ch02_critical ]

Example 3.2. Let us consider the function f : R2 → R defined by

f(x) = x2
1 + 4x2

2 − 2x1x2.

We aim to find the extrema of this function.
We first compute the gradient ∇f of this function and find the values of x for

which this gradient is equal to 0. The gradient is given by

∇f(x) =
(︂
2x1 − 2x2 8x2 − 2x1

)︂
.

Setting this gradient equal to 0 leads to x1 = x2 using the first component, and
then to x1 = x2 = 0 using the second one. So the point x⋆ = (0, 0) is the only solution
of Euler’s equation.

We can now compute the Hessian matrix to determine what kind of extremum it
is. The Hessian is given by

∇2f(x) =
(︄

2 −2
−2 8

)︄
.

The eigenvalues of this matrix, 5 ±
√

13, are both positive: the Hessian is posi-
tive definite at every point, so the function f is convex and the point x⋆ is its global
minimum.

Example 3.3. Let us study the function f : [−2, 2]2 → R defined by

f(x) = 4 +
(︂
x2

1 − 2 cos(2πx1)
)︂

+
(︂
x2

2 − 2 cos(2πx2)
)︂

.

This function is particularly interesting because it has many local extrema but a
single global minimum, as can be seen in Figure 22. It is therefore often used to test
the efficiency of optimization algorithms.
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Figure 22: The function f(x) = 4 +
(︁
x2

1 − 2 cos(2πx1)
)︁

+
(︁
x2

2 − 2 cos(2πx2)
)︁

on [−2, 2]2. Left:
its graph. Right: its level sets, some of its local minima (white dots) and its global minimum 0
(star). A gradient method started far from the origin is likely to stop at one of the local minima.
[ code: make_figures_ch02.py: fig_ch02_rastrigin ]

We can see that this function is neither convex nor concave, which could also be
verified by studying its Hessian. The gradient of this function is easy to compute:

∇f(x) =
(︂
2x1 + 4π sin(2πx1) 2x2 + 4π sin(2πx2)

)︂
.

The solutions of Euler’s equation are obtained by solving the following system:

x1 = −2π sin(2πx1),
x2 = −2π sin(2πx2).

The two equations are independent but remain hard to solve; an obvious solution,
however, is given by the point x⋆ = (0, 0). We can also check that this point is the
global minimum of our function: since x2

j ≥ 0 and −2 cos(2πxj) ≥ −2, we have f(x) ≥
0 = f(0), with equality only at x = 0.

3.3 Minimization Problems

Given a vector space E of dimension d and a function f : E → R, an optimization
problem consists in solving

min
x∈E

f(x).

The function f is sometimes called the cost function. It can represent, for instance,
the cost for a company of storing a series of products (represented by the parameter x),
or the risk taken when making decisions.

Most of the time, we want to minimize this function f under some constraints;
this will be studied in Section 4.

Let us first have a look at some basic optimization problems.
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Linear Regression We are given a response vector y ∈ Rm and a feature matrix
X ∈ Rm×d whose rows are the feature vectors x1, . . . , xm ∈ Rd, where d < m. We
would like to find a vector θ ∈ Rd that explains the values of y from X through the
following model:

y = Xθ + ε, where ε ∼ N (0, σ2I),

and where ε represents the errors of the model.
To find the best vector θ, we have to minimize these errors, i.e. to solve

min
θ∈Rd

m∑︂
i=1

ε2
i = min

θ∈Rd
∥y−Xθ∥22.

We can easily check that this problem is convex. Indeed, the gradient of the
objective function F (θ) = ∥y−Xθ∥22 is

∇θF (θ) = −2XT (y−Xθ),

and its second-order derivative is given by

∇2
θF (θ) = 2XT X,

which is a symmetric positive semidefinite matrix of size d. Let us quickly show
it: let λ be an eigenvalue of XT X and uλ an associated eigenvector. By definition of
an eigenvalue and an eigenvector, we have

XT Xuλ = λuλ

↓ premultiplying by uT
λ

uT
λ XT Xuλ = λuT

λ uλ

↓ left: property of the transpose; right: definition of the norm

(Xuλ)T Xuλ = λ ∥uλ∥22
↓ left: definition of the norm

∥Xuλ∥22 = λ ∥uλ∥22 .

Since an eigenvector is necessarily nonzero, we have

λ = ∥Xuλ∥22
∥uλ∥22

≥ 0.

Finally, when XT X is invertible, the unique solution of Euler’s equation∇θF (θ) =
0 is given by

θ⋆ = (XT X)−1XT y.

In this case, an analytical solution of the minimization problem exists. Unfortu-
nately, this is not always the case.
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Logistic Regression Let us now consider the logistic regression problem, which is
quite similar to the previous one. We want to find a model that predicts the class
y ∈ {0, 1} of our data (see Section 8.4 for further details).

To predict the class of an individual x, we use a model of the form

g(x, θ) = log
(︃ P(y = 1 | x)

1− P(y = 1 | x)

)︃
= θ0 + θ1x1 + . . . + θdxd.

The parameters of the model are estimated by minimizing the negative log-
likelihood of our data:

ℓ(X, θ) = −
m∑︂

i=1

(︂
yi log(pi) + (1− yi) log(1− pi)

)︂
,

where
pi = 1

1 + exp
(︂
−θ0 −

∑︁d
j=1 θjXij

)︂
is the probability, predicted by the model, that the i-th individual belongs to class 1.

Unfortunately, there is no analytical solution to this problem, so we need a way
to approximate the solution step by step. This is the purpose of gradient descent
algorithms.

3.4 Gradient Descent Algorithms

Let f be a function and U a nonempty set, and assume that the following problem has
a solution:

u⋆ = arg min
v∈U

f(v).

The idea is to build a sequence (uk)k∈N which converges towards u⋆ using the
following scheme:

• take an initial value u0: this is where the optimization procedure starts;

• uk → uk+1: choose a direction dk and minimize the function f along this direction;

• solve ρk = arg min
ρ>0

f(uk − ρdk): how far should we go in the selected direction?

• uk+1 = uk − ρkdk: update the current position.

This process is repeated until we reach the optimal solution u⋆.
Two questions then arise: (i) how should we choose the descent direction, and (ii)

how far should we move in the chosen direction?
Indeed, as shown in Figure 23, several paths seem to lead to the desired solution,

but is one of them preferable to the others? How can we use our knowledge of the
function to be optimized to build such a path, rather than being guided by chance?

To answer the first question, we focus on the following quantity at a given iteration
k:
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u0

u1

u2

u3

u4

u5
u6

u0

u1

u2
u3

u

Figure 23: Two ways to reach the optimal solution u⋆ of the function f we aim to minimize;
the ellipses represent the level sets of f . The red path uses arbitrary directions; the blue path
follows, at each iteration, the direction of steepest descent −∇f(uk), which is orthogonal to the
level set going through uk (gradient descent with constant step). [ code: make_figures_ch02.py:
fig_ch02_paths ]

f(uk − ρdk).

More precisely, we focus on the first-order approximation of this quantity. Re-
member that we have the following expansion when ρ is close to 0:

f(uk − ρdk) = f(uk)− ρ⟨∇f(uk), dk⟩+ ρε(ρ),

where ε is a function that tends to 0 when ρ tends to 0. To decrease f(uk−ρdk) as
much as possible, we have to choose, among the directions dk of a given norm, the one
that maximizes the inner product ⟨∇f(uk), dk⟩. By the Cauchy–Schwarz inequality,
this direction is given by dk = ∇f(uk) (up to a positive factor): the opposite of the
gradient is the direction of steepest descent.

In a nutshell Imagine a hiker lost in the fog on a mountain, who wants to reach
the bottom of the valley. She cannot see the landscape, but she can feel the slope
under her feet: she takes a step in the direction where the ground goes down most
steeply, then looks again. The gradient is the local slope, and gradient descent
only uses this local information; the step size says how long each stride is.

So the previous algorithm becomes:

• choose u0 to initialize the algorithm;

• set uk+1 = uk − ρk∇f(uk) with ρk > 0.

However, we also need a stopping criterion. To find one, keep in mind that the
critical points u⋆ satisfy ∇f(u⋆) = 0. Thus, when the norm of the gradient of f is close
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to 0, we can assume that we have reached an (or the) optimal solution. In practice, we
choose a small enough constant η > 0 and apply the previous algorithm until

∥∇f(uk)∥ ≤ η.

It remains to choose the value of ρk at each step of the gradient descent algorithm.
The simplest choice is a constant step, i.e. ρk = ρ > 0 for all k.

This gives our first descent algorithm.

Definition 3.2: Gradient Descent with Constant Step

Let f be a differentiable function defined on a vector space E of dimension d, and
let ρ, η be two positive real numbers. Gradient Descent with Constant Step is
defined as follows:

• choose u0 to initialize the algorithm, and set k = 0;

• while ∥∇f(uk)∥ > η:

1. compute ∇f(uk),
2. set uk+1 = uk − ρ∇f(uk),
3. set k ← k + 1;

• return uk.

However, a constant step is not always the best choice in practice. Indeed, a bad
choice of this constant can lead to a very slow convergence of the algorithm, or even to
its divergence, as illustrated in Figure 24. For instance, if f is α-strongly convex (see
Definition 3.4 below) and if its gradient is L-Lipschitz, gradient descent with constant
step converges as soon as 0 < ρ < 2α/L2.

x0x1x2x3x

small step: ρ= 0.3

x0x1 x2x3 x4x

too large: ρ= 2.2> 2/L

Figure 24: Importance of the choice of the learning rate ρ for gradient descent on f(x) = 1
2 x2, for

which L = 1 and xk+1 = (1− ρ)xk. A small value slows down the convergence of the algorithm
(left), while a too large value, ρ > 2/L, makes the algorithm diverge (right). [ code:
make_figures_ch02.py: fig_ch02_steps1d ]

The same phenomenon in dimension 2 is shown in Figure 25, on the quadratic
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function f(u) = 1
2(u2

1 +10u2
2). The curvature is ten times larger along u2 than along u1:

the step must be small enough for the steep direction, which makes the progress slow
along the flat one.

too small: ρ= 0.02

f(u20)≈ 4.5× 100

well chosen: ρ= 0.15

f(u20)≈ 1.5× 10−2

too large: ρ= 0.205> 2/L

f(u20)≈ 3.5× 101

Figure 25: Twenty iterations of gradient descent with constant step on f(u) = 1
2 (u2

1 + 10u2
2),

for which α = 1 and L = 10, from the same starting point (black square). Left: the step is too
small and the iterates crawl towards u⋆. Middle: a good step. Right: ρ > 2/L, the iterates
oscillate with increasing amplitude along the steep direction and the algorithm diverges. [ code:
make_figures_ch02.py: fig_ch02_stepsizes ]

Remark on the choice of a constant step A function whose gradient is
L-Lipschitz, ∥∇f(u)−∇f(v)∥ ≤ L ∥u− v∥, is said to be L-smooth; for a twice
differentiable function, this means that the eigenvalues of the Hessian are bounded
by L in absolute value. The constant L is the largest curvature of f , and it gives
the natural scale of the step: the classical choice is ρ = 1/L. The condition
ρ < 2α/L2 given above is sufficient but pessimistic. For a convex and L-smooth
function, gradient descent converges for every ρ ∈ ]0, 2/L[ (Nesterov, 2018, Sec-
tion 2.1.5); with ρ = 1/L,

f(uk)− f(u⋆) ≤ L ∥u0 − u⋆∥2

2k
,

and, if f is moreover α-strongly convex, ∥uk − u⋆∥2 ≤ (1 − α/L)k ∥u0 − u⋆∥2:
the error decreases geometrically, a behavior called linear convergence because
it appears as a straight line on a log-scale plot. On a quadratic function, the
threshold 2/L is sharp, as illustrated in Figure 25.

We may rather choose a nonconstant step ρk that decreases with k, e.g. ρk = 1
k

.

The most natural choice, however, is the value ρk which minimizes the function along
the given direction.

This leads to another gradient descent algorithm, with a so-called optimal step.

Definition 3.3: Gradient Descent with Optimal Step

Let f be a differentiable function defined on a vector space E of dimension d, and
let η be a positive real number. Gradient Descent with Optimal Step is defined as
follows:

• choose u0 to initialize the algorithm, and set k = 0;
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• while ∥∇f(uk)∥ > η:

1. compute ∇f(uk),
2. compute ρk = arg min

ρ>0
f(uk − ρ∇f(uk)),

3. set uk+1 = uk − ρk∇f(uk),
4. set k ← k + 1;

• return uk.

One can show that this algorithm converges for strongly convex functions. We
have already discussed convexity but not strong convexity, so let us define it.

Definition 3.4: Strong Convexity

Let f be a convex and continuously differentiable function on Rd. We say that f
is strongly convex (or α-elliptic) if there exists α > 0 such that

⟨∇f(v)−∇f(u), v− u⟩ ≥ α∥v− u∥2, ∀u, v ∈ Rd.

Equivalently, when f is twice differentiable, f is α-strongly convex if and only if

∇2f(x) ⪰ αI for all x ∈ Rd,

i.e. for all x, z ∈ Rd, zT∇2f(x) z ≥ α ∥z∥2.

Proposition 3.3: Optimal Step: Convergence

If f is α-strongly convex and if its gradient is Lipschitz continuous on every
bounded set (for instance, if f is twice continuously differentiable), then Gradient
Descent with Optimal Step converges to the unique minimizer u⋆ of f , whatever
the initial point u0.

Let us now have a look at the gradient at each step. What can we say about
⟨∇f(uk+1),∇f(uk)⟩ when ρk = arg min

ρ>0
f(uk − ρ∇f(uk))?

If ρk minimizes ρ ↦→ f(uk − ρ∇f(uk)), then

∂

∂ρ
f(uk − ρ∇f(uk))|ρ=ρk

= 0

⇐⇒ − ⟨∇f(uk − ρk∇f(uk)),∇f(uk)⟩ = 0
⇐⇒ ⟨∇f(uk+1),∇f(uk)⟩ = 0.

We can see that two successive descent directions are orthogonal. This observation
is very useful to determine the optimal step for an important class of problems in
Machine Learning, namely quadratic problems, as illustrated in the following example.
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Example 3.4. Let A be a symmetric positive definite matrix and b ∈ Rd. Let us consider
the quadratic form f defined for all u ∈ Rd by

f(u) = 1
2⟨Au, u⟩ − ⟨b, u⟩.

We aim to determine the optimal step at each iteration of gradient descent applied
to this function. We first compute the gradient: for all k ∈ N, we have ∇f(uk) =
Auk − b. Furthermore,

∇f(uk+1) = Auk+1 − b
= A

(︁
uk − ρk(Auk − b)

)︁
− b

= Auk − b− ρkA(Auk − b).

Now, we use the fact that ⟨∇f(uk+1),∇f(uk)⟩ = 0 for this algorithm:

⟨Auk − b, Auk − b− ρkA(Auk − b)⟩ = 0
=⇒ ⟨Auk − b, Auk − b⟩ = ρk⟨Auk − b, A(Auk − b)⟩

=⇒ ρk = ⟨Auk − b, Auk − b⟩
⟨Auk − b, A(Auk − b)⟩ .

Finally, for quadratic problems of this form, the optimal learning rate at step k
is equal to

ρk = ∥Auk − b∥2

∥Auk − b∥2A
,

where ∥u∥2A = uT Au (the denominator is positive as long as ∇f(uk) ̸= 0, since
A is positive definite).

Because successive directions are orthogonal, gradient descent with optimal step
follows a characteristic zig-zag path, shown in Figure 26. Its speed depends on the shape
of the level sets: on the quadratic function of the previous example, one can show that

f(uk+1)− f(u⋆) ≤
(︃

κ− 1
κ + 1

)︃2 (︁
f(uk)− f(u⋆)

)︁
, where κ = λmax(A)

λmin(A)

is the condition number of A (Nocedal and Wright, 2006, Section 3.3). When κ = 1
(circular level sets), the gradient points towards u⋆ and one step is enough; when κ is
large (very elongated level sets), the factor is close to 1 and the convergence is slow.

In a nutshell The condition number κ = L/α (ratio of the largest to the smallest
curvature) measures how elongated the valley of f is. Gradient descent needs a
number of iterations roughly proportional to κ to reach a given accuracy. Many
practical tricks in Machine Learning, such as standardizing the features or adding
a ridge penalty λ ∥θ∥2 (which increases α by 2λ), can be seen as ways to reduce
κ.

Other algorithms, or other ways to choose the learning rate at each step, can be
studied, such as:
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optimal step: zig-zag path

GD, optimal step Newton (1 step)
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Figure 26: Left: gradient descent with optimal step on f(u) = 1
2 (u2

1 + 8u2
2); two successive

directions are orthogonal, which produces a zig-zag path, whereas Newton’s method (dashed)
reaches the minimizer of a quadratic function in a single step. Right: number of iterations
needed to reach ∥∇f(uk)∥ ≤ 10−6 on f(u) = 1

2 (u2
1 +κu2

2), as a function of the condition number
κ: it grows linearly with κ for gradient descent, and does not depend on κ for Newton’s method.
[ code: make_figures_ch02.py: fig_ch02_zigzag ]

• line search: Armijo’s criterion, Wolfe’s criteria;

• algorithms: the conjugate gradient method.

Backtracking line search (Armijo’s rule) Except for quadratic functions, the
optimal step is itself the solution of an optimization problem, and computing it exactly
at each iteration is too costly. In practice, we are satisfied with a step that decreases f
sufficiently. Let φ(ρ) = f(uk − ρ∇f(uk)); note that φ′(0) = −∥∇f(uk)∥2 < 0. Given
c ∈ ]0, 1[ (typically c = 10−4), the step ρ satisfies Armijo’s condition (Armijo, 1966) if

f
(︁
uk − ρ∇f(uk)

)︁
≤ f(uk)− c ρ ∥∇f(uk)∥2 ,

i.e. if the graph of φ lies below the line of slope c φ′(0) going through (0, φ(0)), see
Figure 27. Backtracking starts from a large step ρ = ρ0 and divides it by 2 (or multiplies
it by some β ∈ ]0, 1[) until Armijo’s condition holds. Since c < 1, this condition always
holds for ρ small enough, so backtracking stops after a finite number of trials; it requires
only evaluations of f , and it frees us from the knowledge of L.

We conclude this part with a last algorithm called Newton’s method.
Newton’s method is also a descent algorithm. It uses the second-order derivative

to refine the descent direction as follows:

uk+1 ← uk −
(︂
∇2f(uk)

)︂−1
∇f(uk).

• It requires fewer iterations to converge to the solution than the other gradient
descent methods.

• It is harder to implement and requires inverting the Hessian of the function we
want to optimize (in O(d3) operations).
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ρ0/2 ρ0

step ρ

f(uk)

ϕ(ρ)

slope cϕ ′(0)slope ϕ ′(0)

acceptable steps

rejected

accepted

Figure 27: Armijo’s rule. A step ρ is accepted (shaded region) when φ(ρ) lies below the blue
line, whose slope is a fraction c of the initial slope φ′(0) (dashed), which guarantees a sufficient
decrease of f . Backtracking tries ρ0, which is too large, then ρ0/2, which is accepted. (Here
φ(ρ) = f(uk − ρ∇f(uk)) is a parabola and c = 0.3 for readability; much smaller values of c are
used in practice.) [ code: make_figures_ch02.py: fig_ch02_armijo ]

• The Hessian is not always invertible at a given point.

Newton’s method is obtained by minimizing, at each iteration, the second-order
approximation of f around uk:

f(uk + h) ≈ f(uk) +∇f(uk)T h + 1
2hT∇2f(uk) h,

whose gradient with respect to h vanishes at h = −
(︁
∇2f(uk)

)︁−1∇f(uk). For a
quadratic function, this approximation is exact, and Newton’s method finds the mini-
mizer in a single iteration, whatever the condition number (Figure 26). For a general
function, its convergence is quadratic near a minimizer at which the Hessian is positive
definite: roughly speaking, the number of correct digits doubles at each iteration (No-
cedal and Wright, 2006, Section 3.3). In practice, the system ∇2f(uk) h = −∇f(uk)
is solved (e.g. by a Cholesky factorization) rather than computing the inverse of the
Hessian.

Pitfall Newton’s method is only locally convergent. Far from the solution, the
pure iteration (with step 1) can diverge, even for a convex function: for f(x) =√

1 + x2, we have f ′(x)/f ′′(x) = x(1 + x2), so that xk+1 = −x3
k, which diverges

as soon as |x0| > 1. Moreover, when ∇2f(uk) is not positive definite (nonconvex
function), the Newton direction may not even be a descent direction, and the
method can be attracted by a maximum or a saddle point. This is why Newton’s
method is used in practice with a line search (damped Newton), and why its first
iterations are sometimes replaced by gradient steps.

The main drawback of Newton’s method is the computation of the inverse of the
Hessian matrix H−1

k , where Hk = ∇2f(uk). To avoid it, quasi-Newton methods use the
following iterations:
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uk+1 = uk − ρkMk∇f(uk),
Mk+1 = Mk + Ck.

The idea is to approximate H−1
k by a matrix Mk, to which a correction matrix

Ck is added at each step.
Remember that

∇f(uk) = ∇f(uk+1 + (uk − uk+1)) ≈ ∇f(uk+1) +∇2f(uk+1)(uk − uk+1);

we then have the following approximation:

(︂
∇2f(uk+1)

)︂−1
(∇f(uk+1)−∇f(uk)) ≈ uk+1 − uk.

If we set γk = ∇f(uk+1)−∇f(uk) and δk = uk+1−uk, and if we require the new
matrix Mk+1, which plays the role of

(︁
∇2f(uk+1)

)︁−1, to satisfy this relation exactly,
we get the quasi-Newton condition:

Mk+1γk = δk .

It remains to see how to define such a correction matrix Ck. We present two solu-
tions, based on rank-1 and rank-2 matrices respectively, together with the corresponding
algorithms. Note that, in practice, the rank-2 correction is used, in the optimization
algorithm known as BFGS.

Rank-1 Correction The correction matrix Ck is assumed to be of rank 1 (and sym-
metric). So we can write Ck as vkvT

k , where vk ∈ Rd.
The update rule of the matrix Mk can be written as

Mk+1 = Mk + vkvT
k ,

and the quasi-Newton condition gives

(Mk + vkvT
k )γk = δk,

Mkγk + vkvT
k γk = δk,

vk(vT
k γk) = δk −Mkγk,

vk = δk −Mkγk

vT
k γk

.

Moreover, taking the inner product of the third line with γk gives (vT
k γk)2 =

γT
k δk − γT

k Mkγk = (δk −Mkγk)T γk, hence

vkvT
k = (δk −Mkγk)(δk −Mkγk)T

(δk −Mkγk)T γk
.
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This rank-one correction leads to the Broyden algorithm (also known as the sym-
metric rank-one, or SR1, method).

Definition 3.5: Broyden Algorithm

Let f be a differentiable function defined on a vector space E of dimension d, and
let η be a positive real number. The Broyden algorithm is defined as follows:

• choose u0 to initialize the algorithm, and set M0 = I and k = 0;

• while ∥∇f(uk)∥ > η:

1. set ρk = arg min
ρ∈R

f(uk − ρMk∇f(uk)),

2. set uk+1 = uk − ρkMk∇f(uk),

3. set Mk+1 = Mk + (δk −Mkγk)(δk −Mkγk)T

(δk −Mkγk)T γk
,

4. set k ← k + 1;

• return uk.

Rank-2 Correction The idea is quite similar but, instead of a rank-one matrix, the
correction is written as the sum of two rank-one matrices, which leads to a rank-2
correction. It is easier to first derive the update of the approximation Bk of the Hessian
∇2f(uk) itself (so that Mk = B−1

k ), which must satisfy the equivalent quasi-Newton
condition Bk+1δk = γk. We look for a correction of the form

Bk+1 = Bk + αvkvT
k + βwkwT

k .

In order to determine suitable values of α and β, we set vk = γk and wk = Bkδk

and use the quasi-Newton condition:

Bkδk + α (γT
k δk) γk + β (δT

k Bkδk) Bkδk = γk.

This condition holds if

α = 1
γT

k δk
and β = − 1

δT
k Bkδk

,

and the update rule becomes

Bk+1 = Bk + γkγT
k

γT
k δk

− BkδkδT
k BT

k

δT
k Bkδk

.

Inverting this relation with the Sherman–Morrison–Woodbury formula gives the
corresponding update of Mk = B−1

k , which directly approximates the inverse of the
Hessian and still satisfies Mk+1γk = δk:
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Mk+1 =
(︄

I− δkγT
k

γT
k δk

)︄
Mk

(︄
I− γkδT

k

γT
k δk

)︄
+ δkδT

k

γT
k δk

.

The use of this update rule is known as the Broyden–Fletcher–Goldfarb–Shanno
(BFGS) algorithm.

Definition 3.6: BFGS Algorithm

Let f be a differentiable function defined on a vector space E of dimension d, and
let η be a positive real number. The BFGS algorithm is defined as follows:

• choose u0 to initialize the algorithm, and set M0 = I and k = 0;

• while ∥∇f(uk)∥ > η:

1. set ρk = arg min
ρ∈R

f(uk − ρMk∇f(uk)),

2. set uk+1 = uk − ρkMk∇f(uk),

3. set Mk+1 =
(︄

I− δkγT
k

γT
k δk

)︄
Mk

(︄
I− γkδT

k

γT
k δk

)︄
+ δkδT

k

γT
k δk

,

4. set k ← k + 1;

• return uk.

In practice, the exact minimization along the direction is replaced by a line search
such as Armijo’s rule (usually combined with a curvature condition, the Wolfe condi-
tions, which guarantees γT

k δk > 0 and thus that Mk+1 remains positive definite). BFGS
combines the advantages of the two previous families: each iteration only costs O(d2)
operations and requires only gradients, as for gradient descent, while its convergence is
superlinear near the solution, almost as fast as Newton’s method. For large d, storing
the d × d matrix Mk itself becomes too expensive, and the limited-memory variant
L-BFGS, which only keeps the last few pairs (δk, γk), is used instead (Nocedal and
Wright, 2006, Chapter 7); it is, for instance, the default solver of logistic regression in
scikit-learn.

Figure 28 compares the algorithms of this section on a logistic regression prob-
lem. On a log-scale plot, the error of gradient descent decreases along a straight line
(linear convergence), that of BFGS along a curve that bends down (superlinear conver-
gence), and that of Newton’s method falls vertically after a few iterations (quadratic
convergence).

Pitfall The behavior of gradient descent depends on the units in which the fea-
tures are measured (right panel of Figure 28), and so does the stopping criterion
∥∇f(uk)∥ ≤ η: multiplying f by 100 multiplies its gradient by 100 without
changing its minimizer. Always standardize the features before running a first-
order method, and choose the tolerance η relative to the initial gradient, e.g.
∥∇f(uk)∥ ≤ η ∥∇f(u0)∥.
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Figure 28: Convergence of gradient descent (with constant step 1/L, or with Armijo’s back-
tracking), BFGS and Newton’s method (both with Armijo’s backtracking) on an ℓ2-regularized
logistic regression (m = 300, d = 5), starting from u0 = 0; log scale on the vertical axis. Left:
standardized features. Right: the same data with one feature multiplied by 20; the condition
number increases, gradient descent becomes very slow, while Newton’s method and BFGS are
almost insensitive to this change of scale. [ code: make_figures_ch02.py: fig_ch02_rates ]

Remark large-scale learning In Machine Learning, the objective is usually
an empirical risk f(θ) = 1

m

∑︁m
i=1 ℓi(θ), where ℓi is the loss on the i-th example.

When m is very large, even one evaluation of the full gradient is expensive,
and Newton-type methods are out of reach when the number of parameters d
is large. The workhorse is then stochastic gradient descent, which replaces ∇f
by the gradient ∇ℓi of a single example (or of a small batch) drawn at random
(Robbins and Monro, 1951); it is presented with its variants (momentum, Adam)
in Section 9.6. The survey of Bottou et al. (2018) explains why such “inexact”
methods are well suited to learning.

Historical note Gradient descent goes back to Cauchy (1847), who proposed
it to solve systems of equations arising in astronomy. Newton’s method was in-
troduced by Newton and Raphson in the seventeenth century to find the roots
of polynomials; applied to the equation ∇f(u) = 0, it becomes the optimiza-
tion method presented here. The BFGS update was discovered independently,
in 1970, by Broyden, Fletcher, Goldfarb and Shanno, which explains its name.
The textbooks of Nocedal and Wright (2006) and Nesterov (2018) are excellent
references for this section.

To remember from Section 3

• At a local minimum of a differentiable function, the gradient vanishes (Eu-
ler’s equation); a critical point is a local minimum if the Hessian is positive
definite there, and every critical point of a convex function is a global min-
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imum.

• Gradient descent uk+1 = uk − ρk∇f(uk) moves in the direction of steepest
descent. With a constant step, it requires ρ < 2/L (the classical choice
is ρ = 1/L); otherwise the step is chosen by an exact or an approximate
(Armijo) line search.

• Its speed is governed by the condition number κ = L/α: the convergence
is linear for strongly convex functions, and slow when the level sets are
elongated.

• Newton’s method uses the Hessian, is insensitive to the conditioning and
converges quadratically near the solution, but each iteration costs O(d3) and
it must be damped far from the solution. Quasi-Newton methods (BFGS,
L-BFGS) build an approximation of the inverse Hessian from gradients only.

Check your understanding

Short questions to test yourself; the answers are in Appendix A (click on the number of a question
to see its answer).

Optimality Conditions

Q3.1. Is a point where the gradient vanishes always a local minimum? Give a counterexample
in dimension 2.

Q3.2. Classify the critical point 0 of f(x) = x2
1 − 4x1x2 + x2

2.
Q3.3. The functions x4, −x4 and x3 all satisfy f ′(0) = f ′′(0) = 0. What does this tell you

about the second-order test?
Q3.4. True or false: if a differentiable function has a unique critical point, this point is its

global minimum.
Q3.5. Why is every critical point of a differentiable convex function a global minimum?

Minimization Problems

Q3.6. When does the least squares problem minθ ∥y−Xθ∥2
2 have a unique solution?

Q3.7. True or false: logistic regression has a closed-form solution, like linear regression.
Synthesis of the section

Q3.8. Why is −∇f(u) called the direction of steepest descent?
Q3.9. What happens with a constant step ρ = 0.3 on f(u) = 1

2 (u2
1 + 10u2

2)?
Q3.10. What is the best constant step for f(u) = 1

2 (u2
1 + 10u2

2), and the corresponding con-
traction factor?

Q3.11. Why are two successive directions of gradient descent with optimal step orthogonal?
Q3.12. Why must the constant c of Armijo’s condition be smaller than 1?
Q3.13. How many iterations does Newton’s method need on a strictly convex quadratic func-

tion? And gradient descent?
Q3.14. True or false: for a strictly convex function, the pure Newton iteration (step 1) converges

from any starting point.
Q3.15. We replace f by 100f . Which of gradient descent with fixed step and Newton’s method

is affected?
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Q3.16. Why is BFGS preferred to Newton’s method when d is large?
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4 Constrained and Smooth Convex Optimization

In the previous section, the variable x could take any value in Rd. In many learning
problems, however, the parameters we look for must satisfy some constraints. This
section explains how the optimality conditions of Section 3 must be adapted in this
case. It introduces the Lagrangian, the dual problem and the Karush–Kuhn–Tucker
(KKT) conditions, which are the key tools to understand support vector machines, and
it presents a simple algorithm to solve constrained problems, projected gradient descent.
Our presentation follows Boyd and Vandenberghe (2004), to which we refer the reader
for further details and for the proofs that are omitted here.

About this section

Guiding question. How do we minimize a loss when the parameters are not free, e.g.
when they must have a bounded norm or form a probability distribution?
In this section you will learn to:

• write a constrained problem in standard form and recognize a convex problem;
• interpret Lagrange multipliers geometrically, and build the Lagrangian and the dual

problem;
• write and use the KKT conditions to solve a problem in closed form, and interpret

complementary slackness (support vectors, active constraints);
• compute simple projections (ball, box, simplex) and run projected gradient descent.

4.1 Motivation: Constraints in Machine Learning

Constraints appear naturally in Machine Learning. Let us give three examples that will
be met again later in the course.

• Support vector machines. Given a sample {(xi, yi)}mi=1 with labels yi ∈
{−1, +1}, the hard-margin SVM looks for the separating hyperplane {x | wT x +
b = 0} with the largest margin. It is obtained by solving

min
w∈Rd, b∈R

1
2 ∥w∥

2
2 s.t. yi(wT xi + b) ≥ 1, i = 1, . . . , m.

Each example gives an inequality constraint: it must lie on the right side of the
hyperplane, at a distance at least 1/ ∥w∥2.

• Norm constraints and regularization. To avoid overfitting, we often restrict
the size of the parameters, e.g. by minimizing an empirical risk F (θ) under the
constraint ∥θ∥ ≤ r (the ridge regression with ∥·∥2, the Lasso with ∥·∥1). We will
see that such a constrained problem is closely related to the penalized problem
minθ F (θ) + λ ∥θ∥2: the regularization parameter λ plays the role of a Lagrange
multiplier.

• Weights of a vote. In ensemble methods (majority votes, boosting, PAC-Bayes),
we learn a weight qj for each voter hj , j = 1, . . . , n. These weights must define a
probability distribution, i.e. belong to the simplex

∆n =

⎧⎨⎩q ∈ Rn

⃓⃓⃓⃓
⃓⃓ qj ≥ 0,

n∑︂
j=1

qj = 1

⎫⎬⎭ .
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In all these cases, we cannot simply set the gradient of the objective function
equal to zero: its minimizer over Rd is in general not feasible.

4.2 Problem Formulation

Definition 4.1: Constrained Optimization Problem

Let f, g1, . . . , gp, h1, . . . , hq : Rd → R be given functions. A constrained optimiza-
tion problem (in standard form) is a problem of the form

min
x∈Rd

f(x)
s.t. gi(x) ≤ 0, i = 1, . . . , p,

hj(x) = 0, j = 1, . . . , q.

(4.1)

The function f is the objective function, the gi’s define the inequality constraints
and the hj ’s the equality constraints. The set

C =
{︂

x ∈ Rd | gi(x) ≤ 0, i = 1, . . . , p, hj(x) = 0, j = 1, . . . , q
}︂

is called the feasible set; its elements are the feasible points. The optimal value
of the problem is denoted by p⋆ = infx∈C f(x), and a feasible point x⋆ such that
f(x⋆) = p⋆ is a solution (or minimizer) of the problem.
The problem is said to be convex if f and g1, . . . , gp are convex functions and
h1, . . . , hq are affine functions, i.e. hj(x) = aT

j x− bj .

Note that any constraint can be written in this form: a constraint g(x) ≥ 0
becomes −g(x) ≤ 0, and maximizing f amounts to minimizing −f . For instance, the
SVM constraints read gi(w, b) = 1−yi(wT xi + b) ≤ 0, and the simplex constraints read
−qj ≤ 0 and ∑︁j qj − 1 = 0.

Why do we ask the equality constraints to be affine in a convex problem? Because
the set {x | h(x) = 0} is in general not convex when h is only convex (think of the circle
{x ∈ R2 | ∥x∥22 − 1 = 0}), whereas the following result holds.

Proposition 4.1: Convex Problems

For a convex problem (4.1):
• the feasible set C is convex;

• every local minimum of f on C is a global minimum;

• if f is differentiable, a feasible point x⋆ is a solution if and only if

⟨∇f(x⋆), x− x⋆⟩ ≥ 0, ∀x ∈ C. (4.2)

Proof. Each sublevel set {x | gi(x) ≤ 0} of a convex function is convex (if gi(u) ≤ 0 and
gi(v) ≤ 0, then gi(tu+(1−t)v) ≤ tgi(u)+(1−t)gi(v) ≤ 0), and each set {x | hj(x) = 0}
is a hyperplane, hence convex. C is an intersection of convex sets, so it is convex.
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Let x⋆ be a local minimum and assume that there is y ∈ C with f(y) < f(x⋆).
For t ∈ ]0, 1], the point xt = x⋆ + t(y − x⋆) belongs to C and, by convexity, f(xt) ≤
(1 − t)f(x⋆) + tf(y) < f(x⋆). Since xt is arbitrarily close to x⋆ when t → 0, this
contradicts the local optimality of x⋆.

Finally, condition (4.2) is necessary by Euler’s inequality (Proposition 3.1), and
it is sufficient because, by Proposition 2.6, f(x) ≥ f(x⋆) + ⟨∇f(x⋆), x−x⋆⟩ ≥ f(x⋆) for
all x ∈ C.

Condition (4.2) has a nice geometric interpretation: at a solution, no feasible
direction x − x⋆ is a descent direction. When x⋆ lies in the interior of C, all the
directions are feasible and we recover Euler’s equation ∇f(x⋆) = 0. When x⋆ lies on
the boundary of C, the gradient does not vanish in general, but −∇f(x⋆) must “point
outside” the feasible set.

Geometric intuition Consider first a single equality constraint h(x) = 0, as in the
left part of Figure 29. Let us move along the curve {h = 0} starting from a point x. If
∇f(x) has a nonzero component along the curve (i.e. along its tangent), then we can
decrease f while remaining feasible, so x is not optimal. At a solution x⋆, the gradient
∇f(x⋆) must therefore be orthogonal to the feasible set, i.e. parallel to ∇h(x⋆), which
is itself orthogonal to the curve {h = 0}:

∇f(x⋆) + µ∇h(x⋆) = 0 for some µ ∈ R.

Equivalently, the level set of f going through x⋆ is tangent to the curve {h = 0}.
For an inequality constraint g(x) ≤ 0 (right part of Figure 29), two situations may

occur. Either the solution lies inside the feasible set, where g(x⋆) < 0: the constraint is
inactive and ∇f(x⋆) = 0. Or it lies on its boundary, where g(x⋆) = 0: the constraint is
active, and −∇f(x⋆) must point outwards, i.e. in the same direction as ∇g(x⋆):

∇f(x⋆) + λ∇g(x⋆) = 0 for some λ ≥ 0.

The sign of the multiplier λ now matters: if −∇f(x⋆) pointed inwards, we could decrease
f by moving inside the feasible set.

4.3 Equality Constraints and Lagrange Multipliers

The geometric intuition above is made rigorous by the following classical theorem, which
we state without proof (it relies on the implicit function theorem).

Theorem 4.2: Lagrange Multipliers

Let f, h1, . . . , hq : Rd → R be continuously differentiable functions, and let x⋆ be
a local minimum of f on the set {x | hj(x) = 0, j = 1, . . . , q}. Assume that the
gradients ∇h1(x⋆), . . . ,∇hq(x⋆) are linearly independent. Then there exist real
numbers µ⋆

1, . . . , µ⋆
q , called Lagrange multipliers, such that

∇f(x⋆) +
q∑︂

j=1
µ⋆

j∇hj(x⋆) = 0.
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Figure 29: Geometry of constrained optimality. Left: with an equality constraint h(x) = 0 (red
line), the solution x⋆ is the point where a level set of f (blue circles) is tangent to the constraint;
there, ∇f(x⋆) and ∇h(x⋆) are parallel. At the non-optimal point x, ∇f(x) has a component
along the line, and moving along the green direction decreases f while remaining feasible. Right:
with an active inequality constraint g(x) ≤ 0 (red disk), the solution x⋆ lies on the boundary,
and −∇f(x⋆) points outside the feasible set, in the direction of ∇g(x⋆). The thick blue circle
is the level set of f going through x⋆. [ code: make_figures_ch02.py: fig_ch03_lagrange ]

This condition can be written in a compact way by introducing the Lagrangian

L(x, µ) = f(x) +
q∑︂

j=1
µjhj(x), x ∈ Rd, µ ∈ Rq.

The conditions of Theorem 4.2, together with the feasibility of x⋆, simply read
∇xL(x⋆, µ⋆) = 0 and ∇µL(x⋆, µ⋆) =

(︁
h1(x⋆), . . . , hq(x⋆)

)︁
= 0 :

we have replaced a constrained problem with d unknowns by an unconstrained system
of d+q equations with d+q unknowns. For a convex problem, these conditions are also
sufficient (this is a special case of Theorem 4.5 below).

Example 4.1 (Minimum-norm solution of a linear equation). Let a ∈ Rd\{0} and b ∈ R.
We look for the point of the hyperplane {x | aT x = b} that is closest to the origin:

min
x∈Rd

1
2 ∥x∥

2
2 s.t. aT x− b = 0.

The Lagrangian is L(x, µ) = 1
2 ∥x∥

2
2 + µ(aT x− b), and the optimality conditions give

∇xL(x, µ) = x + µa = 0 ⇐⇒ x = −µa
↓ plug into the constraint aT x = b

−µ ∥a∥22 = b ⇐⇒ µ⋆ = − b

∥a∥22
.

Hence x⋆ = b

∥a∥22
a: the solution is colinear to the normal vector a of the hyperplane,

and the distance from the origin to the hyperplane is ∥x⋆∥2 = |b|/ ∥a∥2. This is exactly
the formula used to compute the margin of a linear classifier.
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Example 4.2 (Quadratic function under linear constraints). Let A ∈ Rd×d be symmetric
positive definite, b ∈ Rd, C ∈ Rq×d of rank q and d ∈ Rq. We consider

min
x∈Rd

1
2xT Ax− bT x s.t. Cx = d.

With L(x, µ) = 1
2xT Ax−bT x + µT (Cx−d), the optimality conditions form the linear

system (︄
A CT

C 0

)︄(︄
x
µ

)︄
=
(︄

b
d

)︄
.

The first block gives x = A−1(b − CT µ); plugging it into Cx = d gives CA−1b −
CA−1CT µ = d. Since CA−1CT is invertible (it is positive definite because C has full
rank),

µ⋆ =
(︂
CA−1CT

)︂−1 (︂
CA−1b− d

)︂
and x⋆ = A−1

(︂
b−CT µ⋆

)︂
.

Without constraints, we would have found x = A−1b: the term −A−1CT µ⋆ is the
correction due to the constraints.

4.4 Lagrangian Duality

We now come back to the general problem (4.1), with inequality constraints, which we
call the primal problem. The idea of duality is to incorporate the constraints into the
objective function, with a price for violating them.

Definition 4.2: Lagrangian and Dual Function

The Lagrangian associated with problem (4.1) is the function L : Rd×Rp×Rq → R
defined by

L(x, λ, µ) = f(x) +
p∑︂

i=1
λigi(x) +

q∑︂
j=1

µjhj(x).

The variables λ = (λ1, . . . , λp) and µ = (µ1, . . . , µq) are the Lagrange multipliers
(or dual variables); the multipliers λi of the inequality constraints are required to
be nonnegative. The dual function is defined, for λ ∈ Rp with λ ≥ 0 and µ ∈ Rq,
by

G(λ, µ) = inf
x∈Rd

L(x, λ, µ) ∈ R ∪ {−∞}.

For each fixed x, the function (λ, µ) ↦→ L(x, λ, µ) is affine. As a pointwise
infimum of affine functions, the dual function G is always concave, even when the primal
problem is not convex (by the same argument as for the maximum of convex functions
in Proposition 2.5).
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Definition 4.3: Dual Problem

The dual problem of (4.1) is

max
λ∈Rp, µ∈Rq

G(λ, µ) s.t. λ ≥ 0. (4.3)

Its optimal value is denoted by d⋆. A pair (λ, µ) with λ ≥ 0 and G(λ, µ) > −∞
is said to be dual feasible.

Since G is concave and the constraint λ ≥ 0 is convex, the dual problem is always
a convex problem (maximizing a concave function amounts to minimizing a convex one).
The fundamental property of the dual problem is that it provides lower bounds on the
optimal value of the primal problem.

Theorem 4.3: Weak Duality

For every λ ≥ 0 and every µ ∈ Rq, we have G(λ, µ) ≤ p⋆. Consequently,

d⋆ ≤ p⋆.

Proof. Let x be a feasible point and λ ≥ 0, µ ∈ Rq. Then

G(λ, µ) = inf
z∈Rd

L(z, λ, µ)

↓ the infimum is smaller than any value of the function

≤ L(x, λ, µ) = f(x) +
p∑︂

i=1
λigi(x) +

q∑︂
j=1

µj⏞ ⏟⏟ ⏞
=0

hj(x)

↓ λi ≥ 0 and gi(x) ≤ 0, so each term λigi(x) is nonpositive
≤ f(x).

Taking the infimum over all feasible points x gives G(λ, µ) ≤ p⋆, and taking the supre-
mum over (λ, µ) gives d⋆ ≤ p⋆.

The difference p⋆ − d⋆ ≥ 0 is called the duality gap. Weak duality always holds,
but the gap may be positive, in particular for nonconvex problems. When d⋆ = p⋆,
we say that strong duality holds: solving the dual problem, which is often easier, then
gives the optimal value of the primal problem. For convex problems, strong duality
holds under mild assumptions called constraint qualifications; the most popular one is
Slater’s condition.

Theorem 4.4: Strong Duality – Slater’s Condition

Assume that problem (4.1) is convex and that there exists a strictly feasible point
x̃, i.e.

gi(x̃) < 0, i = 1, . . . , p, and hj(x̃) = 0, j = 1, . . . , q.

Then strong duality holds, d⋆ = p⋆, and if p⋆ > −∞, the dual problem has a
solution (λ⋆, µ⋆). Moreover, strict feasibility is not required for the inequality
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constraints gi that are affine: in particular, if all the constraints are affine, strong
duality holds as soon as the problem is feasible.

The proof relies on a separating hyperplane argument; see Boyd and Vandenberghe
(2004, Section 5.3.2).

Example 4.3 (Dual of the minimum-norm problem). Let us come back to the problem
min 1

2 ∥x∥
2
2 s.t. aT x = b. For a fixed µ, the Lagrangian L(x, µ) = 1

2 ∥x∥
2
2 + µ(aT x − b)

is a convex quadratic function of x, minimized at x = −µa. Hence

G(µ) = 1
2µ2 ∥a∥22 − µ2 ∥a∥22 − µb = −1

2µ2 ∥a∥22 − µb.

This concave function of µ is maximized at µ⋆ = −b/ ∥a∥22, and d⋆ = G(µ⋆) = b2

2 ∥a∥22
,

which is exactly p⋆ = 1
2 ∥x

⋆∥22: strong duality holds, as predicted by Theorem 4.4 (the
constraint is affine).

4.5 The Karush–Kuhn–Tucker Conditions

We can now state the optimality conditions of constrained problems, which generalize
Euler’s equation ∇f(x⋆) = 0 and Lagrange’s theorem. They were obtained by Karush
(1939) and, independently, by Kuhn and Tucker (1951).

Theorem 4.5: Karush–Kuhn–Tucker (KKT) Conditions

Assume that f, g1, . . . , gp, h1, . . . , hq are differentiable. We say that (x⋆, λ⋆, µ⋆)
satisfies the KKT conditions if

1. (stationarity) ∇f(x⋆) +
p∑︂

i=1
λ⋆

i∇gi(x⋆) +
q∑︂

j=1
µ⋆

j∇hj(x⋆) = 0, i.e.

∇xL(x⋆, λ⋆, µ⋆) = 0;

2. (primal feasibility) gi(x⋆) ≤ 0 for all i and hj(x⋆) = 0 for all j;

3. (dual feasibility) λ⋆
i ≥ 0 for all i;

4. (complementary slackness) λ⋆
i gi(x⋆) = 0 for all i.

Then:
• necessity: if strong duality holds, x⋆ is a solution of the primal problem (4.1)

and (λ⋆, µ⋆) is a solution of the dual problem (4.3), then (x⋆, λ⋆, µ⋆) satisfies
the KKT conditions;

• sufficiency: if the problem is convex and (x⋆, λ⋆, µ⋆) satisfies the KKT
conditions, then x⋆ is a solution of the primal problem, (λ⋆, µ⋆) is a solution
of the dual problem, and p⋆ = d⋆.

In particular, for a convex problem satisfying Slater’s condition, x⋆ is a solution if
and only if there exist (λ⋆, µ⋆) such that the KKT conditions hold.
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Proof. Necessity. Since x⋆ is feasible and λ⋆ ≥ 0, primal and dual feasibility hold.
Moreover,

f(x⋆) = p⋆ = d⋆ = G(λ⋆, µ⋆) = inf
x∈Rd

L(x, λ⋆, µ⋆)

≤ L(x⋆, λ⋆, µ⋆) = f(x⋆) +
p∑︂

i=1
λ⋆

i gi(x⋆) +
q∑︂

j=1
µ⋆

j⏞ ⏟⏟ ⏞
=0

hj(x⋆)

↓ each λ⋆
i gi(x⋆) is nonpositive

≤ f(x⋆).

Hence all these inequalities are equalities. The first one says that x⋆ minimizes the
differentiable function x ↦→ L(x, λ⋆, µ⋆) over Rd, so its gradient vanishes at x⋆ by Euler’s
equation (Proposition 3.2): this is stationarity. The second one says that ∑︁i λ⋆

i gi(x⋆) =
0; since each term of this sum is nonpositive, each term is zero: this is complementary
slackness.

Sufficiency. Since the problem is convex and λ⋆ ≥ 0, the function x ↦→
L(x, λ⋆, µ⋆) is convex (a nonnegative combination of convex functions plus affine
functions). By stationarity and Proposition 2.6, x⋆ is a global minimizer of this
function, hence

G(λ⋆, µ⋆) = L(x⋆, λ⋆, µ⋆) = f(x⋆) +
p∑︂

i=1
λ⋆

i gi(x⋆)⏞ ⏟⏟ ⏞
=0

+
q∑︂

j=1
µ⋆

j⏞ ⏟⏟ ⏞
=0

hj(x⋆) = f(x⋆),

using complementary slackness and primal feasibility. By weak duality, G(λ⋆, µ⋆) ≤
d⋆ ≤ p⋆ ≤ f(x⋆), so all these quantities are equal: x⋆ is primal optimal, (λ⋆, µ⋆) is dual
optimal and p⋆ = d⋆.

Remark Without a constraint qualification, the KKT conditions may fail to hold
at a solution, even for a convex problem. Consider minx∈R x s.t. g(x) = x2 ≤ 0.
The only feasible point, hence the solution, is x⋆ = 0, but stationarity would
require 1 + 2λx⋆ = 1 = 0, which is impossible. Here Slater’s condition fails: no
point satisfies x2 < 0.

Complementary slackness and its interpretation Complementary slackness says
that, for each inequality constraint,

λ⋆
i > 0 =⇒ gi(x⋆) = 0 and gi(x⋆) < 0 =⇒ λ⋆

i = 0.

In words: a constraint that is not active at the solution (gi(x⋆) < 0) does not play any
role, and its multiplier is zero; the solution would not change if this constraint were
removed. Conversely, a positive multiplier indicates an active constraint, which really
“pushes” the solution. This is what we observed in Figure 29: an inactive constraint
gives ∇f(x⋆) = 0, an active one gives −∇f(x⋆) = λ⋆∇g(x⋆) with λ⋆ ≥ 0.

The multipliers also have an economic interpretation, as prices or sensitivities:
if the i-th constraint is relaxed into gi(x) ≤ ui with ui small, then, under regularity
assumptions, the optimal value changes by approximately −λ⋆

i ui. A large multiplier
thus indicates a constraint which is expensive, i.e. which strongly limits the decrease of
the objective (Boyd and Vandenberghe, 2004, Section 5.6).
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In the SVM, the multipliers are attached to the training examples: complementary
slackness implies that only the examples whose constraint is active, the support vectors,
have a nonzero multiplier and contribute to the solution (see the preview below).

4.6 Worked Examples

The KKT conditions often allow us to compute the solution in closed form, by examining
which constraints are active.

Example 4.4 (Projection onto a Euclidean ball). Let z ∈ Rd and r > 0. We look for the
point of the ball {x | ∥x∥2 ≤ r} closest to z:

min
x∈Rd

1
2 ∥x− z∥22 s.t. g(x) = 1

2
(︂
∥x∥22 − r2

)︂
≤ 0.

The problem is convex and Slater’s condition holds (g(0) < 0), so the KKT conditions
characterize the solution:

x− z + λx = 0, ∥x∥2 ≤ r, λ ≥ 0, λ
(︂
∥x∥22 − r2

)︂
= 0.

Stationarity gives x = z/(1 + λ). Two cases occur.

• If ∥z∥2 ≤ r, then λ = 0 and x = z satisfy all the conditions: the constraint is
inactive and z is its own projection.

• If ∥z∥2 > r, then λ = 0 is impossible (it would give x = z, which is not feasible),
so the constraint is active: ∥x∥2 = r, i.e. 1 + λ = ∥z∥2 /r, and x = r z/ ∥z∥2.

In both cases, the projection is

ΠB(r)(z) = min
(︄

1,
r

∥z∥2

)︄
z :

the point z is simply rescaled onto the sphere when it lies outside the ball. This operation
is known as gradient clipping in deep learning.

Example 4.5 (Projection onto the simplex). Let z ∈ Rn. We look for the probability
vector closest to z:

min
q∈Rn

1
2 ∥q − z∥22 s.t. − qj ≤ 0, j = 1, . . . , n,

n∑︂
j=1

qj − 1 = 0.

All the constraints are affine, so the KKT conditions are necessary and sufficient. With
multipliers λj ≥ 0 for the inequalities and µ for the equality, they read

qj − zj − λj + µ = 0, qj ≥ 0, λj ≥ 0, λjqj = 0,
n∑︂

j=1
qj = 1.

Let us set τ = µ and discuss according to complementary slackness:

• if qj > 0, then λj = 0 and qj = zj − τ (which requires zj > τ);

• if qj = 0, then λj = τ − zj ≥ 0, i.e. zj ≤ τ .
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In both cases, qj = max(zj−τ, 0), where the threshold τ is determined by the constraint

n∑︂
j=1

max(zj − τ, 0) = 1.

The left-hand side is a continuous and nonincreasing function of τ , decreasing from +∞
to 0 on the range where it is positive, so this equation has a unique solution, which
can be found by sorting the zj ’s. For instance, with z = (0.8, 0.6,−0.2), we try to
keep the two largest components: (0.8 − τ) + (0.6 − τ) = 1 gives τ = 0.2, and indeed
z3 = −0.2 ≤ τ . Hence q⋆ = (0.6, 0.4, 0): the projection onto the simplex produces
sparse weights.

Example 4.6 (A preview of the hard-margin SVM dual). Let us apply Lagrangian duality
to the hard-margin SVM problem of the motivation, with the constraints gi(w, b) =
1− yi(wT xi + b) ≤ 0. With multipliers αi ≥ 0, the Lagrangian is

L(w, b, α) = 1
2 ∥w∥

2
2 +

m∑︂
i=1

αi

(︂
1− yi(wT xi + b)

)︂
.

For a fixed α, this function is convex in (w, b), and it is minimized where its gradient
vanishes:

∇wL = w−
m∑︂

i=1
αiyixi = 0 and ∂L

∂b
= −

m∑︂
i=1

αiyi = 0.

If∑︁i αiyi ̸= 0, the Lagrangian is affine and nonconstant in b, so G(α) = −∞. Otherwise,
plugging w = ∑︁

i αiyixi into L gives the dual problem

max
α∈Rm

m∑︂
i=1

αi −
1
2

m∑︂
i=1

m∑︂
k=1

αiαkyiyk xT
i xk s.t. αi ≥ 0,

m∑︂
i=1

αiyi = 0.

Since the constraints are affine, strong duality holds as soon as the data are linearly
separable. Three important facts can already be observed:

• the solution w⋆ = ∑︁
i α⋆

i yixi is a linear combination of the training examples;

• by complementary slackness, α⋆
i > 0 only if yi(w⋆T xi + b⋆) = 1, i.e. only for the

examples lying exactly on the margin: the support vectors;

• the data only appear through the inner products xT
i xk, which opens the way to

kernels.

These properties are studied in detail in the section devoted to support vector machines
in Part II.

4.7 Projected Gradient Descent

The KKT conditions do not always lead to a closed-form solution, and we need algo-
rithms. When the feasible set C is simple, the most natural idea is to perform a gradient
step, which may leave C, and then to come back to C by projecting onto it.
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Algorithm 1: Projected Gradient Descent
Input: a differentiable function f , a closed convex set C with an easy

projection ΠC , an initial point x0 ∈ C, a step size ρ > 0, a number of
iterations K (or a tolerance η > 0)

Output: an approximate solution xK of minx∈C f(x)
1 for k = 0, 1, . . . , K − 1 do
2 yk+1 ← xk − ρ∇f(xk) ; // gradient step
3 xk+1 ← ΠC(yk+1) ; // projection onto the feasible set
4 if ∥xk+1 − xk∥2 ≤ ρ η then
5 stop and return xk+1

6 return xK

Definition 4.4: Projection onto a Convex Set

Let C ⊂ Rd be a nonempty, closed and convex set. The projection of a point z ∈ Rd

onto C is
ΠC(z) = arg min

x∈C

1
2 ∥x− z∥22 .

Proposition 4.6: Properties of the Projection

Let C be a nonempty, closed and convex subset of Rd.
• For all z ∈ Rd, the projection ΠC(z) exists and is unique.

• A point p ∈ C is the projection of z if and only if

⟨z− p, x− p⟩ ≤ 0, ∀x ∈ C.

• The projection is non-expansive: ∥ΠC(z)−ΠC(z′)∥2 ≤ ∥z− z′∥2 for all z, z′.

Proof (of the second point). The function x ↦→ 1
2 ∥x− z∥22 is convex, with gradient x−z.

By Proposition 4.1 (or directly by Euler’s inequality and Proposition 2.6), p minimizes
it over C if and only if ⟨p − z, x − p⟩ ≥ 0 for all x ∈ C. Existence follows from the
continuity of the function and the fact that we can restrict the search to the compact
set C ∩ {x | ∥x− z∥2 ≤ ∥x0 − z∥2} for any x0 ∈ C, and uniqueness from the strong
convexity of the function.

Geometrically, the angle between z − ΠC(z) and any vector pointing from ΠC(z)
into C is obtuse. Combining this characterization with condition (4.2), one checks that,
for any ρ > 0, x⋆ is a solution of minx∈C f(x) (with f convex and differentiable) if and
only if

x⋆ = ΠC
(︁
x⋆ − ρ∇f(x⋆)

)︁
.

The solutions are thus the fixed points of the map x ↦→ ΠC(x−ρ∇f(x)), which suggests
the following algorithm.
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Note that the stopping criterion is not ∥∇f(xk)∥2 ≤ η anymore, since the gradient
does not vanish at a solution lying on the boundary of C; we use instead the distance
between two successive iterates, which is zero exactly at the fixed points.

The projections computed in the previous examples can directly be plugged into
Algorithm 1: onto a ball, the projection is a rescaling; onto a box [a, b]d, it amounts to
clipping each coordinate, xj ↦→ min(max(xj , a), b); onto the simplex, it is the threshold-
ing operation computed above. Figure 30 shows the algorithm at work on a ball and
on a box. As long as the iterates remain inside C, the algorithm coincides with gradient
descent; once the boundary is reached, each gradient step leaves C and the projection
brings the iterate back, so that the iterates slide along the boundary towards the point
where −∇f is orthogonal to it, as in Figure 29.

minf

C = unit ball (rescaling)

x

minf

C= [−1, 1]2 (clipping)

x

gradient step projection onto C x0

Figure 30: Six iterations of projected gradient descent (step ρ = 0.35) for a quadratic function
whose unconstrained minimizer (star) is not feasible, starting from the black square. Each
gradient step (red arrow) may leave the feasible set C (blue); the projection (dotted line) brings
the point back onto C. Left: unit ball, the projection is a rescaling. Right: box [−1, 1]2, the
projection clips each coordinate. In both cases, the constraint is active at the solution x⋆, where
the gradient does not vanish. [ code: make_figures_ch02.py: fig_ch03_projgd ]

Remark on convergence Projected gradient descent enjoys the same guaran-
tees as gradient descent in the unconstrained case. Assume that f is convex and
L-smooth, i.e. that its gradient is L-Lipschitz: ∥∇f(u)−∇f(v)∥2 ≤ L ∥u− v∥2.
With the step ρ = 1/L, the iterates satisfy

f(xk)− f(x⋆) ≤ L ∥x0 − x⋆∥22
2k

,

a convergence rate in O(1/k). If f is moreover α-strongly convex, the convergence
is linear (geometric): ∥xk − x⋆∥22 ≤ (1− α/L)k ∥x0 − x⋆∥22. The projection does
not slow down the algorithm, but each iteration is only cheap if the projection
is cheap: for complicated feasible sets, computing ΠC is itself an optimization
problem, and one rather uses duality or other methods (interior point methods,
Frank–Wolfe algorithm, ...).
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To remember from Section 4

• A constrained problem is convex when the objective and the inequality
constraints are convex and the equality constraints are affine; then every
local minimum is global.

• At a solution, −∇f(x⋆) is a nonnegative combination of the gradients of
the active constraints (plus any combination of those of the equality con-
straints): this is the stationarity condition of the Lagrangian.

• The dual function is always concave and gives lower bounds on the optimal
value (weak duality); for convex problems satisfying Slater’s condition, the
duality gap is zero (strong duality).

• The KKT conditions (stationarity, primal and dual feasibility, complemen-
tary slackness) characterize the solutions of convex problems satisfying
Slater’s condition. Complementary slackness says that inactive constraints
have zero multipliers, which explains the support vectors of the SVM.

• When the projection onto C is cheap (ball, box, simplex), projected gra-
dient descent alternates a gradient step and a projection, with the same
convergence guarantees as gradient descent.

Check your understanding

Short questions to test yourself; the answers are in Appendix A (click on the number of a question
to see its answer).

Equality Constraints and Lagrange Multipliers

Q4.1. Why must the equality constraints of a convex problem be affine?

Q4.2. Is the problem min ∥x∥2
2 s.t. ∥x∥2 ≥ 1 convex? What are its solutions?

Q4.3. Find the point of the line x1 + x2 = 2 closest to the origin, and the Lagrange multiplier
of min 1

2 ∥x∥
2
2 s.t. x1 + x2 − 2 = 0.

Q4.4. True or false: at the solution of an equality-constrained problem, ∇f(x⋆) = 0.

Worked Examples

Q4.5. Why is the dual problem always convex, even when the primal problem is not?

Q4.6. A feasible point gives f(x) = 3.2 and a dual feasible pair gives G(λ, µ) = 3.0. What can
you say?

Q4.7. True or false: for a convex problem, the KKT conditions always hold at a solution.

Q4.8. A multiplier satisfies λ⋆
i > 0. What can you say about the i-th constraint? And if

gi(x⋆) < 0?

Q4.9. What is the projection of z = (2, 0.5, 0) onto the simplex ∆3?

Synthesis of the section

Q4.10. What is the projection of z = (3, 4) onto the unit ball? onto the box [−1, 1]2?

Q4.11. Project z = (1.5,−0.3) onto the box [0, 1]2.

Q4.12. Why can we not use ∥∇f(xk)∥2 ≤ η as a stopping criterion in projected gradient
descent?
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Q4.13. True or false: if the unconstrained minimizer of f belongs to C, projected gradient
descent produces the same iterates as gradient descent.

Q4.14. Why does the fixed-point characterization x⋆ = ΠC(x⋆−ρ∇f(x⋆)) hold for every ρ > 0?

Q4.15. What is the cost of one iteration of projected gradient descent on the simplex ∆n?
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Part II

Supervised Machine Learning

This part introduces the supervised learning problem and the main algorithms used
to solve it. Section 5 describes the data and the different learning tasks; Section 6
presents the framework of statistical learning theory, which explains what it means for
a model to generalize, through empirical risk minimization and generalization bounds;
Section 7 details the learning procedure in practice: how to train a model, tune its hyper-
parameters and evaluate it with performance measures adapted to the task. Section 8
then presents the classical supervised algorithms — the k-nearest neighbours, support
vector machines, linear and logistic regression, kernel regression and decision trees —
and Section 9 is devoted to neural networks. For each algorithm we describe the model,
the optimization problem it solves, and its strengths and weaknesses in practice.
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5 Introduction

In this first section, we present some generalities on what machine learning is, on the
importance of data, and on the various problems related to finding a good representation
of these data.

About this section

Guiding question. What does it mean for a machine to “learn”, and what do we need
to make it learn?
In this section you will learn to:

• state Mitchell’s definition of learning (task T, performance P, experience E) and
recognize these three ingredients in a concrete application;

• explain why every type of data (images, tables, texts) must eventually be turned
into a vector of features;

• describe the main steps of a learning pipeline, from raw data to predictions;
• distinguish supervised, unsupervised and reinforcement learning, and, within super-

vised learning, regression from classification.

5.1 Generalities

Machine Learning is a subfield of Artificial Intelligence at the frontier of computer
science and Applied Mathematics (statistics and optimization). This discipline also
partially overlaps with Data Science, as it relies on collecting data that are analyzed
and studied in order to extract the relevant information for the application at hand.

The main question we would like to answer is:
Can machines think?

In other words, are machines able to perform tasks that are usually done by
humans (A. Turing), such as:

• driving a car,

• creating a masterpiece,

• recognizing people,

• detecting anomalies in medical images,

• etc.

Tom Mitchell Mitchell (1997) has provided a more formal definition of Machine
Learning2:

A computer program is said to learn from experience E with respect to
some class of tasks T and performance measure P, if its performance at
tasks in T, as measured by P, improves with experience E.

2The book is available here: https://www.cs.cmu.edu/ tom/mlbook.html. Its first chapters may be
of interest to the reader.
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The experience E can be thought of as a collection of data, but also as the training
process used to train your algorithm. Generally speaking, the more (good) data we have
and the better we train our model, the better the results will be; we will see, however,
that training “too much” on the same data can also be harmful. In any case, everything
depends on the performance measure P that is used, and we will come back to this
point later. The task T can be, for instance, a classification or a regression task, as
studied in the linear models course.

In a nutshell Let us identify the three ingredients on a spam filter. The task T
is to decide whether an incoming email is a spam or not; the performance P is, for
instance, the proportion of emails that are correctly sorted; the experience E is a
collection of emails that the users have already flagged as spam or as legitimate.
The program learns if its proportion of correctly sorted emails increases as more
flagged emails become available. Note that nobody writes the rules (“if the email
contains the word lottery, then. . . ”) by hand: the rules are inferred from the
data.

Historical note The question “Can machines think?” is the opening sentence
of the famous paper of Alan Turing Turing (1950), in which he proposes the
imitation game (now called the Turing test) and already suggests that, rather
than programming an adult mind, one could build a “child machine” and educate
it. The expression machine learning itself was popularized a few years later
by Arthur Samuel Samuel (1959), whose checkers-playing program improved by
playing against itself, a very early instance of learning from experience.

To sum up, to solve a given task, and to help our machine think or solve a problem,
we need a collection of observations, i.e. a collection of data.

5.2 Data and Machine Learning problems

Another definition of Machine Learning can be stated as follows:

Machine Learning is a field of Computer Science, and a subfield of Artificial
Intelligence, which aims to design and study algorithms that are able to
learn from data and to make predictions.

Depending on the application, the data can be of many different natures: images,
videos, raw data, categorical data, trees, graphs, time series, etc.

A concrete example is illustrated in Figure 31 with two images. The aim of the
algorithm is to distinguish dogs from cats in a collection of images. In this case, the
algorithm is trained to solve a classification problem where the output can take two
values: dog or cat.

We also often deal with data that can be represented in a table. This is the case in
the following regression task, where we aim to predict the score obtained in a language
test (y) from the scores obtained in four other tests, x1, x2, x3 and x4 (see Table 1).

Although these data may look very different in their usual representation, a ma-
chine necessarily sees them in the same form. This form is most often the one of the
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Figure 31: An example of data that can be used for classification tasks. These two images are
extracted from the Dogs vs Cats dataset, available on Kaggle.

y x1 x2 x3 x4
125 13 18 25 11
158 39 18 59 30
207 52 50 62 53
182 29 43 50 29
196 50 37 65 56

Table 1: Data describing the score obtained in a language test according to the scores obtained
in four other tests.

second example, i.e. an array of values, in other words a matrix.
This data representation is one of the important pillars of machine learning. Al-

though it may seem simple at first, obtaining a good representation of the data is far
from trivial. It is even an important research topic, very often guided by the problem
we are trying to solve. Representation learning is particularly important in Natural
Language Processing (NLP), where one needs to learn a good representation of words
or sentences in the form of vectors.

Let us go back to our images to see this more precisely. Remember that an image
can be seen as a collection of pixels (or voxels if you are working in a three-dimensional
space), each of which is associated with a number. Generally, in a black and white
(grayscale) image, the pixel value lies between 0 and 255 (or between 0 and 1 if the
data are scaled). A color image, such as the ones presented in Figure 31, is represented
by three different matrices3, where each entry represents the pixel intensity associated
with a color channel (R: red, G: green and B: blue):

R =

⎛⎜⎝ 0.1 1 0.23
0.12 0.23 0.95

0 0.45 0.22

⎞⎟⎠ , G =

⎛⎜⎝0.34 1 0.19
0.67 0.53 0.95

1 0.95 0.23

⎞⎟⎠ , B =

⎛⎜⎝0.56 0.83 0.23
0.74 0.81 0.34
0.45 0.45 0.29

⎞⎟⎠ .

However, these raw features have some flaws:
3In practice, images are not left in matrix form: we use models, such as convolutional neural networks,

to learn a vector representation of these images; such vectors are then easier to manipulate by subsequent
algorithms.
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• the intensity of the pixels depends on the brightness, but also on the conditions
under which the image was captured;

• the shape of the object in the image depends on the viewing angle, and the object
may be harder to distinguish from its background;

• finally, the apparent size of the object depends on its distance from the camera.

For all these reasons, it is important to define (or find) descriptors that are inde-
pendent of such environmental factors; this is the objective of a Representation Learning
course. These methods are generally based on neural network algorithms, which we will
present later in this document.

As we can see, data are at the core of Machine Learning algorithms (they can be
compared to the experience E mentioned by Tom Mitchell). We have also seen that
they can take different forms: they can be raw, or transformed to make them usable by
an algorithm (e.g. the translation of a text or a word into a vector of numbers). Finally,
the descriptors of these data can also be learned in order to obtain a representation of
the data suited to the task at hand.

A question one might then ask when observing a series of numbers is:
Do the observed values of the different descriptors follow a well-known distribution?

The observed values do follow some distribution. However, and this is the main
problem we have to deal with in Machine Learning, this distribution is always un-
known. We will see that this fact has consequences on the learning process of an
algorithm and on its performance.

Let us first focus on the use of the data and go back to the image classification
task with cats and dogs. Suppose that we have a collection of such images, as illustrated
in Figure 32 (keep in mind that each image is actually a point in a d-dimensional space,
where d is the length of the vector representing it, i.e. the number of descriptors of
the image), and that we want to classify these images, i.e. to learn an algorithm, or a
model, which is able to predict the class of an image and thus to separate the two types
of images.

To build such an algorithm, we need to define three things:

• Input: the data that will be used for the task, e.g. our images of cats and dogs
(in vector form);

• Output: the answer to the task under study, e.g. the label of the image;

• Model: a collection of objects that are used to solve the problem (objective
function, type of hypothesis and optimization process).

These ingredients fit together in the pipeline summarized in Figure 33, which will
serve as a map for the rest of this document: Section 6 formalizes the training phase,
Section 7 explains how to evaluate the resulting model, and the following sections present
several learning algorithms.

In this case, we could learn several types of separators, or classifiers, for the images,
such as straight lines or more complex curves in the feature space. The classifier we
learn will try to minimize the classification error on the observed data, i.e. we will try
to minimize the number of images of dogs classified as cats and vice versa. This will
be done based on the descriptors of the images as well as on their labels. Through a
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Figure 32: A collection of images that can be used for a classification task. These images are
extracted from the Dogs vs Cats dataset, available on Kaggle.

training phase: S = {(xi, yi)}m
i=1

prediction phase

Raw data
images, texts,

tables. . .

Features
vectors

xi ∈ Rd

Learning
algorithm A

minimizes
a risk

Model
hypothesis
h : X → Y

Prediction
ŷ = h(x)

labels yi

new input x
(label unknown)

Figure 33: The supervised learning pipeline. Raw data are first turned into feature vectors; a
learning algorithm then uses these vectors together with their labels to select a model h, which is
finally applied to new inputs whose label is unknown. Choosing the representation (first arrow)
is often as important as choosing the algorithm.

learning process that we will detail later, the algorithm will then iteratively learn from
its errors in order to improve and reach an optimal solution. Once this model is learned,
it is applied to new data (e.g. new images) that it has to classify without knowing their
labels.

Pitfall Learning makes sense only if the new data “look like” the training data,
i.e. if they are generated by the same (unknown) distribution. A cat-versus-dog
classifier trained on daylight pictures may fail on night pictures, and a fraud
detector trained on last year’s transactions may become obsolete when fraudsters
change their habits. This distribution shift is one of the main causes of failure
of machine learning systems in practice; the theory presented in the next section
relies on the assumption that training and test examples are drawn independently
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from the same distribution.

Machine
Learning

Supervised learning
labeled data (xi, yi)

Unsupervised learning
data xi only

Reinforcement learning
actions and rewards

Classification
y ∈ {1, . . . , q} (finite set)
e.g. spam filtering, fraud
detection, image recognition,
medical diagnosis

Regression
y ∈ R
e.g. house prices, weather
forecasting, market
forecasting, life expectancy

Clustering
groups of similar points
e.g. customer segmentation,
targeted marketing,
recommender systems

Dimension reduction
fewer, better features
e.g. visualization (PCA),
feature extraction,
compression

Sequential decisions
an agent interacts with an
environment
e.g. game AI, robot
navigation, real-time
decisions, skill acquisition

Figure 34: The three main branches of Machine Learning, the main tasks within each of them
and some typical applications. Supervised learning, on the left, is the subject of this course.
(Adapted from a diagram found here.)

As we have seen, once the data are collected (and often completed and cleaned),
they can be used for several machine learning tasks, such as regression, e.g. to predict the
price of a share, or the price of a house according to its characteristics. They can also be
exploited for classification tasks, e.g. to discriminate spam from ham (legitimate email)
when receiving an email, to identify whether a transaction is fraudulent or genuine, or
to detect anomalies in a medical examination such as a blood test. In both cases, the
data are labeled by a variable y: it is a real number in regression and a category in
classification, as illustrated in Figure 35.

When we have a genuine transaction or a ham email, the example is usually
labeled −1 (it is called a negative example), while it is labeled 1 (positive example)
when it is an object of interest, such as a spam or a fraudulent transaction. When such
label information is used by a Machine Learning algorithm, we talk about Supervised
Learning; otherwise, we talk about Unsupervised Learning4. The difference is illustrated
in Figure 36: the data points are the same, but the questions we can ask about them
are not.

There also exists another branch of Machine Learning called Reinforcement Learn-
ing5. For the sake of completeness, we give a brief description of each branch below;
more information can be found in Figure 34.

Supervised Learning This branch includes all classification and regression tasks.
It covers applications such as fraud detection, recommendation systems, time series

4This branch will be studied in a dedicated course.
5We do not study Reinforcement Learning here.
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Figure 35: The same input (number of hours of study of a student) used for two different tasks.
Left: regression, the output y is the grade, a real number, and the model h returns a real number.
Right: classification, the output is pass/fail; a model (here a logistic regression) estimates the
probability of passing, and thresholding it gives a classifier. [ code: make_figures_ch05.py:
fig_ch04_reg_classif ]
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Unsupervised: points xi only

y= +1 y=−1 learned h

Figure 36: Supervised versus unsupervised learning on the same points. Left: each point comes
with a label, and we learn a classifier h (here a straight line) that predicts the label of new
points. Right: no label is available; an unsupervised method (here k-means with k = 2) looks
for a structure in the data, e.g. groups of similar points, without any notion of “correct answer”.
[ code: make_figures_ch05.py: fig_ch04_sup_unsup ]

analysis, the study of medical images, EEG and ECG signals, the prediction of the
number of people infected by a given disease or virus, or of the stock market value of a
given company, etc. The important point here is the access to labeled data.

Some research fields, such as transfer learning (how to exploit the knowledge
learned in one domain in order to apply it to a related domain), can also be classified in
this branch. Many algorithms belong to this field. Readers who have taken a course on
linear models will certainly remember the Gaussian linear model (regression) or logistic
regression (classification). Other models are of course commonly used, and we will
present them in the next sections.

Unsupervised Learning Unlike in supervised learning, the data used here have
no label. The analysis is then based only on the distribution of the data. Applica-
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tions include anomaly detection, clustering (e.g. population segmentation for marketing
strategies), and recommendation systems based on customer typology. Another aspect
is dimension reduction, via statistical methods such as Principal Component Analysis,
and feature construction.

We can also include approaches such as unsupervised domain adaptation, which
is the unsupervised counterpart of a subcategory of transfer learning.

Reinforcement Learning This last category differs from the first two in that there
is no fixed dataset per se. Here, the system evolves in an environment and must be able
to take the right actions according to this environment and to its own state, through a
reward/punishment system.

A simple example is the automatic piloting of a drone whose goal is to avoid
obstacles in order to reach its destination. The environment can then be considered
as the set of objects that are close to the drone. The state of the drone can be its
structural state as well as its position relative to the elements around it, and the actions
correspond to the movements of the drone (left, right, up, down). When the drone hits
or gets too close to an obstacle, we decrease the value of a quantity that reflects the
reward obtained by the system.

In this course, we will focus on the first branch, i.e. on Supervised Learning. Our
objective will be to learn a classifier h, also called a hypothesis, from a collection of
labeled data {(xi, yi)}mi=1, in order to classify new instances, where each xi is a vector of
descriptors. The next section focuses on the theoretical aspects of Supervised Learning.

Remark In this document, the words hypothesis, model, predictor and classifier
(or regressor) are used almost interchangeably to denote the function h returned
by the learning algorithm. Similarly, features, descriptors, variables and attributes
all denote the coordinates of x, and examples, instances, observations or data
points denote the pairs (xi, yi).

Requirements In order to understand the different notions presented in this docu-
ment, and in Machine Learning in general, the reader is invited to review the funda-
mental concepts in Probability/Statistics, Linear Models, Linear Algebra (operations on
matrices: determinant, transpose, multiplication, eigenvalues, eigenvectors) and finally
Analysis (differentiation, integration, study of functions of several variables with real
or vector values, sequences of functions and sequences of real vectors). Part I recalls
the main tools of linear algebra and optimization that will be needed. For a gentle and
non-technical overview of the practical lessons of machine learning, the reader may also
enjoy Domingos (2012).

To remember from Section 5

• A program learns when its performance P on a task T improves with ex-
perience E, which in practice is a collection of data.

• Whatever their original nature (images, texts, tables), data are represented
as vectors of features x ∈ Rd and gathered in a matrix; finding a good
representation is a problem in itself.
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• The distribution of the data is always unknown: we only observe a finite
sample, and new data are assumed to come from the same distribution.

• Supervised learning uses labeled data {(xi, yi)}mi=1 to learn a hypothesis h;
it is called regression when y is real-valued and classification when y takes
finitely many values.

• Unsupervised learning works without labels (clustering, dimension reduc-
tion), and reinforcement learning learns actions from rewards.

Check your understanding

Short questions to test yourself; the answers are in Appendix A (click on the number of a question
to see its answer).

Generalities

Q5.1. Identify the task T, the performance measure P and the experience E of a program that
plays chess.

Q5.2. True or false? “A program whose rules were all written by hand by experts learns, in
the sense of Mitchell, as soon as it performs well.”

Q5.3. Does more experience E always improve the performance P?

Q5.4. Why does the definition of learning depend on the choice of the performance measure
P?

Synthesis of the section

Q5.5. For a system that recommends movies, give a possible task T, performance measure P
and experience E.

Q5.6. Is predicting tomorrow’s temperature a regression or a classification task? And predicting
whether it will rain tomorrow?

Q5.7. A 64 × 64 color image is turned into a vector by stacking its pixel values. What is the
dimension d of this vector?

Q5.8. You are given the customer database of a company, without any additional information,
and you are asked to find groups of similar customers. Which branch of machine learning
is this?

Q5.9. Why can we not simply compute the error of a model on the true distribution of the
data?

Q5.10. True or false? “Since the labels yi are observed, the distribution of the data is known
in supervised learning.”

Q5.11. In the pipeline of Figure 33, at which stage are the labels yi used? Are labels needed
to make a prediction for a new input?

Q5.12. Give two reasons why the raw pixel values of a photograph are poor features to recognize
a cat.

Q5.13. A spam filter labels spam emails +1 and legitimate emails −1. Does “positive” mean
“good”?

Q5.14. True or false? “Principal Component Analysis is a supervised method, since it produces
new variables.”
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Q5.15. A fraud detector was trained on last year’s transactions and its error rate has doubled
this year, although the code has not changed. What is the most likely explanation?

Q5.16. What is the main difference between the data used in reinforcement learning and in
supervised learning?
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6 Statistical Learning Theory

In this section, we first introduce the notion of risk, the quantity we aim to minimize
in most of the optimization problems arising in supervised learning. We will then see
that it is possible to provide theoretical guarantees on the performance of the learned
model using statistical tools such as concentration inequalities.

About this section

Guiding question. A model makes few errors on the data it was trained on: what can
we say about its errors on data it has never seen?
In this section you will learn to:

• define the true risk and the empirical risk of a hypothesis, and explain why only the
latter can be computed;

• describe empirical, structural and regularized risk minimization, and relate them to
under- and over-fitting;

• decompose the error of a learned model into an approximation error and an esti-
mation error;

• read a generalization bound: confidence 1− δ, accuracy ε, sample size m and com-
plexity of H (cardinality, VC-dimension) or stability of the algorithm.

Let us denote by X the input space of our data, also called the feature space, and
by Y the output space6. The input space, i.e. the features used to describe the data,
can be of different types: it can consist of continuous or discrete descriptors. In this
document, we will focus on continuous features, i.e. X ⊂ Rd.

The output space can also vary from one task to another: it can be discrete, real-
valued, or even consist of structured data. The nature of the output gives important
information on the nature of the problem and leads the user to choose the appropriate
tools.

• When Y ⊂ R or Y = [0, 1], i.e. when the output is a real value, the aim is to learn
a score or a probability, or to estimate a quantity, as is usually done in regression
tasks.

• When Y = {−1, +1} or {0, 1}, i.e. when the output is binary, we aim to classify
the data into two categories, also called classes. This type of task is called binary
classification. Note that the output can take more than two values, i.e. Y =
{1, . . . , q}, where q is the number of classes. In this case, we talk about multi-
class classification.

To solve these different tasks, we use an algorithm A which aims at learning
a function h : X → Y, called a hypothesis. From a practical point of view, the joint
distribution D of the data over X×Y is unknown, and we only have access to a collection
of sample points, i.e. a set of observations S = {(xi, yi)}mi=1 drawn i.i.d. from D. The
goal is then to learn, from the sample S, a function h which is “good enough” on this
training sample but which is also able to perform well on a new example (x, y).

The observed data are usually gathered in a matrix X ∈ Rm×d as follows:
6Note that there may be no output space, i.e. Y = ∅, as in unsupervised learning.
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X =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

v1 · · · vk · · · vd

x1 x11 · · · x1k · · · x1d
...

...
...

...
xi xi1 · · · xik · · · xid

...
...

...
...

xm xm1 · · · xmk · · · xmd

⎞⎟⎟⎟⎟⎟⎟⎟⎠
,

where each row represents an observation (m observations) and each column rep-
resents a variable, or descriptor (d columns).

In the next subsections, we explain how the function h is learned and what we
mean by the performance of an algorithm.

6.1 Empirical Risk Minimization

In order to solve a given task, the algorithm A needs a criterion to optimize, called a
loss function and usually denoted by ℓ(h(·), ·) : X × Y → R+. In a regression task, it
can be based on the difference between the estimated value h(x) and the true value y,
for example ℓ(h(x), y) = |h(x)− y| or ℓ(h(x), y) = (h(x)− y)2. In a classification task,
the most natural way is to count the number of errors made by the classifier h. The
corresponding loss function is then defined by ℓ(h(x), y) = 1{h(x)̸=y} and is called the
0-1 loss. However, this loss is neither convex nor differentiable (it is piecewise constant),
and minimizing the empirical error it induces is known to be NP-hard in general, even
over simple classes such as linear classifiers. That is why we usually replace the 0-1 loss
by a convex surrogate function, such as the hinge loss max(0, 1− yh(x)) or the logistic
loss ln(1 + e−yh(x)) when Y = {−1, +1} and h returns a real-valued score.

Whatever the hypothesis h, what we would really like to minimize is the expected
value of its loss over the distribution D, which leads to the True Risk.

Definition 6.1: True Risk

Let ℓ : X × Y → R+ be a loss function and D the distribution of the data. The
True Risk Rℓ of a hypothesis h is defined by:

Rℓ(h) = E
(x,y)∼D

[ℓ(h(x), y)].

However, we cannot compute this quantity in practice because the joint distri-
bution D of the data is unknown. Instead, we minimize the Empirical Risk, i.e. the
average error over the sample S.

Definition 6.2: Empirical Risk

Let S = {(xi, yi)}mi=1 be a collection of m examples drawn i.i.d. from D and
ℓ : X × Y → R+ a loss function. The Empirical Risk of a hypothesis h is defined
by:
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Rℓ
S(h) = 1

m

m∑︂
i=1

ℓ(h(xi), yi).

In other words, the empirical risk is the mean value of the loss over all the observed
data.

Note that, for a fixed hypothesis h, Rℓ
S(h) is an unbiased estimator of Rℓ(h), since

ES∼Dm [Rℓ
S(h)] = Rℓ(h) by linearity of the expectation (see Section 1, where risks are

introduced as expectations). We therefore minimize the empirical risk in the hope that
the sample S is representative of the unknown distribution.

In a nutshell The true risk is the average error of h over all the examples the
distribution D could generate, weighted by their probability; the empirical risk
is the average error over the m examples we happened to observe. It is the same
relation as between the mean of a population and the mean of a sample in a
survey: the latter is a noisy, but computable, estimate of the former.

At first glance, minimizing the empirical risk might then seem equivalent to min-
imizing the true (or generalization) risk. This is not the case in general: the learned
hypothesis depends on S, and we run the risk of over-fitting the data, as illustrated in
Figure 37.
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training MSE: 0.22
MSE on new points: 0.18

h1: straight line (2 parameters)

0 1 2 3 4
x

training MSE: 0.00
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h2: degree 4 (5 parameters)

training points new points h1 h2

Figure 37: Illustration of the over-fitting phenomenon on a regression task with five training
points (black). On the left, the learned hypothesis h1 (a straight line) does not fit the training
data exactly but generalizes well to new points drawn from the same distribution (white); on
the right, the hypothesis h2, the polynomial of degree 4 interpolating the five points, has a zero
training error but a much larger error on the new points (dotted segments). [ code:
make_figures_ch05.py: fig_ch05_overfit ]

In this figure, we can see that the model learned on the right is more complex (it
is a curve of degree 4) than the one on the left, which is a straight line. This remark
shows that it is important to impose some constraints on the hypotheses we can learn
in order to avoid such a situation.
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Pitfall A small training error is not a proof that a model is good: the inter-
polating polynomial h2 of Figure 37 has a training error equal to zero. The
performance of a model must always be assessed on data that were not used to
learn it (see Section 7), or certified by a generalization bound such as the ones
presented in Section 6.2.

We present below a non-exhaustive list of ways to constrain the learned hypothesis.

Empirical risk minimization. The most straightforward solution is to fix in advance
the hypothesis space H, called a set of hypotheses or function class. Then, given this
set of hypotheses H, a sample S and a loss function ℓ, we look for the hypothesis h⋆

S

defined as a solution of:

h⋆
S = argmin

h∈H
Rℓ

S(h).

If the set H is small enough, we can avoid the situation previously described.
However, without any side information on the data, it is hard to choose the appropriate
set of hypotheses for the task at hand.

Remark (approximation and estimation errors) The choice of H is a trade-
off, which can be made precise as follows. Let R⋆ be the smallest risk achievable
by any function (the Bayes risk), and let hH be the best hypothesis of H, i.e.
the minimizer of the true risk over H (assumed to exist). Then the excess risk of
h⋆

S splits into two terms:

Rℓ(h⋆
S)−R⋆ = Rℓ(h⋆

S)−Rℓ(hH)⏞ ⏟⏟ ⏞
estimation error

+ Rℓ(hH)−R⋆⏞ ⏟⏟ ⏞
approximation error

.

The approximation error only depends on H and decreases when H grows; the
estimation error comes from the fact that we only see a finite sample, and it
typically increases with the size of H and decreases with m (see Figure 38). This
decomposition is studied in more detail in Section 10.

Structural risk minimization. [See Section 4.1 of Vapnik (1995)] The idea here is
to consider a growing sequence of sets of hypotheses {Hn}n∈N, i.e. H1 ⊂ H2 ⊂ · · · ,
so that the complexity (or the number of hypotheses) grows with n, and to choose the
hypothesis h⋆

S solution of the following minimization problem:

h⋆
S = argmin

h∈Hn, n∈N
Rℓ

S(h) + pen(n, d).

Compared to the previous formulation, a penalty term is added to the empirical risk.
This term measures the complexity (or size) of the set of hypotheses Hn and is an
increasing function of n (note that it may also depend on the dimension d of the data).
The aim is then to find a hypothesis with a low empirical risk in a set Hn that is
as small as possible. With such a formulation, we are able to find a good trade-off
between empirical risk minimization and the complexity of the learned model, i.e. to
find a hypothesis that generalizes well. However, choosing a relevant sequence of sets
of hypotheses remains hard in practice.
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Figure 38: Decomposition of the excess risk of the hypothesis h⋆
S learned on a sample S. The

approximation error measures how far the best hypothesis hH of the class is from the best
possible predictor; the estimation error measures how far h⋆

S is from hH because of the finite
sample. Enlarging the class (dashed ellipse) reduces the first error but makes the second one
larger: this is the trade-off of Figure 39.

Regularized risk minimization. The preferred solution in practice, because it is
easier to implement, is to choose a sufficiently large set of hypotheses H and to add a
constraint on the parameters θ of the learned model h = hθ. The added term, λ ∥θ∥, is
called a regularization term, and λ ≥ 0 is the associated regularization constant:

h⋆
S = argmin

h∈H
Rℓ

S(h) + λ ∥θ∥ .

Through the parameter λ, we are able to indirectly control the size, or complexity,
of the set of hypotheses, for instance by constraining the norm of the parameters of the
model7.

Example 6.1. Such a formulation was met in the Linear Models course when the lasso
regression was presented. In this problem, we aim to find the best linear model, de-
scribed by a vector θ (the intercept being included, hence the dimension d + 1), which
fits a set of data (y, X). We also require the chosen model to be as sparse as possi-
ble, i.e. to be based on as few features as possible. To do so, we solve the following
minimization problem:

min
θ∈Rd+1

∥y−Xθ∥22 + λ∥θ∥1,

where ∥ · ∥1 is the lasso regularization term, which induces a sparse solution for a
sufficiently large λ.

In this last expression (as in the previous example), the smaller the value of λ,
the more importance we give to fitting the data well. Conversely, the greater λ, the
more importance we give to the complexity of the learned model: the errors made
by the algorithm become insignificant compared to the control of the magnitude of the
parameters θ. The risk is then that, when λ→∞, we face an under-fitting phenomenon:
the model is too simple to capture the structure of the data and generalizes poorly.

7In the rest of the document, such a regularization constant will be called a hyper-parameter instead
of a parameter, to distinguish it from the parameters of the learned hypothesis h.
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The aim is thus to learn a model with an appropriate value of λ, i.e. to find a
good trade-off between the minimization of the empirical risk and the complexity of the
hypothesis, as depicted in Figure 39. To tune the value of λ, we typically use a k-fold
cross-validation on the training set: we split the dataset into k folds of (roughly) equal
size. This process will be described later; in short, it consists in learning a hypothesis
(model) on k−1 folds of the training data and testing its performance on the remaining
one. The process is repeated k times, so that each fold is used once for testing, and we
keep the value of λ that achieves the lowest average error on the held-out folds.

complexity of the class H (e.g. degree, 1/λ)

ri
sk

under-fitting over-fitting

best trade-off

generalization
gap

empirical risk RS(hS ) true risk R(hS )

Figure 39: Evolution of the empirical and true risks of the learned hypothesis h⋆
S according to

the complexity of the set of hypotheses (schematic curves). The empirical risk always decreases
with the complexity, whereas the true risk first decreases (less under-fitting) and then increases
(over-fitting); the difference between the two curves is the generalization gap. [ code:
make_figures_ch05.py: fig_ch05_tradeoff ]

Figure 40 shows this trade-off on a real experiment, where the complexity of the
model is the degree of a polynomial fitted by least squares: the training error always
decreases with the degree, whereas the test error first decreases (the model becomes
flexible enough to capture the shape of the target), then increases (the model starts
fitting the noise).

Remark (beyond the U-shaped curve) The U-shaped test error of Figures 39
and 40 is the classical picture, which is also known as the bias–variance trade-
off Geman et al. (1992); Hastie et al. (2009). Very large models, such as modern
neural networks, can however behave differently: when the number of parameters
greatly exceeds the number of examples, the test error may decrease again after
the interpolation threshold, a phenomenon called double descent Belkin et al.
(2019). Such models generalize well although they can fit random labels per-
fectly Zhang et al. (2017), which shows that the number of parameters alone is
not always a good measure of complexity; the stability and PAC-Bayesian ap-
proaches of this document are two ways of going beyond it.

Even if we can empirically assess the performance of a model on a test set, it is
also important to provide generalization guarantees, i.e. to bound the true risk of the
learned model using quantities observed at training time.
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Figure 40: Under- and over-fitting with polynomial regression. The data are y = sin(2πx) + ϵ
with Gaussian noise of standard deviation 0.3 and m = 15 training points. Left: least-squares
polynomials of degrees 1, 3 and 10 on one sample. Right: training and test mean squared errors
as a function of the degree (log scale, median over 200 training samples). The test error is
minimal for degrees around 3–5 and explodes when the number of parameters approaches m.
[ code: make_figures_ch05.py: fig_ch05_polyfit ]

The next subsection is dedicated to this point and presents generalization bounds
based either on the complexity of the set of hypotheses or on some properties of the
learning algorithm.

6.2 Generalization Bounds

A generalization bound controls the gap between the true risk and the empirical risk.
It usually has the following general form, often referred to as a Probably Approximately
Correct (PAC) bound Valiant (1984):

PS∼Dm

(︂⃓⃓⃓
Rℓ(h)−Rℓ

S(h)
⃓⃓⃓
≥ ε

)︂
≤ δ, (6.1)

where ε ≥ 0 and δ ∈ [0, 1]. Here, δ is an upper bound on the probability that the
true risk deviates by at least ε from its empirical estimate: the estimate is approximately
correct (up to ε) with high probability (at least 1 − δ). An immediate consequence is
that, for a fixed sample size, the smaller ε, the greater (i.e. the closer to 1) the value of
δ: we cannot be both very precise and very confident with a limited amount of data. Of
course, the closer to 0 both δ and ε are, the more reliable our estimate is. Such bounds
are usually derived using concentration inequalities, such as the Hoeffding Hoeffding
(1963) or McDiarmid McDiarmid (1989) inequalities. Bound (6.1) can equivalently be
rewritten as a probabilistic bound of convergence of the empirical estimate towards its
mean Vapnik and Chervonenkis (1982); Valiant (1984):

⃓⃓⃓
Rℓ(h)−Rℓ

S(h)
⃓⃓⃓
≤ ε(δ, m),

where 1 − δ is the confidence level of the bound and ε is a function of δ that
decreases with the number m of training examples. Such a bound holds with probability
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at least 1− δ over the draw of S, and the aim is to build a function ε(·) that converges
to 0 as fast as possible.

In the following, we will see how such generalization bounds can be built, and
that their convergence rate is often of order O

(︁√︁
ln(m)/m

)︁
or even O(1/

√
m).

For a complete derivation of the presented bounds, the reader can refer to the
references cited in the different parts and to the excellent book Foundations of Machine
Learning Mohri et al. (2012, 2018); the book of Shalev-Shwartz and Ben-David Shalev-
Shwartz and Ben-David (2014) is another very accessible introduction.

Historical note The PAC framework was introduced by Leslie Valiant in
1984 Valiant (1984), in the setting of computational learning theory, where one
also asks the learning algorithm to run in polynomial time. The uniform conver-
gence results it relies on are older: they were established by Vladimir Vapnik and
Alexey Chervonenkis in the late 1960s and published in English in 1971 Vapnik
and Chervonenkis (1971); Vapnik later developed them into a complete statistical
learning theory Vapnik (1995, 1998), which also led to Support Vector Machines.

Uniform Deviation

As stated before, generalization bounds are based on the convergence of empirical quan-
tities to their means Vapnik and Chervonenkis (1971) and rely on the law of large num-
bers (Theorem 1.6 in Section 1). Intuitively, the larger our training set, the closer the
empirical risk of a fixed hypothesis h will be to its expected value, i.e.:

lim
m→∞

1
m

m∑︂
i=1

ℓ(h(xi), yi) = E
(x,y)∼D

[ℓ(h(x), y)] almost surely.

The law of large numbers only tells us that the empirical risk converges; Hoeffd-
ing’s inequality (Proposition 1.14 in Section 1), recalled below, tells us how fast, and
holds for every finite m. Figure 41 illustrates it for a fixed classifier.

However, the hypothesis h⋆
S returned by the algorithm is not fixed in advance:

it is chosen using the very same sample S. To handle this dependence, we look for
bounds that are uniform, i.e. that hold simultaneously for all hypotheses h ∈ H,
hence in particular for h⋆

S . Figure 42 shows why this is necessary: for each sample, the
minimizer of the empirical risk is typically a hypothesis whose empirical risk happens
to be lower than its true risk, so its training error is an optimistic estimate.

To get such a bound, we need to estimate the probability of the following event:

{︄
sup
h∈H

⃓⃓⃓
Rℓ(h)−Rℓ

S(h)
⃓⃓⃓
≥ ε

}︄
.

When H is finite and the loss takes its values in [0, 1], the probability of this
event can be bounded using Hoeffding’s inequality, which states that for a fixed h,
P
(︂⃓⃓⃓
Rℓ(h)−Rℓ

S(h)
⃓⃓⃓
≥ ε

)︂
≤ 2e−2mε2 , together with the union bound (Proposition 1.8):
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Figure 41: Concentration of the empirical risk of a fixed classifier h with true risk Rℓ(h) = 0.3
(black line) and the 0-1 loss: histograms of Rℓ

S(h) over 20 000 samples S of size m. The dashed
lines delimit the band Rℓ(h) ± ε with ε =

√︁
ln(2/δ)/(2m) and δ = 0.05 given by Hoeffding’s

inequality: the empirical risk falls outside this band with frequency at most δ (in fact much less,
Hoeffding’s inequality being conservative), and the width of the band shrinks as 1/

√
m. [ code:

make_figures_ch05.py: fig_ch05_hoeffding ]
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Figure 42: Empirical risk minimization over the threshold classifiers ht(x) = sign(x − t), for
data with x uniform on [0, 1] and y = sign(x−0.5) flipped with probability 0.2. Black: true risk
(minimal at t = 0.5, square). Colored: empirical risks on three independent samples, with their
minimizers h⋆

S (dots). With m = 30, the empirical curves are far from the true one and their
minimum underestimates the risk of h⋆

S ; with m = 300, the whole curves are uniformly close to
the true risk, so minimizing one amounts to almost minimizing the other. [ code:
make_figures_ch05.py: fig_ch05_erm ]
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P
(︄

sup
h∈H

⃓⃓⃓
Rℓ(h)−Rℓ

S(h)
⃓⃓⃓
≥ ε

)︄
= P

⎛⎝ ⋃︂
h∈H

{︂⃓⃓⃓
Rℓ(h)−Rℓ

S(h)
⃓⃓⃓
≥ ε

}︂⎞⎠
↓ union bound: P(∪jAj) ≤

∑︂
j

P(Aj)

≤
∑︂
h∈H

P
(︂⃓⃓⃓
Rℓ(h)−Rℓ

S(h)
⃓⃓⃓
≥ ε

)︂
↓ Hoeffding’s inequality applied to each fixed h

≤ 2 |H| e−2mε2
.

Setting the right-hand side equal to δ and solving for ε leads to the following
result Bousquet et al. (2004).

Theorem 6.1: Uniform Generalization Bound

Let H be a finite set of hypotheses, S a training sample of size m drawn i.i.d. from
D, ℓ a loss function taking its values in [0, 1], and δ ∈ (0, 1]. Then, with probability
at least 1− δ over the draw of S, we have, for all h ∈ H simultaneously:

Rℓ(h) ≤ Rℓ
S(h) +

√︄
ln |H|+ ln(2/δ)

2m
.

Example 6.2. Consider threshold classifiers ht(x) = sign(x − t) on the real line, where
the threshold t is chosen among |H| = 1000 values of a fixed grid, and the 0-1 loss.
With m = 10 000 training examples and δ = 0.05, we get

√︁
(ln 1000 + ln 40)/20 000 ≈√︁

(6.91 + 3.69)/20 000 ≈ 0.023. Hence, with probability at least 95%, the true error
rate of any of these classifiers, in particular the one minimizing the empirical error,
exceeds its training error rate by at most 2.3 percentage points. Note that the size of
H only enters through ln |H|: multiplying the number of hypotheses by 1000 only adds
ln 1000 ≈ 6.9 in the numerator.

In a nutshell All the bounds of this section have the same structure:

true risk ≤ empirical risk +

√︄
complexity + ln(1/δ)

m
(up to constants).

The first term is what we observe and minimize; the second one is the price to
pay for having looked at only m examples. It grows with the richness of the class
(or the instability of the algorithm) and with the required confidence 1− δ, and
it shrinks as 1/

√
m: to divide it by 2, we need 4 times more data.

When the set H is infinite, e.g. the set of linear classifiers in Rd, whose parameters
belong to Rd+1, the term ln |H| is infinite and we need another way to measure the size,
or complexity, of the set of hypotheses. A first way to measure this complexity is the
VC-dimension, denoted by V C(H) and introduced by Vapnik and Chervonenkis in the
1970s Vapnik and Chervonenkis (1971). It counts the largest number of points on which
the hypotheses of H can realize all possible labelings.
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Definition 6.3: VC-dimension

Let H be a set of binary classifiers with values in {−1, +1}. A set of points
{x1, . . . , xn} ⊂ X is said to be shattered by H if, for every labeling (y1, . . . , yn) ∈
{−1, +1}n, there exists h ∈ H such that h(xi) = yi for all i = 1, . . . , n. The VC-
dimension V C(H) is the size of the largest set of points that can be shattered by
H (it is +∞ if arbitrarily large sets can be shattered).

Example 6.3. Linear classifiers in R2 can shatter any set of 3 non-collinear points, but
no set of 4 points (think of the “XOR” configuration, where the two diagonals of a
square have opposite labels). Their VC-dimension is therefore 3. More generally, the
VC-dimension of linear classifiers in Rd is d + 1, i.e. the number of parameters.

3 points: all the 23 = 8 labelings
are realized by a line

?

4 points (XOR):
no line works

Figure 43: The VC-dimension of linear classifiers (half-planes) in R2 is 3. Left: three non-
collinear points are shattered, i.e. each of the 8 possible labelings (blue disks: +1, red squares:
−1) is realized by some line. Right: the XOR labeling of four points cannot be realized, since
any line (dashed attempts) leaves points of both classes on one side; one can check that no set
of four points in the plane can be shattered.

For the 0-1 loss, a set of hypotheses with finite VC-dimension enjoys a uniform
generalization bound Vapnik and Chervonenkis (1971); Mohri et al. (2012): if V C(H) ≤
m, with probability at least 1− δ, for all h ∈ H,

Rℓ(h) ≤ Rℓ
S(h) +

√︄
2 V C(H) ln

(︁
e m/V C(H)

)︁
m

+

√︄
ln(1/δ)

2m
.

Compared to Theorem 6.1, the quantity ln |H| is essentially replaced by V C(H) ln m,
which gives a convergence rate in O

(︁√︁
ln(m)/m

)︁
.

Remark Why does ln m appear? Even if H is infinite, on a given sample of
m points its hypotheses can only produce a finite number of distinct labelings,
and only these labelings matter for the empirical risk. Sauer’s lemma Sauer
(1972) shows that this number is at most (em/V C(H))V C(H) when m ≥ V C(H),
i.e. it grows polynomially, and not exponentially, with m. Its logarithm,
V C(H) ln(em/V C(H)), plays the role of ln |H| in the union bound.

Another way to measure the complexity of a set of hypotheses is the Rademacher
complexity Bartlett and Mendelson (2003); Koltchinskii and Panchenko (2000), which
is studied in more detail later in this document (see Definition 10.1). Informally, it
measures the ability of the set of hypotheses to fit random noise: if the functions of
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H can correlate well with random labels σi ∈ {−1, +1}, then H is rich, and a small
empirical risk is less informative about the true risk.

However, these two measures are usually hard to compute, or even to estimate
accurately, for most problems (except for simple ones, such as linear models), and the
resulting bounds are often loose in practice. Fortunately, there exists another way
to establish generalization bounds for convex regularized optimization problems: the
Uniform Stability framework.

Uniform Stability

This framework is more recent Bousquet and Elisseeff (2002) and is not directly based
on a measure of the complexity of the set of hypotheses. It relies instead on the concept
of stability of the learning algorithm. Roughly speaking, an algorithm is stable if its
output does not change significantly under a small modification of the training sample.
The intuition is the following: if replacing one training example by another one barely
changes the learned model, then the model cannot have “memorized” individual exam-
ples, and its training error should be a good proxy for its error on new data. More
precisely, we focus on uniform stability: we look at the largest possible change in the
loss, over all possible examples, when a single training example is replaced. A formal
definition is given below.

Definition 6.4: Uniform Stability

A learning algorithm A has a uniform stability in β
m with respect to a loss function

ℓ, where β is a positive constant, if:

∀S, ∀i, 1 ≤ i ≤ m, sup
z∈X ×Y

|ℓ(θS , z)− ℓ(θSi , z)| ≤ β

m
,

where S is a training sample of size m, θS denotes the model parameters learned
from S, and θSi the model parameters learned from the sample Si obtained by
replacing the ith example zi = (xi, yi) of S by another example z′

i = (x′
i, y′

i) drawn
from D, independently of S. Here, ℓ(θS , z) denotes the loss suffered at z = (x, y)
by the model learned from Sa.

aNote that the authors also provide a definition of stability in which an example is removed
instead of replaced. For the sake of convenience, we use the definition based on replacement
throughout this document: indeed, it keeps the same number of training instances from one
sample to the other.

The constant β depends on the properties of the loss function, but also on the reg-
ularization term of the minimization problem. The uniform stability property has been
shown to hold for a wide range of minimization problems Bousquet and Elisseeff (2002).
Using McDiarmid’s inequality (Proposition 1.17), we get the following generalization
bound, whose rate of convergence is in O(1/

√
m).
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Theorem 6.2: Uniform Stability based Bound

Let δ ∈ (0, 1) and m > 1. For any algorithm with uniform stability β/m with
respect to a loss function ℓ satisfying 0 ≤ ℓ ≤ K, with probability at least 1 − δ
over the random draw of S, we have:

Rℓ(θS) ≤ Rℓ
S(θS) + 2β

m
+ (4β + K)

√︄
ln(1/δ)

2m
,

where Rℓ(·) is the true risk and Rℓ
S(·) its empirical estimate over S.

The previous bound has a global convergence rate in O(1/
√

m) and depends on
two parameters: β, the uniform stability constant of the algorithm A, and K, an upper
bound on the loss function ℓ. Note that, unlike Theorem 6.1, it does not need to hold
uniformly over H: it only concerns the hypothesis actually returned by the algorithm.

The convexity of the problem is what makes it possible to compute β. The typical
result is the following one.

Example 6.4. Consider a linear model hθ(x) = ⟨θ, x⟩ with ∥x∥2 ≤ κ for all x ∈ X ,
learned by solving

θS = argmin
θ

1
m

m∑︂
i=1

ℓ(hθ(xi), yi) + λ ∥θ∥22 ,

where the loss ℓ is convex and σ-Lipschitz with respect to its first argument (e.g. the
hinge loss, with σ = 1). Bousquet and Elisseeff Bousquet and Elisseeff (2002) showed
that, when one example is removed, the loss changes by at most σ2κ2

2λm ; replacing an
example amounts to one removal followed by one addition, so this algorithm is uniformly
stable with

β

m
≤ σ2κ2

λm
.

Plugging this value into Theorem 6.2 gives a bound in which everything is explicit: the
smaller λ, the larger β, and the looser the bound.

This generalization bound is thus quite informative in practice, as both β and K
can often be computed explicitly. Moreover, compared to the two previous frameworks,
it is consistent with the practice of Machine Learning, since it takes into account the
regularization term which is used in most minimization problems. As the previous
example shows, the uniform stability constant β is a decreasing function of the hyper-
parameter λ associated with the regularization term, whereas the empirical risk usually
increases with λ. The impact of the hyper-parameter value is depicted in Figure 44,
which shows that it is important to find the right value in order to obtain the best
solution.

We will see that it is easy to build such bounds for convex regularized optimization
problems, for both classification and regression tasks. It only requires some tools from
linear algebra and the definition of a convex function.
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complexity (e.g. 1/λ for a regularized model)

ri
sk

under-fitting over-fitting

model selected
by the bound

empirical risk
true risk

complexity term ε
bound = empirical risk + ε

Figure 44: Evolution of the empirical and true risks and of a generalization bound according
to the complexity of the model, e.g. the inverse 1/λ of the regularization hyper-parameter
(schematic curves). The bound is the sum of the empirical risk and of a complexity term ε
that increases with the complexity; it always lies above the true risk, and its minimizer gives a
reasonable, if somewhat conservative, choice of the hyper-parameter.[ code: make_figures_ch05.py:
fig_ch05_learnbound ]

To remember from Section 6

• The true risk Rℓ(h) is the expected loss of h on the unknown distribution
D; the empirical risk Rℓ

S(h) is its average on the sample S, an unbiased
estimate for a fixed h.

• Minimizing the empirical risk over a too rich class leads to over-fitting;
constraining the class too much leads to under-fitting. Structural and reg-
ularized risk minimization control the complexity through a penalty, tuned
in practice by cross-validation.

• The excess risk of the learned model is the sum of an approximation error
(due to H) and an estimation error (due to the finite sample).

• A generalization bound states that, with probability at least 1− δ, true
risk ≤ empirical risk + ε(δ, m). Since h⋆

S depends on S, the bound must hold
uniformly over H (union bound, VC-dimension, Rademacher complexity) or
exploit the stability of the algorithm.

• Typical rates are O(1/
√

m) or O
(︁√︁

ln(m)/m
)︁
; for regularized convex prob-

lems, the stability constant behaves as 1/λ.

Check your understanding

Short questions to test yourself; the answers are in Appendix A (click on the number of a question
to see its answer).

Empirical Risk Minimization
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Q6.1. Why do we usually minimize a convex surrogate, such as the hinge loss, instead of the
0-1 loss?

Q6.2. A regressor predicts h(x1) = 1, h(x2) = 2.5 and h(x3) = 0.5 for the labels y1 = 1, y2 = 2
and y3 = 1. Compute its empirical risk for the squared loss and for the absolute loss.

Q6.3. True or false? “Since Rℓ
S(h) is an unbiased estimator of Rℓ(h) for every h, the training

error of h⋆
S is an unbiased estimator of its true risk.”

Q6.4. How do the approximation error and the estimation error evolve when the class H grows?
When the sample size m grows?

Q6.5. In Figure 40, why does the test error explode when the degree approaches m = 15?

Synthesis of the section

Q6.6. Why can the true risk not be computed in practice, and which quantity do we use
instead?

Q6.7. Is the training error of h⋆
S an unbiased estimate of its true risk?

Q6.8. In regularized risk minimization, what happens when λ→ 0? When λ→∞?

Q6.9. For a fixed classifier, m = 1000 examples and δ = 0.05, what is the deviation ε given by
Hoeffding’s inequality?

Q6.10. In Theorem 6.1, by how much must the sample size be multiplied to divide the deviation
term by 2? By how much must |H| be multiplied to double ln |H| when |H| = 1000?

Q6.11. True or false? “For a fixed sample size, a larger δ gives a smaller ε.”

Q6.12. How does Theorem 6.1 change if the loss takes its values in [0, K] instead of [0, 1]?

Q6.13. What is the VC-dimension of linear classifiers in R5?

Q6.14. True or false? “To prove that V C(H) ≥ 3, it suffices to exhibit one set of 3 points
shattered by H; to prove that V C(H) < 4, it suffices to exhibit one set of 4 points that
is not shattered.”

Q6.15. Which quantity does the uniform stability bound depend on, instead of the complexity
of H?

Q6.16. Why does the uniform stability bound not need to hold uniformly over H?
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7 Learning Procedure

Before presenting the different algorithms used in Supervised Learning, it is important
to describe the way we learn a model. The aim of this section is to describe the right
way to evaluate an algorithm and to tune its hyper-parameters, when the optimization
problem involves one or several of them. We also present the classical performance
measures used to evaluate a model in regression and in classification.

About this section

In this section you will learn to:
• split a dataset into training, validation and test sets, and know which decision each

of them is allowed to influence;
• tune hyper-parameters by (stratified) k-fold cross-validation, and read validation

and learning curves to diagnose under- and over-fitting;
• recognize the most common forms of data leakage, which make an evaluation over-

optimistic;
• compute and interpret the measures derived from a confusion matrix (accuracy,

recall, precision, Fβ, balanced accuracy, . . . );
• build a ROC curve by moving a decision threshold, and know when a precision-recall

curve is more informative.

7.1 How to train and tune a Model

Imagine that we want to solve a given task in practice, such as a classification task, and
that we have a labeled dataset {(xi, yi)}mi=1 for this purpose. Our goal is then to learn
from our data a hypothesis h that solves this task as well as possible. We also want our
model to generalize well to new data that it has not encountered yet. This last point
is important because it is what allows us to deploy algorithms in production to solve
tasks automatically.

The first question that arises is:
How can we measure the performance of our model on data that it has not encountered yet,

starting from the data we have?

This is the first step of an experimental protocol in Machine Learning. In order
to evaluate the performance of the model learned from our dataset, we start by splitting
the dataset into two sets: a training set and a test set (see Figure 45).

Sample S (100%)

Training set (70%) Test set (30%)

learn the model evaluate it, once

Figure 45: Illustration, with typical proportions, of how to split the sample into a training set
and a test set.

113 - Statistical Supervised Machine Learning



Training set This set is used to learn the parameters of the model, e.g. the param-
eters of a linear separator or of a linear regression model. The algorithm has access to
the features xi and to the labels yi of the data in order to be trained.

Test set This set is used to evaluate the model once it has been learned. The predic-
tion is only based on the descriptors xi of the data, and the labels are used a posteriori
only, to check whether the predictions made by the model are correct or not, i.e. to
evaluate the performance of the model on new data, that is, data that have not been
seen during training.

Usually, we keep approximately 2/3 (or 70% to 80%) of the examples to train the
model and the remaining examples to test it. It is important to keep a large amount
of data to train the model, so that it is able to capture all the specificities of the data:
indeed, the more data you have, the better they describe the underlying distribution.
However, it is also important to keep enough examples in the test set so that the
observed results are statistically significant. Note that the split should be random (and,
in classification, it is common to preserve the class proportions in both sets, which is
called a stratified split).

In a nutshell The test set plays the role of the final exam of a student. The
training set contains the exercises studied during the semester. If the exam is
made of exercises already solved in class, a good grade only proves that the
student has a good memory, not that they have understood the course. Likewise,
a model must be evaluated on examples that it has never seen, and the exam
must remain sealed until the very end.

But what about hyper-parameter tuning?
The methodology presented above evaluates the model, but it does not solve

the problem of hyper-parameter tuning: the test set must never be used to choose
the hyper-parameters, otherwise the test performance would be an optimistic estimate
of the generalization performance. The first thing we can do is to mimic the previous
procedure, but on the training set! We thus obtain a sort of test set, called the validation
set, which can be used to evaluate the performance of the model learned with each value
of the hyper-parameter. More concretely, imagine that we aim to learn a hypothesis h
which depends on a parameter θ and on a hyper-parameter λ. To tune the value of λ,
we first select a range of candidate values for λ, denoted by λi, and the process works
as follows:

1. Split the dataset into a training set and a test set.

2. Split the training set into a learning set and a validation set.

3. For each value λi:

(a) train your hypothesis (i.e. learn the parameter θ) with λi on the learning
set;

(b) evaluate the performance of the learned model on the validation set. This
gives you a performance pi.

4. Keep the hyper-parameter value associated with the highest performance pi; we
denote its index by imax.
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5. Learn a model on the whole training set using the hyper-parameter value λimax .

6. Evaluate this model on the test set.

Sample S (100%)

Training set (70%) Test set (30%)

Learning set (80% of 70%) Valid. Test set (30%)

learn one model
per value λi

choose
λimax

final
evaluation

Figure 46: Illustration, with typical proportions, of how to split the sample into training and
test sets, and then the training set into learning and validation sets.

The splitting process is illustrated in Figure 46. Note that, once the best hyper-
parameter value is found, the model is trained again using a larger amount of data (the
whole training set), in the hope of improving its performance. Figure 47 summarizes
the role of each set: each of them is allowed to influence one, and only one, kind of
decision.

learning set validation
set test set

training set (70%) test set (30%)

1. for each candidate λi,
learn the parameters θ

2. compare the λi,
keep λimax

3. learn the final model on the
whole training set with λimax

4. estimate its
performance, once

Figure 47: The hold-out protocol: which set is used for which decision. The parameters are
learned on the learning set, the hyper-parameters are chosen on the validation set, and the test
set is only used at the very end, to estimate the performance of the final model.

Pitfall: peeking at the test set If several models (or several values of a hyper-
parameter) are evaluated on the test set and the best one is reported, the test
set has in fact been used as a validation set, and the reported score is optimistic:
among many noisy scores, the largest one is partly large by chance (this is made
precise in Proposition 11.1 of Section 11). The same holds if the test set is used
to choose the features, the preprocessing or the decision threshold of a classifier.
Once a test score has been looked at, any decision taken on its basis turns the
test set into a validation set.

Comparing the training and validation performances is also a way to diagnose the
behavior of the model: if the model performs much better on the learning set than on
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the validation set, it probably suffers from over-fitting; if its performance is poor on
both sets, it probably suffers from under-fitting. This diagnosis is conveniently made
with two plots, illustrated in Figure 48.

• The validation curve shows the training and validation scores as a function of a
hyper-parameter that controls the complexity of the model (here, the maximal
depth of a decision tree). The training score keeps increasing with the complexity,
while the validation score first increases (the bias decreases) and then decreases
(the variance increases): the best value lies at the top of the validation curve.

• The learning curve shows the same scores, for a fixed model, as a function of the
size of the learning set. The gap between the two curves shrinks as more data
become available; if the validation curve is still increasing at the right end of the
plot, collecting more data is likely to improve the model.

5 10 15
hyper-parameter: maximal depth of the tree
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size of the learning set
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1.0
Learning curve (maximal depth 4)

Figure 48: Left: validation curve of a decision tree on a synthetic dataset with 15% of noisy
labels; the shaded areas represent ± one standard deviation over the 5 folds. Deep trees fit the
training set almost perfectly but generalize worse. Right: learning curve of the selected tree;
the gap between training and validation accuracy shrinks when the learning set grows. [ code:
make_figures_ch06.py: fig_ch06_validation_curve ]

However, this tuning technique can be improved. Indeed, it has a flaw: the
validation relies on a single, rather small, subset of the data, hence potentially on a
small part of their distribution, and the result may depend a lot on this particular split.

In the previous section, we mentioned cross-validation as a way to tune hyper-
parameters. What does it consist of? Let us illustrate it using Figure 49.

In this case, the training set is no longer split into two groups; instead, it is split
into k groups, called folds. The tuning process is then the following:

1. For each value λi of the hyper-parameter:

(a) at the first round, select the first fold as the validation set and the k − 1
others as the learning set. This gives a first performance measure p1;

(b) at the second round, select the second fold as the validation set and the k−1
others as the learning set. This gives a second performance measure p2;

(c) . . .
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1 2 3 4 5 6 7 8 9 10fold
round 1 p1 = 93%

round 2 p2 = 90%

round 3 p3 = 91%

round 10 p10 = 95%

...
...

cross-validation score: s = 1
10

10∑︂
l=1

pl = 93 + 90 + 91 + · · ·+ 95
10 %

learning folds (fit the model) validation fold (measure pl)

Figure 49: Illustration of the cross-validation process using a 10-fold cross-validation. The
training set is divided into 10 folds, or groups. At each round, the model is learned on 9 folds
(blue) and validated on the remaining one (orange), which gives a performance pl, here an
accuracy. The validation fold changes at each round, so that every example of the training set
is used exactly once for validation. The cross-validation score is the average of the 10 values
p1, . . . , p10.

(d) at round k, select fold k as the validation set and the k − 1 others as the
learning set. This gives a last performance measure pk;

(e) compute si = 1
k

∑︁k
l=1 pl, i.e. the average score over the k rounds.

2. Keep the hyper-parameter value associated with the highest score si; we denote
its index by imax.

3. Learn a model on the whole training set using the hyper-parameter value λimax .

4. Evaluate this model on the test set.

With this tuning method, every example of the training set is used once for
validation, so that a larger part of the underlying distribution is explored. In practice,
it therefore leads to a more reliable choice of the hyper-parameters. However, it requires
learning as many models as there are folds (i.e. k) times the number of hyper-parameter
values to test. Common choices are k = 5 or k = 10.

Remark on the number of folds The extreme case k = m, where each fold
contains a single example, is called leave-one-out cross-validation. Since each
model is learned on m − 1 examples, its estimate is almost unbiased, but it is
costly and its variance can be large, because the m learned models are almost
identical. Conversely, a small k learns models on noticeably fewer examples than
the final one, which makes the estimate pessimistic. The values k = 5 or k = 10
are a good trade-off in practice Kohavi (1995); see Arlot and Celisse (2010) for a
survey. In classification, the folds should be stratified, i.e. each of them should
have the class proportions of the whole training set.

Example 7.1. Suppose that we want to choose the regularization constant λ of the lasso
among the 5 values {10−3, 10−2, 10−1, 1, 10} using a 10-fold cross-validation. We then
learn 5× 10 = 50 models, compute 5 average scores s1, . . . , s5, keep the best value of λ,
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and learn a 51st model on the whole training set, which is finally evaluated once on the
test set.

Remark on nested cross-validation When data are too scarce to set a test
set aside, the cross-validation can itself be repeated inside another one: an outer
cross-validation estimates the performance, and, in each of its rounds, an inner
cross-validation chooses the hyper-parameters on the outer training folds only.
This nested cross-validation Varma and Simon (2006) is detailed in Section 11.5
(see Figure 104).

Pitfall: data leakage through preprocessing Every step whose parameters
are estimated from the data is part of the learning procedure, and must only see
the learning data. A classical mistake is to standardize the features (with means
and variances computed on the whole dataset), to impute the missing values, or
to select the most relevant features before splitting the data or running the cross-
validation: the validation and test examples then influence the model through
the preprocessing. With standardization, the effect is often small; with feature
selection, it can be dramatic Ambroise and McLachlan (2002), (Hastie et al.,
2009, Section 7.10.2). In Figure 50, the labels are pure noise, so no classifier can
do better than 50% of accuracy; yet, selecting the 20 features that are the most
correlated with the labels on the whole dataset before running the cross-validation
leads to an estimated accuracy above 90%. The cure is to fit the preprocessing
inside each round of the cross-validation, e.g. with a pipeline (Section 11.4).
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Figure 50: Feature selection must be part of the cross-validation. Each of the 40 runs draws
m = 50 examples with 2000 Gaussian features and random labels, keeps the 20 features most
correlated with the labels and estimates the accuracy of a logistic regression by 5-fold cross-
validation. Red: the features are selected once, on the whole dataset (leakage). Blue: they are
selected again on the learning folds of each round.[ code: make_figures_ch06.py: fig_ch06_leakage ]

So far, we have mentioned performance measures without ever explaining what
they are. In Section 6.1, we already hinted at a potential performance measure when we
talked about the number of errors made by a classifier (the error rate, whose complement
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is called the accuracy). The next subsection is devoted to the presentation of classical
performance measures in classification and regression.

7.2 Performance Measures

The choice of the performance measure depends on the nature of the problem, i.e.
classification or regression, but also on what matters for the application at hand.

As in the previous section, we denote by x the feature vector and by y the label,
or the real value to predict. We also denote by ŷ = h(x) the output of a hypothesis h.
All the measures below are computed on a set of m examples (typically a validation or
a test set).

7.2.1 Regression tasks

In regression tasks, where the output space satisfies Y ⊂ R, we have already met several
performance measures.

The most widely used one is the Mean Squared Error (MSE), which is the mean
value, over all examples, of the squared difference between the predicted value ŷ and
the true value y:

MSEh = 1
m

m∑︂
i=1

(yi − ŷi)2.

Up to the constant 1/m, the MSE is the squared ℓ2 norm of the vector y− ŷ, i.e.
MSEh = 1

m ∥y− ŷ∥22. Its main advantage is that it is convex and differentiable, and
can thus be directly optimized. One also often considers the Root Mean Squared Error
(RMSE), which has the advantage of being expressed in the same unit as the target y,
and is therefore easier to interpret:

RMSEh =

⌜⃓⃓⎷ 1
m

m∑︂
i=1

(yi − ŷi)2.

The MSE is certainly the most used performance measure in regression. However,
it has an important flaw: it is very sensitive to outliers. When an observation lies far
from the regression line, its squared deviation, hence its contribution to the MSE,
quickly becomes very large. When the MSE is used as the training criterion, this also
introduces an important bias in the model, which is attracted towards the outliers (see
Figure 51). That is why we often use another performance measure, the Mean Absolute
Error (MAE), which is the mean value, over all examples, of the absolute difference
between the predicted value ŷ and the true value y:

MAEh = 1
m

m∑︂
i=1
|yi − ŷi|.

Up to the constant 1/m, the MAE is the ℓ1 norm of the vector y− ŷ.
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Example 7.2. Consider m = 4 examples with residuals yi − ŷi equal to 1,−1, 1 and −1.
Then MSE = MAE = 1. If the last residual is replaced by −9 (an outlier), the MAE
becomes (1 + 1 + 1 + 9)/4 = 3, whereas the MSE becomes (1 + 1 + 1 + 81)/4 = 21: the
single outlier accounts for more than 95% of the MSE.

Other measures of the quality of a regression model were met in the Linear Models
course, such as the AIC and BIC criteria, or the coefficient of determination R2, defined
by

R2 = 1−
∑︁m

i=1(yi − ŷi)2∑︁m
i=1(yi − ȳ)2 , where ȳ = 1

m

m∑︂
i=1

yi,

which compares the error of the model to that of the constant predictor ȳ: the closer
R2 is to 1, the better the model.
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Figure 51: Sensitivity of the MSE to outliers. Left: a least-squares regression line fitted on
30 points without outliers. Right: the same data in which three responses have been shifted
upwards (open circles); the least-squares line (solid) is attracted towards them and moves away
from the line fitted without outliers (dashed). The MSE of the fitted line is multiplied by more
than 10 (from 45 to 478), the MAE only by about 2.6 (from 5.4 to 14.3). [ code:
make_figures_ch06.py: fig_ch06_mse_outliers ]

7.2.2 Classification tasks

In this section, we present different metrics, or performance measures, that are suited
to the binary setting. Some of them can easily be extended to the multi-class setting,
as explained at the end of this section.

We consider a binary classification problem with two classes: y = −1 and y = 1.
The class y = 1 is called the positive class and the class y = −1 the negative one8. In
many applications (fraud, disease, spam), the positive class is the class of interest and is
also the minority class. In this setting, we can compute several performance measures
from a Confusion Matrix, an example of which is given in Table 2. An example from the
positive class that is predicted positive by the learned model is called a True Positive
(TP); if it is misclassified, it is called a False Negative (FN). Similarly, an example from
the negative class that is well classified is called a True Negative (TN), and a False

8We will sometimes use the label 0 to denote the negative class, for the sake of simplicity, when
presenting some of the algorithms.
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Positive (FP) otherwise. With a slight abuse of notation, TP, FN, FP and TN also
denote the numbers of such examples, so that TP + FN + FP + TN = m.

Predicted positive Predicted negative
(h(x) = 1) (h(x) = 0)

Actual positive True Positive (TP) False Negative (FN)(y = 1)
Actual negative False Positive (FP) True Negative (TN)(y = 0)

Table 2: Confusion matrix for a binary classification task. The label is denoted by y and the
prediction by h(x).

Standard Measures The most common performance measure used to evaluate an al-
gorithm is the Accuracy, which is the complement of the Error rate. Using the notations
of Table 2, they are defined as follows.

Definition 7.1: Accuracy - Error rate

Let us consider a set of m examples and a hypothesis h which leads to a given
confusion matrix on these examples. The Accuracy of h is then defined by:

Accuracy = TP + TN

m
,

and the Error rate is defined by:

Error rate = 1−Accuracy = FP + FN

m
.

Although this measure is the most used one to evaluate the performance of algo-
rithms, it is not relevant in all settings, e.g. when the dataset is imbalanced, i.e. when
one class is much less represented than the other.

Example 7.3. Let us consider a dataset with m = 100,000 examples. Suppose that the
number of positive examples is m+ = 1,000 and the number of negative examples is
m− = 99,000. Then a trivial classifier, which predicts all the examples as negative,
achieves an accuracy of 99%. This looks good at first glance, but this solution is not
satisfactory because the learned hypothesis does not detect a single example of the
positive class.

To overcome the issue raised in the above example, we need another performance
measure which takes into account the ability of the model h to capture the minority
class.

Definition 7.2: Sensitivity or Recall

Let us consider a set of m examples and a hypothesis h which leads to a given
confusion matrix on these examples. The Sensitivity, also known as Recall or True
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Positive Rate, of a classifier h is defined as:

Recall = TP

TP + FN
.

By definition, the Recall is the proportion of examples of the class of interest
that the model is able to retrieve. The higher this value (i.e. the closer to 1), the
more examples of the minority class are retrieved (the trivial classifier of the previous
example has a Recall equal to 0). Because it measures the ability of a model to detect
the examples of the minority class, the Recall is a good candidate for a performance
measure in imbalanced scenarios, e.g. in medical diagnosis, where missing a patient
with a serious disease can be fatal.

In other applications, such as in banking, it is important to be confident in positive
predictions: e.g. when an individual is denied a more or less fundamental right (such
as a loan), the decision had better be the right one, otherwise there could be serious
consequences for the company or organization that made the decision. In this case, we
want the model to be reliable when it predicts the positive class, i.e. we focus on the
Precision of the model.

Definition 7.3: Precision

Let us consider a set of m examples and a hypothesis h which leads to a given
confusion matrix on these examples. The Precision, also called Positive Predictive
Value, of a hypothesis h is defined as:

Precision = TP

TP + FP
.

The Precision is the proportion of correct predictions among the examples pre-
dicted positive. Note that Recall and Precision are usually in tension: predicting more
examples as positive tends to increase the Recall and to decrease the Precision.

In a nutshell Both measures share the same numerator, TP , but they look at
the confusion matrix of Table 2 in two different directions. The Recall reads the
first row: among the examples that are positive, how many did we find? The
Precision reads the first column: among the examples that we predicted positive,
how many are really positive? A search engine returning a single, relevant page
has a perfect Precision but a poor Recall; one returning the whole web has a
perfect Recall but a poor Precision.

Other performance measures Konukoglu and Ganz (2014); Branco et al. (2016)
based on the confusion matrix of h are given below:

True Negative Rate = TN

TN + FP
, False Negative Rate = FN

FN + TP
,

False Positive Rate = FP

FP + TN
, Negative Predictive Value = TN

TN + FN
.
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Such measures can be seen as complementary to the Precision and the Recall. Note
that the True Negative Rate is also known as Specificity, and that False Positive Rate =
1−Specificity and False Negative Rate = 1−Recall. As shown before, the choice of the
metric depends on the user’s preferences Torgo and Ribeiro (2007); Torgo and Lopes
(2011).

In imbalanced settings, such as fraud detection, it is important to take into account
both the Precision and the Recall of the model. This is the goal of the F-measure,
introduced in the seventies Rijsbergen (1979).

A Versatile Measure: the F-measure The F-measure is a good performance mea-
sure when a user wants to focus on the behavior of a model on a minority class. It
is widely used in information retrieval Sanderson (1994) and, of course, in fraud and
anomaly detection Gee (2014); Bahnsen et al. (2014); Bolton and Hand (2002). It is
defined as a weighted harmonic mean of the Precision and the Recall, and depends on
a parameter β > 0. Denoting by P = TP + FN the number of positive examples, it
reads:

Fβ = (1 + β2) Precision× Recall
β2 × Precision + Recall

= (1 + β2)TP

(1 + β2)TP + β2FN + FP
= (1 + β2)(P − FN)

(1 + β2)P − FN + FP
.

An illustration of the F-measure is given in Figure 52. The F-measure is a flexible
measure: by modifying the value of β, the user controls the relative importance of the
Precision and the Recall. If β = 1, the same weight is given to both. If the user wants
to give more importance to the Recall, they can choose a value of β greater than one;
by choosing β < 1, they give more importance to the Precision.
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Figure 52: The F-measure F1 as a function of the numbers of false negatives (FN) and false
positives (FP), with 50 positive and 500 negative examples. Left: map of F1 with some of its
level lines, which are straight lines. Middle: sections at a fixed FP, which are concave functions
of FN. Right: sections at a fixed FN, which are convex functions of FP. The F-measure is
therefore neither convex nor concave in the entries of the confusion matrix. [ code:
make_figures_ch06.py: fig_ch06_fmeasure ]

Example 7.4. Let us consider a sample of 1000 instances in which the minority class
represents 1% of the data, so that we have 10 positive examples for 990 negative ones.
Let us also consider two hypotheses, h1 and h2, with the following confusion matrices:
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h1

Predicted positive Predicted negative
Actual positive TP = 3 FN = 7
Actual negative FP = 0 TN = 990

h2

Predicted positive Predicted negative
Actual positive TP = 9 FN = 1
Actual negative FP = 6 TN = 984

Both classifiers have the same error rate, 7/1000 = 0.7%, which is less than 1%.
The first classifier, h1, has a Precision equal to 1 and a Recall equal to 0.3, while for the
second classifier, h2, these two values are respectively equal to 9/15 = 0.6 and 0.9. These
two classifiers lead to very different F-measures (with β = 1): 2× 0.3/1.3 ≈ 0.46 for the
first hypothesis and 2×0.54/1.5 = 0.72 for the second one. Despite the perfect Precision
reached by the first classifier, its F-measure remains lower than the one achieved by h2.

Despite its usefulness in imbalanced scenarios, the F-measure remains, compared
to the Accuracy, hard to optimize. It presents two main drawbacks: (i) it is non-linear
in the entries of the confusion matrix and (ii) it is neither convex nor concave in these
entries, as depicted in Figure 52: for a fixed FP, it is a concave function of FN, while for
a fixed FN, it is a convex function of FP. Because of (i), the F-measure cannot be written
as an average of losses over the examples, which makes it hard to derive generalization
guarantees for it. Moreover, like the accuracy, it is computed from counts of errors and
is thus piecewise constant with respect to the parameters of the model, so standard
gradient descent algorithms cannot be used to optimize it directly. Because of (ii), the
optimization problems obtained when the F-measure is expressed as a function of the
parameters of the model are non-convex, and an optimization algorithm can get stuck
in local optima that may be far from the optimal solution. However, the literature offers
many studies and algorithms dealing with this task Zhao et al. (2013); Busa-Fekete et al.
(2015).

7.2.3 Other Performance Measures

The Class Weighted Accuracy, denoted by CWA and proposed by Cohen et al. (2006),
is similar in spirit to the F-measure. However, it no longer involves the Precision but the
Specificity instead, which, like the Precision, penalizes false positives. It is expressed
as a convex combination of the Sensitivity (i.e. the Recall) and the Specificity: for any
α ∈ [0, 1],

CWA = α× Sensitivity + (1− α)× Specificity.

As for the parameter β of the F-measure, the user chooses the value of the pa-
rameter α. With α = 1/2, it is called the balanced accuracy; the trivial classifier of the
example above then gets a score of only 0.5.

Another evaluation metric used in imbalanced scenarios is the G-mean. As for the
Class Weighted Accuracy, its expression depends on both Sensitivity and Specificity: it
is the square root of the product (i.e. the geometric mean) of these two quantities:

G-mean =
√︁

Specificity× Sensitivity.
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This measure is used in imbalanced scenarios because it takes into account the
performance on both classes, while giving the same importance to each class.

A last popular evaluation metric used in imbalanced scenarios is the AUC
ROC Metz (1978); Cortes and Mohri (2004), the “Area Under the Receiver Operating
Characteristic curve”. This metric is used when the learned model returns a score,
such as a confidence in its prediction, and an example is predicted positive when its
score exceeds a threshold. Each value of the threshold gives a pair (False Positive Rate,
Recall); the ROC curve is obtained by plotting the Recall (True Positive Rate) against
the False Positive Rate for all possible thresholds, i.e. for all the scores obtained by
the model on the examples (see Figure 54). The AUC is the area under this curve:
it equals 1 for a perfect ranking and 0.5 for a random one, and it can be interpreted
as the probability that a randomly drawn positive example gets a higher score than a
randomly drawn negative example. The closer to 1 the AUC, the better the model.

More precisely, let f(x) denote the score of the model, and let ht(x) = 1 if f(x) ≥ t
and −1 otherwise be the classifier obtained with the threshold t. Denoting by m+ and
m− the numbers of positive and negative examples, the ROC curve is the set of points

(︁
FPR(t), TPR(t)

)︁
=

⎛⎝ 1
m−

∑︂
i: yi=−1

1[f(xi) ≥ t] ,
1

m+

∑︂
i: yi=1

1[f(xi) ≥ t]

⎞⎠ , t ∈ R.

When t decreases from +∞ to −∞, more and more examples are predicted positive,
and the point moves from (0, 0) (everything is predicted negative) to (1, 1) (everything
is predicted positive), as illustrated in Figure 53. Each positive example that passes
the threshold moves the curve up by 1/m+, and each negative example moves it right
by 1/m−: the curve is therefore a staircase, and it only depends on the ranking of the
examples induced by the scores, not on the values of the scores themselves. Counting,
for each positive example, the proportion of negative examples with a lower score, one
obtains the equivalent expression

AUC = 1
m+m−

∑︂
i: yi=1

∑︂
j: yj=−1

1[f(xi) > f(xj)]

(ties being counted for 1/2), which is exactly the probabilistic interpretation given
above Fawcett (2006).

Historical note ROC curves come from signal detection theory, developed dur-
ing the Second World War to analyze radar signals: an operator had to decide
whether a blip on the screen was an enemy aircraft (a “signal”) or noise, and the
curve described the trade-off between detections and false alarms, hence the name
Receiver Operating Characteristic. They were then adopted in psychology and
in medical diagnosis Metz (1978), before becoming a standard tool in machine
learning Fawcett (2006).

Compared to the previous measures, the ROC curve allows us to visualize the
performance of the model for all thresholds at once. Furthermore, it is often used to
choose the appropriate threshold for the task at hand. It also makes it possible to plot
several models on a single graph and to choose the one best suited to a given purpose.
The ideal model is the one that achieves a True Positive Rate equal to 1 while the False
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Figure 53: Construction of a ROC curve. Left: distribution of the scores of the negative and
positive examples. A threshold t predicts positive every example on its right; the proportion of
positive (resp. negative) examples on its right is the True (resp. False) Positive Rate. Right:
each threshold gives one point of the ROC curve; a high threshold t3 gives few false positives
but a low recall, a low threshold t1 the opposite. The more the two distributions overlap, the
closer the curve to the diagonal. [ code: make_figures_ch06.py: fig_ch06_roc_construction ]
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Figure 54: ROC curves and AUC of two classifiers evaluated on the same 300 examples. The
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[ code: make_figures_ch06.py: fig_ch06_roc_two_models ]
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Positive Rate remains equal to 0, i.e. a model for which all the examples of the minority
class have a greater score than the examples of the majority class.

There exist other measures used in imbalanced scenarios, such as the Average
Precision, the H-measure or the Precision-Recall curve, to cite a few Frery et al. (2017);
Ferri et al. (2009); Jeni et al. (2013); Branco et al. (2016); Behl et al. (2014). Although
most of them were designed for imbalanced tasks, they can also be used to evaluate
performance in standard contexts. The Precision-Recall curve is built exactly like the
ROC curve, by moving the threshold t, but it plots the Precision against the Recall; the
area under this curve is usually estimated by the Average Precision (AP).

Pitfall: a ROC curve can hide a poor Precision The True and False Posi-
tive Rates are each computed within one class, so the ROC curve and the AUC do
not depend on the class proportions. This is a strength when comparing models
across datasets, but it can be misleading in a strongly imbalanced setting: a False
Positive Rate of 5% looks small, yet with 99 negatives for each positive it means
about five false alarms for each positive example of the dataset. The Precision,
on the contrary, involves both classes and directly reveals this problem. In Fig-
ure 55, the scores of each class have the same distribution in both datasets: the
ROC curves are identical, whereas the Precision-Recall curves are very different.
When the positive class is rare, the Precision-Recall curve is therefore more infor-
mative Davis and Goadrich (2006); Saito and Rehmsmeier (2015). Note also that
the curve of a random classifier is the diagonal in ROC space, but a horizontal
line at the proportion of positives in Precision-Recall space.
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Figure 55: ROC curves (left) and Precision-Recall curves (right) of the same scoring function
on a balanced dataset (500 positives, 500 negatives) and on an imbalanced one (500 positives,
49,500 negatives). The AUC is unchanged, but the Average Precision drops from 0.93 to 0.30.
The dotted horizontal lines give the Precision of a random classifier, i.e. the proportion of
positives. [ code: make_figures_ch06.py: fig_ch06_roc_vs_pr ]

Multi-class setting. The Accuracy and the Error rate extend directly to q > 2
classes, as the proportions of well-classified and misclassified examples, and the confusion
matrix becomes a q × q table. The other measures (Recall, Precision, F-measure, . . . )
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are computed for each class c by considering c as the positive class and all the other
classes as the negative one (one-versus-rest); the q values obtained are then averaged,
either with equal weights (macro-averaging) or by first summing the TP, FP and FN
counts over the classes (micro-averaging).

Now that we have explained how to learn, tune and evaluate a model in general,
it is time to present some fundamental algorithms of supervised Machine Learning.

To remember from Section 7

• The parameters are learned on the learning set, the hyper-parameters are
chosen on a validation set (or by k-fold cross-validation on the training set),
and the test set is used once, at the end, to estimate the performance of
the final model.

• Validation and learning curves compare the training and validation scores
to diagnose under-fitting (both are poor) and over-fitting (large gap).

• Any step estimated from the data (scaling, imputation, feature selection,
resampling) belongs to the learning procedure and must be fitted on the
learning data only; otherwise, there is a data leakage and the evaluation is
optimistic.

• In regression, the MSE penalizes large errors much more than the MAE,
which is more robust to outliers.

• In classification, the accuracy is misleading on imbalanced data; the Recall
(row of the confusion matrix), the Precision (column), the Fβ-measure, the
balanced accuracy or the G-mean focus on the minority class.

• The ROC curve is obtained by moving the threshold of a scoring function;
its area is the probability that a positive example is ranked above a negative
one. When positives are rare, the Precision-Recall curve is more informative.

Check your understanding

Short questions to test yourself; the answers are in Appendix A (click on the number of a question
to see its answer).

How to train and tune a Model

Q7.1. Why must the hyper-parameters never be chosen on the test set?

Q7.2. After a 10-fold cross-validation has selected λimax , which model is evaluated on the test
set?

Q7.3. A model reaches 99% of accuracy on the learning set and 70% on the validation set.
What is your diagnosis, and what could you try?

Q7.4. What is wrong with standardizing the features of the whole dataset and then running a
cross-validation?

Q7.5. Two hyper-parameters are tuned on a grid of 4×3 values by 5-fold cross-validation. How
many models are learned, including the final one?

Q7.6. True or false? Leave-one-out cross-validation is always the best choice, since each model
is learned on m− 1 examples.
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Q7.7. On a learning curve, the training and validation accuracies are both around 65% and are
almost flat for the largest learning sets. Will collecting more data help?

Q7.8. Why is the best average score obtained during a cross-validated grid search not a reliable
estimate of the performance of the selected model?

Synthesis of the section

Q7.9. On a dataset with 1% of positives, what are the accuracy, the Recall and the balanced
accuracy of the classifier that always predicts the negative class?

Q7.10. A model has an AUC of 0.5. What does it mean? Why can a model with an AUC of
0.95 still be useless when positives are very rare?

Q7.11. The residuals of a regression model on four examples are 2,−2, 0, 0. Compute its MSE,
RMSE and MAE.

Q7.12. True or false? The coefficient R2 of a model computed on a test set always lies in [0, 1].

Q7.13. A classifier gives TP = 40, FN = 10, FP = 20 and TN = 930. Compute its accuracy,
Recall, Precision and F1.

Q7.14. True or false? The F1-measure always lies between the Precision and the Recall.

Q7.15. What does Fβ become when β → 0 and when β → +∞?

Q7.16. What happens to the ROC curve and to the AUC if all the scores f(xi) are replaced
by exp(f(xi))? By −f(xi)?
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8 Supervised Algorithms

About this section

Guiding question. Given a labeled sample, which classical algorithms can we use, what
do they optimize, and how do their hyperparameters control their behavior?
In this section you will learn to:

• explain why convex surrogate losses replace the 0-1 loss, and recognize the hinge,
logistic and exponential losses;

• use the k-NN rule, and anticipate the effect of k, of the scaling of the features and
of the dimension;

• derive the hard and soft margin SVM problems and their dual, and use the kernel
trick to obtain nonlinear classifiers;

• fit linear, logistic and multinomial logistic regression models, with L1 or L2 regu-
larization;

• build a kernel regression estimator and a decision tree, and relate their hyperpa-
rameters (bandwidth, depth) to the bias-variance trade-off.

8.1 Surrogate losses

In Section 6, generalization bounds based on uniform deviations were presented for
a loss function ℓ taking its values in [0, 1], typically the 0-1 loss in the context of
classification. However, as we have already pointed out, this loss is hard to optimize from
an algorithmic point of view because it is neither convex nor differentiable. We therefore
rather use convex (and sometimes differentiable) relaxations of it, called surrogate losses,
to learn our hypothesis h(·, ·), whose two arguments are respectively the parameters w
of the model and an input x. When the parameters are clear from the context, we simply
write h(x). The 0-1 loss and some of its surrogates are represented in Figure 56; they
are all written as functions of the quantity yh(x), which is positive when the prediction
is correct and negative otherwise.

Among these surrogates, the hinge loss is the one used to train a Support Vector
Machine Boser et al. (1992); Vapnik and Cortes (1995). It is used for classification tasks
and is defined by

ℓ(h(w, x), y) = [1− yh(w, x)]+
= max(0, 1− yh(w, x)).

Another well-known surrogate is the exponential loss, which is widely used in the
context of boosting Friedman et al. (2000):

ℓ(h(w, x), y) = exp(−yh(w, x)).

Compared to the hinge loss, the exponential loss penalizes errors much more heavily
(the penalty grows exponentially with the size of the error) and it never equals 0.

Finally, the logistic loss, used to train a logistic regression model Mohri et al.
(2012), is defined by

ℓ(h(w, x), y) = 1
ln(2) ln (1 + exp(−yh(w, x))) .
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The constant 1/ ln(2) is only a normalization ensuring that the loss equals 1 when
yh(w, x) = 0, as the 0-1 loss does; it is often omitted. Note that this definition holds
when y ∈ {−1, 1} and h(w, x) ∈ R. There is another, equivalent, definition when we
focus on the probability of belonging to one class or the other, i.e. when y ∈ {0, 1} and
the score h(w, x) ∈ R is turned into a probability σ(h(w, x)) ∈ [0, 1] with the logistic
function σ(t) = 1/(1 + exp(−t)). This variant Cox (1958), also called the cross-entropy
loss, is defined by

ℓ(h(w, x), y) = −y ln
(︃ 1

1 + exp(−h(w, x))

)︃
− (1− y) ln

(︃
1− 1

1 + exp(−h(w, x))

)︃
.

One can check that, up to the constant 1/ ln(2), both definitions coincide when the label
y ∈ {0, 1} is mapped to 2y − 1 ∈ {−1, 1}: for y = 1 the loss is ln(1 + exp(−h(w, x))),
and for y = 0 it is ln(1 + exp(h(w, x))).
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Figure 56: Examples of loss functions used for classification tasks, as functions of the margin
t = yh(x): the 0-1 loss, the hinge loss (used by the SVM algorithm), the normalized logistic loss
(used for logistic regression) and the exponential loss (used in the context of boosting). All the
surrogates upper bound the 0-1 loss and are convex. [ code: make_figures_ch07.py: fig_losses ]

We now present the main algorithms used in supervised learning.

8.2 k-Nearest Neighbors

A description of the algorithm The k-Nearest Neighbors algorithm (k-NN) Cover
and Hart (1967) is a nonparametric method: it does not make any assumption on
the underlying distribution of the data. To predict the label of a new instance x′, it
computes the “distances” between this new query x′ and all the samples xi ∈ S. Then,
for a chosen value of k, it looks for the k nearest neighbors of x′ and predicts the label
of x′ by a majority vote, i.e.

ŷ(x′) = arg max
y∈Y

ky

k
,

where ky denotes the number of neighbors of x′, among the k nearest ones, whose label
is y. In other words, the predicted label ŷ(x′) is the most represented class in the
k-neighborhood of the new query x′.
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Example 8.1. An example of the use of the k-NN algorithm is depicted in Figure 57. It
shows how much the prediction for a new instance depends on the choice of k. In this
example, the new point is close to points of both classes, which is why its prediction
varies with k: it is predicted “red” (class −1) when k is equal to 3 or 5, “blue” (class
+1) when k = 9, and “red” again when k = 11.

k= 3

k= 5

k= 9

k= 11

x′

k votes prediction

3 1 / 2 −1

5 2 / 3 −1

9 5 / 4 +1

11 5 / 6 −1

(blue / red)

Figure 57: Illustration of the k-NN algorithm with the Euclidean distance. Left: a query x′

(white disc) and the training points of the two classes; the dashed circles contain its k nearest
neighbors. Right: number of votes for each class and predicted label. The prediction depends
on the value of k. [ code: make_figures_ch07.py: fig_knn_vote ]

For small values of k, for instance k = 1, the algorithm assigns to the new example
x′ the label of its closest example in the training set: similar examples are assumed to
share the same label. This rule is the simplest one, and it has been shown Cover and
Hart (1967) that, when m tends to infinity, its error rate is at most twice the Bayes
error, i.e. the smallest error that can be achieved given the distribution of the data.
Conversely, when we increase the value of k, the decision becomes smoother. When
k is very large (typically when k = m), the label given to any new example is simply
the majority class of the dataset. This raises an important question: which value of k
should we choose? In practice, we usually rely on a cross-validation procedure to select
the best value of k.

In a nutshell The k-NN rule is a “tell me who your neighbors are” principle,
and k is its complexity knob, as shown in Figure 58. With k = 1, the decision
regions follow every training point, including the noisy ones: the training error is
0 but the boundary is very irregular (low bias, high variance, overfitting). With
a very large k, each prediction averages over a large part of the sample: the
boundary becomes almost straight and misses the curved structure of the classes
(high bias, low variance, underfitting). An intermediate value achieves the best
test error. Note that, contrary to most models, the complexity decreases when
the hyperparameter k increases.
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k= 1
train 0%, test 16%

k= 15
train 12%, test 11%

k= 100
train 18%, test 17%

Figure 58: Decision regions of the k-NN rule on a noisy two-moons dataset (m = 200) for k = 1,
15 and 100. The training error increases with k, while the test error (estimated on 5000 new
points) is the smallest for the intermediate value. [ code: make_figures_ch07.py: fig_knn_k ]

Some problems The dimension d of the data and the choice of the distance are also
important for this algorithm. Indeed, when dealing with high-dimensional data, some
features (or attributes), possibly non-informative ones, can have a huge impact on the
computation of the distance. This leads to a classification based on irrelevant features
and to poor performance. Furthermore, some features can weigh more in the distance
computation simply because they take larger values than the other ones. Most of the
time, the distance we use is the Euclidean one, i.e. for x, x′ ∈ Rd:

d2
2(x, x′) = ∥x− x′∥22 =

d∑︂
j=1

(xj − x′
j)2.

Example 8.2. Let us consider the following dataset, described by three features:
y x1 x2 x3

1 0.3 0.89 232
-1 -0.1 0.23 652
-1 0.2 0.7 122
1 0.3 -0.8 232

If we compute the Euclidean distance between the first and the second examples,
we get

d2
2(x1, x2) = ∥x1 − x2∥22

=
d∑︂

j=1
(x1j − x2j)2

= (0.3 + 0.1)2 + (0.89− 0.23)2 + (232− 652)2

≃ (232− 652)2.

The first two features have almost no impact on the computed distance, which
only depends on the third one.

To overcome this issue, we can change the distance we use. We can, for instance,
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use the Manhattan distance (associated with the L1-norm)9, i.e. for x, x′ ∈ Rd:

d1(x, x′) = ∥x− x′∥1 =
d∑︂

j=1
|xj − x′

j |.

We can also give a weight wj to each feature, according to the influence we want
it to have. For instance, if a feature is known to be noisy, we can give it a weight close
to 0, whereas if it is known to be informative, we can give it a weight close to 1; the
weighted Euclidean distance is then

√︂∑︁d
j=1 wj(xj − x′

j)2. The choice of the weights can
be guided by domain knowledge.

Finally, another method consists in rescaling the data, so that all the features take
their values in the same range or have the same mean and variance. The most common
transformations are the following:

• Standardization (also called normalization or z-score): for each feature
vector vj , we compute

vj ←
vj − µj

σj
,

where µj and σj are respectively the mean and the standard deviation of the
feature vector vj .

• Rescaling to the hypercube [−1, 1]d: for each feature vector vj , we compute

vj ← 2× vj −min vj

max vj −min vj
− 1.

• Rescaling to the hypercube [0, 1]d (also called min-max normalization):
for each feature vector vj , we compute

vj ←
vj −min vj

max vj −min vj
.

The first transformation centers and scales the data, so that each feature has zero
mean and unit variance, i.e. for all j ∈ J1, dK, the empirical mean of vj is 0 and its
empirical variance is 1 (note that it does not make the data normally distributed: it only
fixes the first two moments). The second and third transformations are very similar:
they simply shift and rescale the values of each feature so that they lie in the interval
[−1, 1] or [0, 1], respectively.

With the first transformation, all the features have the same variance and thus
the same weight in the distance (implicitly, they are all considered as carrying the same
quantity of information). This is not the case when we only rescale the features to a
hypercube.

9Note that all these distances are particular cases of the distance induced by the Lp-norm, defined
for all p ≥ 1 and all x, x′ ∈ Rd by

dp(x, x′) = ∥x − x′∥p = p

⌜⃓⃓⎷ d∑︂
j=1

|xj − x′
j |p.
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Algorithm 2: k-Nearest Neighbors
Input: training set S = {(xi, yi)}mi=1; an example x′ to classify; the number k

of nearest neighbors
Output: the predicted label ŷ(x′)

1 for i = 1, . . . , m do
2 compute the distance d(xi, x′);
3 sort the distances in increasing order;
4 keep the k nearest neighbors of x′ in S;
5 count the number of occurrences of each class among these k neighbors;
6 set ŷ(x′) to the most frequent class;

Example 8.3. Let us consider the data of Example 8.2 and apply the first transformation
(standardization, on the left, using the unbiased estimate of the standard deviation) and
the third one (min-max normalization, on the right) to this dataset.

y x1 x2 x3

1 0.66 0.84 -0.33
-1 -1.45 -0.03 1.46
-1 0.13 0.59 -0.80
1 0.66 -1.40 -0.33

y x1 x2 x3

1 1 1 0.21
-1 0 0.61 1
-1 0.75 0.89 0
1 1 0 0.21

After either transformation, the three features contribute to the distance on a
comparable scale.

Pitfall: forgetting to scale, or scaling with the test set This last suggestion
applies to all the algorithms based on a distance or on an inner product (k-
NN, SVM, kernel methods, regularized regressions, neural networks): rescaling
the data with one of the above methods can be done before using any other
learning algorithm. In practice, data normalization or scaling is almost always
performed, so keep it in mind when you run experiments. It generally improves
the performance of the algorithms when no expert is available to tell us how
important the features are. On a practical level, it also makes it easier to compare
algorithms with one another.
Be careful, however: the quantities µj , σj , min vj and max vj must be com-
puted on the training set only, and then applied unchanged to the validation and
test examples (and, within a cross-validation, recomputed on each training fold).
Computing them on the whole dataset lets information about the test set leak
into the model and gives over-optimistic performance estimates (see Section 7).
Decision trees, on the other hand, are insensitive to such monotone rescalings of
the features, since their splits only depend on the order of the values.

Algorithm and complexity The k-NN procedure is described in Algorithm 2. As
the reader may notice, to predict the class of a new instance x′, we need to keep the
whole training set in memory and to compute the distance between the new example
and every training instance.

As a consequence, the prediction of a single example costs O(md) operations to
compute the distances, plus O(m log m) operations to sort them (or only O(mk) if we
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Algorithm 3: Condensed Nearest Neighbor
Input: training set S = {(xi, yi)}mi=1
Output: a smaller sample S′ ⊂ S

1 S′ ← ∅;
2 select an example of S at random, remove it from S and add it to S′;
3 repeat
4 foreach example (xi, yi) ∈ S do
5 if xi is misclassified by the 1-NN rule based on S′ then
6 add (xi, yi) to S′ and remove it from S;
7 else
8 keep (xi, yi) in S;

9 until no example has been added to S′ during a full pass over S;

simply extract the k smallest distances). Furthermore, the memory required by the
algorithm is in O(md), since the whole training set must be stored. This short analysis
shows that this algorithm is not well suited to large datasets.

Pitfall: the curse of dimensionality The k-NN rule relies on the idea that a
query has close neighbors in the training set. This idea breaks down when the
dimension d grows, a phenomenon called the curse of dimensionality Bellman
(1961). Consider data uniformly distributed in the unit hypercube [0, 1]d, and
a small hypercube around a query containing a fraction r of the data. Its edge
length is r1/d: to capture only 1% of the data, we need an edge of length 0.011/2 =
0.1 in dimension 2, but 0.011/10 ≃ 0.63 in dimension 10 and 0.011/100 ≃ 0.95 in
dimension 100 Hastie et al. (2009). The “neighborhood” then covers almost the
whole range of every feature and is no longer local. Moreover, in high dimension,
the distances from a query to its nearest and to its farthest neighbors tend to
become similar Beyer et al. (1999), so that the notion of nearest neighbor loses
its meaning. Feature selection, dimensionality reduction or metric learning are
then needed before applying k-NN.

Refinements of the algorithm As we have seen, one drawback of this algorithm is
that it needs to store the entire dataset and to compute the distances to all the training
samples to predict the label of a new one. However, we can reduce the computation
time and the memory footprint with approaches based on the triangle inequality Elkan
(2003), on structured partitions of the space such as k-d trees Bentley (1975), or by
selecting the most relevant instances of the training set, as in the Condensed Nearest
Neighbor algorithm Hart (1968) presented in Algorithm 3. This algorithm selects a
subset S′ of the training set S such that the 1-NN rule based on S′ classifies the examples
almost as accurately as the 1-NN rule based on the whole dataset S.

Other refinements of the k-NN algorithm exist; the most common one is the
weighted k-Nearest Neighbors algorithm Dudani (1976). The idea is simple and consists
in assigning a weight to each neighbor in the vote. A standard choice is the inverse of
the distance to the query Liu and Chawla (2011): in this way, we give less importance
to the examples that are far from the tested one.
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Example 8.4. Let us consider an example x′ that we aim to classify with the 3-NN rule,
its three nearest neighbors being (x1, y1), (x2, y2) and (x3, y3). Their labels and their
distances to x′ are given below:

Example x1 x2 x3
Label 1 1 0
Distance 3 4 1

If we follow the classical decision rule of this algorithm, we predict that x′ belongs
to class 1, since two of its three nearest neighbors belong to this class. This corresponds
to the case where every neighbor has the same weight in the decision.

Let us now give each neighbor a weight equal to the inverse of its distance to x′.
In this case, the sum of the weights associated with the label 0 is equal to 1, whereas
it is only 1

3 + 1
4 = 7

12 < 1 for the label 1. Once the weights of the voters are taken into
account10, the new example x′ is therefore given the label 0.

Such a decision rule can be relevant when some regions of the space are sparse
and some points are isolated. Another possibility is to learn a new representation of the
data, by projecting them into a (better) latent space He and Wang (2008); Weinberger
and Saul (2009), as done by Metric Learning algorithms.

An interesting reference von Luxburg and Bousquet (2004) draws a link between
the nearest neighbor algorithm (the 1-NN) and the next algorithm we study, the Support
Vector Machine (SVM).

8.3 Support Vector Machine

The Support Vector Machine (SVM) is probably one of the best known and most widely
used algorithms for binary classification in Machine Learning Vapnik and Cortes (1995).
Its derivation relies on the tools of constrained optimization (Lagrangian, dual problem
and Karush-Kuhn-Tucker conditions) presented in Section 4.5.

Historical note The idea of a maximal margin linear separator (the “generalized
portrait”) goes back to the work of Vapnik and Chervonenkis in the 1960s. It be-
came the modern SVM in two steps: Boser et al. (1992) combined it with the ker-
nel trick to obtain nonlinear classifiers, and Vapnik and Cortes (1995) introduced
the soft margin, with slack variables, to handle non-separable data. Together with
its theoretical grounding in statistical learning theory, this made kernel SVMs one
of the reference methods of the late 1990s and 2000s; see Scholkopf and Smola
(2001) for a comprehensive treatment.

Linear SVM The SVM algorithm outputs a hypothesis h which returns the label of
an example x. This hypothesis is defined by an (affine) hyperplane which splits the
space into two half-spaces, associated with the two labels {−1, +1}, as follows:

h(x) = sign (⟨w, x⟩+ b) =
{︄
−1 if ⟨w, x⟩+ b < 0,

+1 if ⟨w, x⟩+ b > 0.
(8.1)

10This notion of (weighted) majority vote is very common in Machine Learning, especially in PAC-
Bayesian learning. We will see that majority votes are involved in many algorithms, such as boosting,
presented in Section 10.
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When the two classes can be perfectly separated, there are many hyperplanes, i.e.
many values of (w, b), which separate the data well. The idea developed by Boser et al.
(1992) is to choose the one with the largest margin. But why? Let us have a look at
Figure 59 to understand it.

x1

x
2

Figure 59: Different linear separators for a classification task. The separator shown as a solid
line is the solution of the SVM algorithm, which maximizes the margin (the circled points are
the closest ones to it). The two other separators, shown as dashed lines, achieve the same (zero)
error on the training data, but pass very close to some training points. [ code:
make_figures_ch07.py: fig_svm_separators ]

To understand why, we simply need to remember our main goal in Machine Learn-
ing: finding a classifier which generalizes as well as possible to new data. If we focus
on the two dotted lines, we see that they are really close to the examples of one of the
classes. At test time, this increases the risk that a new example, drawn from the same
distribution, falls on the wrong side of the separator. Thus, to avoid this problem and
to select the separator which is likely to generalize best to new data, we choose the one
with the largest margin.

In Figure 60, the margin γ is defined as the distance between the two hyperplanes
of equations ⟨w, x⟩ + b = ±ρ. Note that, by rescaling (w, b), we can always rewrite
these equations as ⟨w, x⟩ + b = ±1, which we assume from now on. Let us denote
f(x) = ⟨w, x⟩ + b the score whose sign gives the prediction, and let us consider two
points x+ and x− lying respectively on the hyperplanes f(x) = +1 and f(x) = −1 (see
Figure 60). Each of these vectors can be decomposed as x = xw + xw⊥ , where xw is
collinear with w and xw⊥ is orthogonal to w. This leads to the following relations:

f(x+)− f(x−) = 2,

⟨w, x+⟩+ b− (⟨w, x−⟩+ b) = 2,

⟨w, xw
+⟩+ ⏞ ⏟⏟ ⏞

=0

⟨w, xw⊥
+ ⟩+ b− (⟨w, xw

−⟩+ ⏞ ⏟⏟ ⏞
=0

⟨w, xw⊥
− ⟩+ b) = 2,

⟨w, xw
+⟩ − ⟨w, xw

−⟩ = 2. (8.2)

138 - Statistical Supervised Machine Learning



Furthermore, the margin γ, i.e. the distance between the two hyperplanes, is the
length of the projection of the vector x+ − x− onto the unit vector w

∥w∥2
, i.e.

γ = ⟨x+ − x−, w⟩
∥w∥2

.

Thus, we have:

γ = ⟨x+ − x−, w⟩
∥w∥2

= 1
∥w∥2 ⏞ ⏟⏟ ⏞⟨x+ − x−, w⟩

↓ expanding and keeping only the collinear parts

= 1
∥w∥2 ⏞ ⏟⏟ ⏞⟨w, xw

+⟩ − ⟨w, xw
−⟩

↓ using Equation (8.2)

γ = 2
∥w∥2

.

x1

x
2

f(x) =
0

f(x) =
+
1

f(x) =−
1

x +

x −
γ

w

class +1

class −1

Figure 60: Illustration of the (hard margin) SVM algorithm when the problem is linearly sep-
arable, with f(x) = ⟨w, x⟩ + b. The circled points are the support vectors; x+ and x− lie on
the hyperplanes f(x) = +1 and f(x) = −1 (dashed lines), and the distance between these two
hyperplanes is the margin γ = 2/ ∥w∥2. The vector w is orthogonal to the separator. [ code:
make_figures_ch07.py: fig_svm_margin ]

Maximizing the margin γ is thus equivalent to minimizing ∥w∥22 , or equivalently
∥w∥22

2 , which is easier to handle since it is differentiable. The minimization problem
associated with the hard margin SVM is the following.
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Definition 8.1: Hard Margin SVM problem

Let S = {(xi, yi)}mi=1 be a sample of size m. The best linear separator in the sense
of the SVM algorithm is the solution of the following optimization problem:

min
(w,b)∈Rd+1

1
2 ∥w∥

2
2

s.t. yi(⟨w, xi⟩+ b) ≥ 1, for all i = 1, . . . , m,

where the inequality constraints are a compact way of writing that every training
example is correctly classified by the rule (8.1), and lies outside the margin.

For the moment, we do not focus on how to solve such an optimization prob-
lem (which is a convex constrained optimization problem, more precisely a quadratic
program). We will see that, in practice, solvers are available to solve these problems
without having to deal with all the mathematical aspects and difficulties.

The problem studied so far corresponds to an ideal situation, where the data are
linearly separable. However, in most real cases, the two classes are not linearly separable
(see Figure 61), and some points violate the constraint yi(⟨w, xi⟩+ b) ≥ 1. This means
that such a point is either on the wrong side of the hyperplane, or on the right side of
it but inside the margin.

We therefore need a relaxation of the optimization problem which takes this
kind of errors into account. These errors are measured by a vector of slack variables
ξ = (ξ1, . . . , ξm), which is included in the optimization problem. This leads to a new op-
timization problem, called the soft margin SVM, whose aim is to find the right balance
between margin maximization and training errors.

Definition 8.2: Soft Margin SVM problem

Let S = {(xi, yi)}mi=1 be a sample of size m and let us denote by ξ = (ξ1, . . . , ξm)
the vector of slack variables. The best linear separator in the sense of the SVM
algorithm is the solution of the following optimization problem:

min
ξ∈Rm, (w,b)∈Rd+1

1
2 ∥w∥

2
2 + C

m

m∑︂
i=1

ξi

s.t. yi(⟨w, xi⟩+ b) ≥ 1− ξi, for all i = 1, . . . , m,
ξi ≥ 0, for all i = 1, . . . , m.

(8.3)

Compared to Definition 8.1, a term C

m

∑︁m
i=1 ξi has been added, which represents

the cost of violating the constraints. In the first constraint, we allow some violations by
subtracting the slack variable ξi, which is constrained to be nonnegative: ξi measures
how much the example xi violates the margin constraint. The balance between the two
terms of the objective is controlled by a hyperparameter C > 0 that has to be tuned
during the learning process: the larger C, the more the violations are penalized.
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Figure 61: Illustration of the soft margin SVM algorithm when the problem is not linearly
separable, with f(x) = ⟨w, x⟩+ b. The circled points are the support vectors. The dashed lines
are the hyperplanes f(x) = ±1; the orange segments show the examples that violate the margin
constraint, whose slack variable ξi is proportional to the length of the segment (ξi > 1 for a
misclassified example). [ code: make_figures_ch07.py: fig_svm_soft ]

Proposition 8.1: Equivalent Formulation of the Soft Margin SVM

Let S = {(xi, yi)}mi=1 be a sample of size m. Eliminating the slack variables ξ with
the help of the constraints, the optimization problem (8.3) can be rewritten as

min
(w,b)∈Rd+1

1
2 ∥w∥

2
2 + C

m

m∑︂
i=1

[1− yi(⟨w, xi⟩+ b)]+ ,

where [x]+ = max(0, x), i.e. the second term is the average hinge loss on S.

Proof. Let us fix (w, b) and minimize the objective with respect to ξ only. The objective
is increasing in each ξi, and the two constraints on ξi can be summarized as ξi ≥ 0 and
ξi ≥ 1− yi(⟨w, xi⟩+ b). Hence, the optimal value of each slack variable is the smallest
value satisfying both constraints: it is equal to zero if yi(⟨w, xi⟩ + b) ≥ 1, and to the
gap 1− yi(⟨w, xi⟩+ b) otherwise, i.e.

∀ i = 1, . . . , m, ξi =
{︄

0 if 1− yi(⟨w, xi⟩+ b) ≤ 0,

1− yi(⟨w, xi⟩+ b) otherwise.

This can be summarized as

∀ i = 1, . . . , m, ξi = [1− yi(⟨w, xi⟩+ b)]+ .

Plugging these values into the objective gives the announced problem.
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However, this problem is not so easy to optimize: even though it is convex, it is
not smooth (the hinge loss is not differentiable at 1). Furthermore, when the dimension
of the data is high, standard (second-order) methods applied to the primal problem
have a complexity in O(d3) in general Chapelle (2007). We therefore usually solve the
so-called dual formulation of the problem (see Section 4.5 for the notions of Lagrangian
and dual problem): its number of variables is the number m of examples instead of the
dimension d, its constraints are very simple, and, as we will see, it only involves the
data through inner products.

Proposition 8.2: Dual Problem of the SVM

Let S = {(xi, yi)}mi=1 be a sample of size m. The dual formulation of the soft
margin SVM described in Definition 8.2 is

max
α∈Rm

−1
2

m∑︂
i=1

m∑︂
j=1

αiαjyiyj⟨xi, xj⟩+
m∑︂

i=1
αi

s.t. 0 ≤ αi ≤
C

m
, for all i = 1, . . . , m,

m∑︂
i=1

yiαi = 0.

(8.4)

The vector α is the vector of Lagrange multipliers, also called dual variables.

Proof. We are dealing with a constrained optimization problem. To derive its dual
formulation, we use the Lagrangian of this problem:

L(w, b, ξ, α, β) = 1
2 ∥w∥

2
2 + C

m

m∑︂
i=1

ξi +
m∑︂

i=1
αi (1− ξi − yi (⟨w, xi⟩+ b))−

m∑︂
i=1

βiξi,

where α ≥ 0 and β ≥ 0 are the vectors of dual variables associated respectively with the
first and the second constraints. The dual function is obtained by minimizing L with
respect to the primal variables (w, b, ξ). Since L is convex and differentiable in these
variables, its minimum, when it is finite, is reached at the points where its gradient
vanishes:

∂L
∂w(w, b, ξ, α, β) = 0,

∂L
∂b

(w, b, ξ, α, β) = 0, and ∂L
∂ξ

(w, b, ξ, α, β) = 0.

These conditions allow us to express the primal variable w as a function of the dual
ones (α and β), and they give constraints on the dual variables. Remember that
these stationarity conditions are part of the Karush-Kuhn-Tucker (KKT) conditions
(Section 4.5). We respectively have:

∂L
∂w(w, b, ξ, α, β) = 0 ⇐⇒ w−

m∑︂
i=1

yiαixi = 0 ⇐⇒ w =
m∑︂

i=1
yiαixi, (8.5)

∂L
∂b

(w, b, ξ, α, β) = 0 ⇐⇒
m∑︂

i=1
αiyi = 0, (8.6)

∂L
∂ξi

(w, b, ξ, α, β) = 0 ⇐⇒ C

m
− αi − βi = 0 ⇐⇒ βi = C

m
− αi. (8.7)
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(If (8.6) or (8.7) is not satisfied, L is affine and non-constant in b or in ξi, and its
infimum is −∞.) We now plug these results into the expression of the Lagrangian:

L(w, b, ξ, α, β) = ⏞ ⏟⏟ ⏞
1
2 ∥w∥

2
2 + C

m

m∑︂
i=1

ξi +
m∑︂

i=1
αi

(︂
1− ξi − yi

(︂
⟨⏞⏟⏟⏞w, xi⟩+ b

)︂)︂
−

m∑︂
i=1

βiξi

↓ using Equation (8.5) and rearranging the terms

= 1
2

m∑︂
i=1

m∑︂
j=1

yiyjαiαj⟨xi, xj⟩+
m∑︂

i=1
ξi

⎛⎝⏞ ⏟⏟ ⏞
C

m
− αi − βi

⎞⎠+
m∑︂

i=1
αi

−
m∑︂

i=1
αiyi⟨

m∑︂
j=1

yjαjxj , xi⟩ − b⏞ ⏟⏟ ⏞
m∑︂

i=1
αiyi

↓ using Equations (8.6) and (8.7)

= 1
2

m∑︂
i=1

m∑︂
j=1

yiyjαiαj⟨xi, xj⟩+
m∑︂

i=1
ξi × 0 +

m∑︂
i=1

αi

−
m∑︂

i=1

m∑︂
j=1

yiyjαiαj⟨xj , xi⟩ − b× 0

↓ computing the difference

= − 1
2

m∑︂
i=1

m∑︂
j=1

yiyjαiαj⟨xi, xj⟩+
m∑︂

i=1
αi.

The dual problem consists in maximizing this dual function with respect to the dual
variables. Finally, the constraints of the dual problem come from Equation (8.6), and
from Equation (8.7) combined with the nonnegativity of the multipliers: αi ≥ 0 and
βi = C

m − αi ≥ 0, i.e. 0 ≤ αi ≤ C
m .

Note that the dual problem is a concave maximization problem with respect to
the dual variables (a convex quadratic program). Indeed, the constraints are linear,
hence define a convex set. As for the objective function, it can be rewritten using a
quadratic form:

max
α
− 1

2αT Gα +
m∑︂

i=1
αi,

where G is the matrix defined by Gij = yiyj⟨xi, xj⟩. This matrix is the Gram ma-
trix of the vectors y1x1, . . . , ymxm, and it is therefore positive semi-definite: αT Gα =
∥
∑︁m

i=1 αiyixi∥22 ≥ 0. Moreover, since the primal problem is convex with affine con-
straints and is feasible, strong duality holds (see Section 4.5): the optimal values of
the primal and dual problems coincide. Note however that G is in general not positive
definite (it has rank at most d), so the dual objective is not strictly concave and the
optimal α need not be unique; the optimal vector w, on the other hand, is unique since
the primal objective is strictly convex in w.
Remarks. The dual problem looks for a solution in a different space: we work in
the space of the examples (one variable αi per example) rather than in the space of
the parameters. Furthermore, once the dual problem is solved, Equation (8.5) gives
the primal solution w. The value of the offset b does not appear in the stationarity
conditions, but it can be recovered from the complementary slackness conditions, as we
will see below.
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Although the dual formulation leads to a problem that is easier to solve when the
number of examples is small, it does not solve the problem of data that are not linearly
separable. To tackle this issue, we use what is commonly called the kernel trick.

In a nutshell Consider the one-dimensional data of Figure 62: the positive
examples lie on both sides of the negative ones, so no threshold on x, i.e. no linear
classifier in R, can separate them. If we map each example to Φ(x) = (x, x2) ∈ R2,
the two classes become separable by the horizontal line x2 = c, i.e. by the linear
classifier of R2 with w = (0, 1) and b = −c. Back in the input space, this linear
classifier is the nonlinear rule “predict +1 if |x| >

√
c”. The SVM only needs the

inner products ⟨Φ(x), Φ(x′)⟩ = xx′ + x2x′2, which can be computed directly from
x and x′: this function is a kernel, and the map Φ never has to be computed
explicitly.

2 0 2
x

Input space : no threshold works

y= +1 y=−1

2 0 2
Φ1(x) = x

0.0

2.5

5.0

7.5

10.0

Φ
2
(x

)
=
x

2

x2 = c

Feature space 2: a line works

Figure 62: The idea behind the kernel trick. Left: one-dimensional data that are not linearly
separable. Right: after the mapping Φ(x) = (x, x2), a line separates the two classes; it corre-
sponds to the nonlinear rule |x| >

√
c in the input space. [ code: make_figures_ch07.py:

fig_kernel_lift ]

Kernel SVM Instead of using the standard inner product between two examples, we
define a function K(·, ·) which takes two vectors as input and returns a real number.
Such a function K is called a (positive semi-definite) kernel when it is (i) symmetric
and (ii) positive semi-definite, in the sense that every matrix K built from it on a finite
sample is positive semi-definite:

(i) for all (x, x′) ∈ Rd × Rd, we have K(x, x′) = K(x′, x);

(ii) for all m ≥ 1, all x1, . . . , xm ∈ Rd and all c ∈ Rm, we have cT Kc =∑︁m
i=1

∑︁m
j=1 cicjK(xi, xj) ≥ 0, where K is the matrix of general term Kij =

K(xi, xj).

These properties of the function K (or of the matrices K) play a key role and lead
to the following result due to Mercer Mercer (1909).
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Theorem 8.3: Mercer Theorem

Let X be a compact subset of Rd and let K be a continuous, symmetric, positive
semi-definite function, i.e. a kernel. Then, there exist an orthonormal family of
functions (Φj)j≥1 of L2(X ) and a sequence (λj)j≥1 of nonnegative real numbers
such that

K(x, x′) =
∞∑︂

j=1
λjΦj(x)Φj(x′) = ⟨Φ(x), Φ(x′)⟩,

where Φ(x) = (
√

λ1Φ1(x), . . . ,
√︁

λjΦj(x), . . .) is the representation of x in a new
space.

The kernel trick thus says that there is no need to know the transformation Φ
explicitly: the knowledge of K is enough, since the dual problem and the predictions
only involve inner products between examples. Furthermore, it makes it possible to
(implicitly) project the data into a higher-dimensional space, called the feature space
(possibly of infinite dimension), in which the classes may become linearly separable.

Introducing the kernel K into the optimization problem (8.4) leads to the following
dual formulation:

max
α∈Rm

−1
2

m∑︂
i=1

m∑︂
j=1

αiαjyiyjK(xi, xj) +
m∑︂

i=1
αi

s.t. 0 ≤ αi ≤
C

m
, for all i = 1, . . . , m,

m∑︂
i=1

yiαi = 0.

(8.8)

There exists a large number of kernel functions (see Genton (2002) for a more
complete list), among which the most widely used are:

• Linear kernel: K(x, x′) = ⟨x, x′⟩, which is the standard inner product.

• Polynomial kernel: K(x, x′) = (⟨x, x′⟩+ c)p, where c ≥ 0 is a constant and
p ∈ N∗ is the degree.

• Gaussian kernel: K(x, x′) = exp
(︄
−∥x− x′∥22

2σ2

)︄
, where σ > 0 is a hyperpa-

rameter that needs to be tuned. It controls how fast the similarity between two
instances decreases with their distance. The larger σ, the slower this decrease:
distant examples are then still considered as similar, and all the examples of the
dataset play a more uniform role, which leads to smoother decision boundaries.

Example 8.5. Let us consider two 2-dimensional vectors x and z and the polynomial
kernel of degree 2. We aim to write this kernel as an inner product, i.e. to find a
mapping function Φ such that K(x, z) = Φ(x)T Φ(z):

K(x, z) = (x1z1 + x2z2 + c)2

= c2 + x2
1z2

1 + x2
2z2

2 + 2x1z1x2z2 + 2cx1z1 + 2cx2z2

=
(︂
c, x2

1, x2
2,
√

2x1x2,
√

2cx1,
√

2cx2
)︂ (︂

c, z2
1 , z2

2 ,
√

2z1z2,
√

2cz1,
√

2cz2
)︂T
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= Φ(x)T Φ(z),

where Φ : x ↦→
(︂
c, x2

1, x2
2,
√

2x1x2,
√

2cx1,
√

2cx2
)︂
. Using this kernel, we thus implicitly

project the data into a 6-dimensional space.
As an exercise, apply the same process to show that, for a 3-dimensional dataset

and a polynomial kernel of degree 2 with c = 0, the data are projected into a space of
dimension 6.

Let us now show why the Gaussian kernel projects the data into a space of infinite
dimension. Let us consider two instances x and z in Rd and recall that

∥x− z∥22 = ∥x∥22 + ∥z∥22 − 2⟨x, z⟩.

Thus, we can write11

K(x, z) = exp
(︄
−∥x− z∥22

2σ2

)︄
↓ using the previous equation and the properties of the exponential

= ⏞ ⏟⏟ ⏞exp
(︄
−∥x∥

2
2

2σ2

)︄
⏞ ⏟⏟ ⏞exp

(︄
−∥z∥

2
2

2σ2

)︄
exp

(︃⟨x, z⟩
σ2

)︃
↓ using the power series expansion of the exponential function

= c(x)c(z)
∞∑︂

k=0

⟨x, z⟩k

k! σ2k

↓ writing ⟨x, z⟩k = ⟨x⊗k, z⊗k⟩, where x⊗k ∈ Rdk

gathers all the products xj1 · · ·xjk

=
∞∑︂

k=0

⟨︃
c(x)√
k! σk

x⊗k,
c(z)√
k! σk

z⊗k
⟩︃

.

Hence K(x, z) = ⟨Φ(x), Φ(z)⟩, where Φ(x) is the infinite sequence obtained by con-
catenating the vectors c(x)√

k! σk
x⊗k for k = 0, 1, 2, . . .: the feature space associated with

the Gaussian kernel contains all the monomials of all degrees, and is thus of infinite
dimension.

Figure 63 illustrates the use of a linear and of a Gaussian kernel. Do you think
that a polynomial kernel of degree 2 would be enough, in this case, to separate the two
classes?

Tuning the Gaussian kernel SVM A Gaussian kernel SVM has two hyperparam-
eters, which must be tuned jointly (typically by a grid search with cross-validation, on
a logarithmic grid). In software such as scikit-learn, the Gaussian kernel is param-
eterized as K(x, x′) = exp(−γ ∥x− x′∥22), i.e. γ = 1/(2σ2), and the cost parameter
multiplies the sum of the slack variables, so that it corresponds to our C/m. Figure 64
shows their effect:

• a large γ (small σ) makes the similarity very local: each example only influences
its immediate neighborhood, and the boundary can wrap around individual points
(overfitting); a small γ gives a smooth, almost linear, boundary;

11See the development here for further details.
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Figure 63: Illustration of the kernel SVM algorithm when the problem is not linearly separable
(linear kernel on the left, Gaussian kernel on the right). Blue points represent the positive class
and red points the negative class. The colored areas represent the decision regions of the learned
hypothesis. [ code: make_figures_ch07.py: fig_kernel_svm ]

• a small C favors a large margin at the price of many margin violations, so that
many examples are support vectors; a large C forces the classifier to fit the training
data more closely.

Prediction phase With the linear SVM (hard or soft margin), to predict the label
of a new instance x′, we compute

h(x′) = sign
(︁
⟨w, x′⟩+ b

)︁
.

With the kernelized version, using Equation (8.5) in the feature space, the hypothesis
(or classifier) takes the following form:

h(x′) = sign
(︄

m∑︂
i=1

αiyiK(x′, xi) + b

)︄
.

Note that, in this case, we need to compute the similarity between the new example
and the training examples. However, both hypotheses are linear: they simply work in
different spaces (the input space for the former, the feature space for the latter).

A more detailed analysis of the dual formulation We now take advantage of
the dual formulation presented above to study its link with the primal solution, and to
explain why this model is called a Support Vector Machine.

For the first point, we write the full set of KKT conditions (please refer to Sec-
tion 4.5, and more precisely to Section 4.5, for further details on how to obtain them)
for the soft margin SVM problem (see Definition 8.2), using the previous notation:

• Stationarity conditions:

∂L
∂w(w, b, ξ, α, β) = 0 ⇐⇒ w =

m∑︂
i=1

yiαixi, (8.9)
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γ= 0.1, C= 0.1
106 SV, test 19%

γ= 1, C= 0.1
88 SV, test 10%

γ= 30, C= 0.1
120 SV, test 9%

γ= 0.1, C= 100
36 SV, test 8%

γ= 1, C= 100
18 SV, test 7%

γ= 30, C= 100
81 SV, test 10%

Figure 64: Gaussian kernel SVM (scikit-learn parameterization) on a two-moons dataset
(m = 120), for three bandwidths γ (columns) and two costs C (rows). Solid line: decision
boundary f(x) = 0; dotted lines: f(x) = ±1; circled points: support vectors. The titles give
the number of support vectors and the test error. [ code: make_figures_ch07.py: fig_svm_rbf ]

∂L
∂b

(w, b, ξ, α, β) = 0 ⇐⇒
m∑︂

i=1
αiyi = 0, (8.10)

∂L
∂ξi

(w, b, ξ, α, β) = 0 ⇐⇒ αi + βi = C

m
, ∀i = 1, . . . , m. (8.11)

• Primal feasibility:

1− ξi − yi(⟨w, xi⟩+ b) ≤ 0, ∀i = 1, . . . , m, (8.12)
ξi ≥ 0, ∀i = 1, . . . , m. (8.13)

• Dual feasibility:

αi ≥ 0, ∀i = 1, . . . , m, (8.14)
βi ≥ 0, ∀i = 1, . . . , m. (8.15)

• Complementary slackness:

αi (1− ξi − yi(⟨w, xi⟩+ b)) = 0, ∀i = 1, . . . , m, (8.16)
βiξi = 0, ∀i = 1, . . . , m. (8.17)

Equation (8.9) immediately gives an expression of w in terms of the dual variables.
It remains to find an expression of the offset b to fully recover the primal solution.
The stationarity conditions do not provide it, but, as we will see, the complementary
slackness conditions do.

Let us now focus on the support vectors, i.e. the training examples xi for which
αi > 0. We will see that they are points which lie on the margin, inside it, or on the
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wrong side of the hyperplane (the circled points in Figures 60 and 61), and that they
are the only points needed to define our separator. We will also describe the role of all
the other points.

To do so, we focus on the complementary slackness conditions (8.16) and (8.17),
which hold for every instance i = 1, . . . , m. Since 0 ≤ αi ≤

C

m
for all i = 1, . . . , m, there

are three possible cases for αi:

i) if αi = 0, then Equation (8.11) implies βi = C

m
> 0, and thus ξi = 0 by Equa-

tion (8.17). Using the primal feasibility condition (8.12), we then get yi(⟨w, xi⟩+
b) ≥ 1. So the point xi is correctly classified and lies outside the margin
(or on its boundary).

ii) if αi = C

m
, then Equation (8.11) implies βi = 0, so Equation (8.17) only tells us

that ξi ≥ 0. Equation (8.16) then gives yi(⟨w, xi⟩+ b) = 1− ξi ≤ 1. So the point
xi lies on the margin (if ξi = 0), inside the margin (if 0 < ξi ≤ 1), or is
misclassified (if ξi > 1).

iii) finally, if 0 < αi <
C

m
, then Equation (8.11) implies 0 < βi <

C

m
, and thus ξi = 0

by Equation (8.17). Equation (8.16) then gives yi(⟨w, xi⟩ + b) = 1. So the point
xi lies exactly on the margin.

The last case gives us the value of the offset: for any index i such that 0 < αi < C
m ,

since yi ∈ {−1, 1}, we have

b = yi − ⟨w, xi⟩ = yi −
m∑︂

j=1
αjyj⟨xj , xi⟩,

where the inner product is replaced by K(xj , xi) in the kernel case. In practice, to
obtain a numerically more stable value, we average this quantity over all the support
vectors lying exactly on the margin.

If we combine this analysis with the fact that w = ∑︁m
i=1 αiyixi, we note that the

points lying strictly outside the margin (αi = 0) do not contribute to the definition
of the hyperplane at all! Only the support vectors matter, hence the name of the
algorithm. This is important from a computational point of view: we do not need to
use all the training points in the prediction phase, i.e. there is no need to compute the
similarities between a new example and all the training examples, but only with the
support vectors.

It is also possible to speed up the learning phase of the (kernel) SVM, for instance
by using a low-rank approximation of the kernel matrix; we do not go into these details
here.

The next algorithm we study can be used for both regression and classification
tasks, depending on the nature of the output.

8.4 Linear Regression and Logistic Regression

The support vector machine was a first example of a linear model. In this section,
we present the well-known linear regression model and its counterpart for classification
tasks, logistic regression.
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Linear Regression Linear regression is mainly used when we aim to predict a real
value, e.g. the price of a house or the score obtained at a given exam, as illustrated in
Figure 65.

18 20 22 24 26 28 30
age

76

78

80

82
sc

or
e

fitted line h(x) = 94.7− 0.64x

data

Figure 65: Example of a linear regression, where the aim is to predict the score of a person
according to his or her age. The solution obtained by linear regression is represented in red.
[ code: make_figures_ch07.py: fig_linear_score ]

As for the linear SVM, the learned model is affine: in its simplest form (a single in-
put variable), it is a straight line, and a hyperplane in general. Given S = {(xi, yi)}mi=1 ⊂
Rd×R, we aim to find the hyperplane which best approximates the scatter plot, i.e. to
learn a hypothesis h of the form

h(θ, x) = θ0 + θ1x1 + θ2x2 + . . . + θdxd.

To learn the parameters θ = (θ0, . . . , θd) of the model, we minimize a loss, as for the
SVM. For regression tasks, as stated in Section 7.2, we usually minimize the Mean
Squared Error (MSE).

Proposition 8.4: Linear Regression

We consider the following probabilistic model for our data:
Y = θ0 + θ1X1 + . . . + θdXd + ε,

where Y is the variable to predict, X = (X1, . . . , Xd) is the vector of variables used
for the prediction, and ε is a centered random noise representing the error of the
model. We consider a hypothesis h of the form

h(θ, x) = θ0 + θ1x1 + θ2x2 + . . . + θdxd.

Given a set S of m examples, let X ∈ Rm×(d+1) be the design matrix whose i-th
row is (1, xT

i ), and let y = (y1, y2, . . . , ym)T . If XT X is invertible, then the solution
of the Mean Squared Error problem

min
θ∈Rd+1

∥y− h(θ, X)∥22 = min
θ∈Rd+1

m∑︂
i=1

(yi − h(θ, xi))2 ,

where h(θ, X) = Xθ is the vector of predictions, is given by
θ̂ = (XT X)−1XT y.
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Proof. The objective function F (θ) = ∥y − Xθ∥22 is convex, since its Hessian matrix
2XT X is positive semi-definite. Its minimizers are thus the points where its gradient
vanishes:

∇F (θ) = −2XT (y−Xθ) = 0 ⇐⇒ XT Xθ = XT y,

and these normal equations have the unique solution θ̂ when XT X is invertible. This
is exactly the proof studied in the course on linear models.

This first model is quite simple, and an analytical solution is available: no iterative
optimization procedure is needed to learn the model12.

Let us now place ourselves in a slightly different context and consider the following
example.

Example 8.6. We are trying to build a regression model able to determine whether or
not an individual has an infection, according to his or her lymphocyte count. The
variable to predict can take two values: 1 if the person has an infection and 0 otherwise.

At first sight, nothing prevents us from learning a linear model, by least squares,
to fit this new point cloud, as illustrated in panel (a) of Figure 66. We then simply
have to choose a threshold on the values taken by the hypothesis h, above which an
individual is considered as sick: e.g. we consider that an example x belongs to the
positive class when h(x) is greater than 0.5 (i.e. the prediction is negative on the left
of the vertical dotted line and positive on its right). In this example, it works well.

Let us now consider another dataset, in which the number of lymphocytes can be
extremely high, meaning that the infection is serious. This new dataset is represented
in panel (b) of Figure 66. This time, we see that if we use the same threshold, we
miss some positive instances, i.e. some infected people: the few very large values have
“pulled” the line and shifted the threshold to the right (from 3 to about 4.4), so that
the patient with a count of 4 is now predicted healthy.

0 5
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(a) least squares

0 20 40
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 x= 4.4

(b) with large counts

0 20 40
lymphocyte count

(c) an S-shaped curve

Figure 66: Predicting an infection (y = 1, blue) from the lymphocyte count. (a) A least squares
line and the threshold h(x) = 0.5 separate the two classes. (b) Adding a few patients with
very large counts pulls the line and moves the threshold to the right: a sick patient is now
misclassified. (c) An S-shaped curve with values in [0, 1] is not affected by these extreme values.
[ code: make_figures_ch07.py: fig_logistic_motivation ]

This example shows that the linear model is not well suited to this problem: we
need a different shape, i.e. a curve which is better adapted to the structure of our data,

12For more information on linear regression, and especially on its statistical aspects, the reader can
consult the course on Linear Models given by Stéphane Chrétien, available here.
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such as the S-shaped curve of panel (c) of Figure 66. Such a model takes its values
in [0, 1], and we can thus interpret it as an estimate of the probability of having an
infection. To transform the values predicted by a linear model into probabilities, we use
the logistic function, i.e. we compute

1
1 + exp (−h(x)) .

We then talk about (linear) logistic regression.

Logistic Regression The logistic regression model, also called the logit model, was
introduced in the middle of the 20th century Cox (1958), but the use of logit functions
dates back to the 19th century Cramer (2003).

This model is close to the SVM in the sense that it also learns a linear sepa-
rator between two classes. However, it differs from the SVM in that it estimates the
probability that an example belongs to a given class, for instance the positive class:
η(x) = Pr(Y = 1 | X = x). More precisely, logistic regression models the logarithm
of the odds, i.e. of the ratio between the probabilities of the two classes, with a linear
model:

ln
(︃

Pr(y = 1 | x)
Pr(y = 0 | x)

)︃
= h(w, b, x) = b + ⟨w, x⟩.

Thus, once the parameters of the model are learned, we can compute the probability of
belonging to class 1:

Pr(y = 1 | x) = exp(h(w, b, x))
1 + exp(h(w, b, x)) = 1

1 + exp(−h(w, b, x)) .

This function of h is called the logistic function (or sigmoid function), and it takes its
values in [0, 1]. An example x is (usually) assigned to class 1 if Pr(y = 1 | x) > 0.5, i.e.
if h(w, b, x) > 0. Depending on the task and on the objective, we can choose to modify
this threshold, as we will see later.

To estimate the parameters of the model, we maximize the likelihood L(w, b, S)
of the data, where S is a set of m examples with labels yi ∈ {0, 1}, assumed to be
independent:

L(w, b, S) =
m∏︂

i=1
Pr(Y = yi | X = xi)

↓ separating the examples such that yi = 1 and those such that yi = 0

=
∏︂

i: yi=1
Pr(Y = 1 | X = xi)×

∏︂
i: yi=0

Pr(Y = 0 | X = xi)

↓ using the fact that, given xi, the label follows a Bernoulli distribution

=
m∏︂

i=1

(︃ 1
1 + exp(−h(w, b, xi))

)︃yi

×
(︃ 1

1 + exp(h(w, b, xi))

)︃1−yi

.

We usually prefer to minimize the negative log-likelihood of the data, which turns the
product into a sum:

ℓ(w, b, S) = − ln (L(w, b, S))
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= −
m∑︂

i=1

[︄
yi ln

(︃ 1
1 + exp (−(⟨w, xi⟩+ b))

)︃

+ (1− yi) ln
(︃

1− 1
1 + exp (−(⟨w, xi⟩+ b))

)︃]︄
.

In this way, we recover the logistic loss (in its version with labels in {0, 1}) intro-
duced at the beginning of this section. In the following, for the sake of simplicity, we
set g(w, b, x) = 1

1 + exp (−(⟨w, x⟩+ b)) . The optimization problem then becomes

min
(w,b)∈Rd+1

− 1
m

m∑︂
i=1

[yi ln (g(w, b, xi)) + (1− yi) ln (1− g(w, b, xi))] .

We divide the loss by m in order to be consistent with the notion of empirical risk
defined previously; this does not change the minimizer.

SVMs and logistic regression models are similar from a geometric point of view
(they both learn a hyperplane) and both minimize a (regularized) empirical risk with
a convex surrogate of the 0-1 loss. A closer look at their loss functions (Figure 56)
nevertheless reveals some differences, which can lead to different solutions:

• the hinge loss is equal to zero as soon as yh(x) ≥ 1, so the SVM solution only
depends on the support vectors, whereas the logistic loss never vanishes, so every
training example (even a well-classified one far from the separator) has an influence
on the logistic regression solution;

• both losses grow linearly for badly misclassified points, so they have a comparable
sensitivity to outliers; this is not the case of the exponential loss used in boosting,
which penalizes errors exponentially and is thus much more sensitive to outliers
and label noise;

• logistic regression directly provides an estimate of the probability Pr(y = 1 | x),
whereas the SVM only provides a score whose sign gives the class.

Compared to linear regression for real-valued outputs, there is no analytical so-
lution here. However, the problem is convex, so we can use a gradient-based algorithm
to find a solution.

Pitfall: separable data in logistic regression Convexity does not guarantee
that a minimizer exists. If the training data are linearly separable by (w, b), i.e.
(2yi − 1)(⟨w, xi⟩ + b) > 0 for all i, then replacing (w, b) by (tw, tb) and letting
t → +∞ makes every predicted probability tend to the true label, and the neg-
ative log-likelihood tends to 0 without ever reaching it: the maximum likelihood
estimate does not exist Albert and Anderson (1984). In practice, the norm of
the parameters keeps growing along the iterations, the estimated probabilities
become (over-confident) 0’s and 1’s, and the software may report convergence
warnings. Adding a regularization term λ ∥w∥22, as described below, prevents the
weights from diverging: the regularized objective is strictly convex in w and tends
to +∞ when ∥w∥2 →∞, so that its minimizer exists.
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Learning procedure To simplify the notation and avoid handling the offset b sep-
arately, we append a constant coordinate equal to 1 to each input and include b in
the vector of parameters, i.e. we write x ← (1, x) ∈ Rd+1 and w ← (b, w) ∈ Rd+1,
so that ⟨w, x⟩ + b becomes ⟨w, x⟩ and g(w, x) = 1/(1 + exp(−⟨w, x⟩)). We con-
sider the negative log-likelihood ℓ(w, S) without the factor 1

m . Using the fact that
the logistic function σ(t) = 1/(1 + exp(−t)) satisfies σ′(t) = σ(t)(1 − σ(t)), we have
∇w ln g(w, x) = (1 − g(w, x))x and ∇w ln(1 − g(w, x)) = −g(w, x)x. We can thus
compute the gradient of ℓ with respect to w:

∇ℓ(w, S) =

⎡⎢⎢⎢⎢⎣
∂ℓ

∂w1
(w, S)

∂ℓ
∂w2

(w, S)
...

∂ℓ
∂wd+1

(w, S)

⎤⎥⎥⎥⎥⎦
↓ using the derivatives of ln g and ln(1− g)

= −
m∑︂

i=1
[yi(1− g(w, xi))xi − (1− yi)g(w, xi)xi]

↓ simplifying

= −
m∑︂

i=1

(︃
yi −

1
1 + exp(−⟨w, xi⟩)

)︃
xi.

Each example thus contributes proportionally to its “residual” yi− g(w, xi), i.e. to the
difference between its label and its predicted probability.

We can then apply the gradient descent algorithm, using the above expression of
the gradient of the negative log-likelihood (which plays the role of our loss function in
this case):

w(k+1) = w(k) − η ∇ℓ(w(k), S), k = 0, 1, 2, . . . ,

where η > 0 is the learning rate.
In practice, we often use the Newton-Raphson method to minimize the loss

function, i.e. we replace the learning rate η by the inverse of the Hessian matrix of ℓ in
the update. This Hessian matrix is given by

∇2ℓ(w, S) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂2ℓ

∂w2
1

(w, S) · · · ∂2ℓ

∂w1∂wd+1
(w, S)

∂2ℓ

∂w2∂w1
(w, S) · · · ∂2ℓ

∂w2∂wd+1
(w, S)

...
...

∂2ℓ

∂wd+1∂w1
(w, S) · · · ∂2ℓ

∂w2
d+1

(w, S)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

and a direct computation, using again σ′ = σ(1− σ), gives

∇2ℓ(w, S) =
m∑︂

i=1
g(w, xi) (1− g(w, xi)) xixT

i .

We can express the Hessian matrix in a more compact form:

∇2ℓ(w, S) = XT GX,
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where X ∈ Rm×(d+1) is the design matrix (i.e. the matrix whose rows are the examples
xT

i ) and G ∈ Rm×m is the diagonal matrix defined by

G =

⎡⎢⎢⎢⎢⎢⎣
g(w, x1) (1− g(w, x1)) 0 · · · 0

0 g(w, x2) (1− g(w, x2)) . . . ...
... . . . . . . 0
0 · · · 0 g(w, xm) (1− g(w, xm))

⎤⎥⎥⎥⎥⎥⎦ .

Note that, with the first expression, the Hessian matrix is a nonnegative linear combi-
nation of the rank-one positive semi-definite matrices xixT

i , and is thus itself positive
semi-definite: this proves that ℓ is convex. The Newton-Raphson algorithm then reads

w(k+1) = w(k) −
(︂
∇2ℓ(w(k), S)

)︂−1
∇ℓ(w(k), S),

which converges much faster (quadratically, near the solution) than the standard gradi-
ent descent algorithm with a constant step size, at the price of solving a linear system
of size d +1 at each iteration. In the context of logistic regression, this algorithm is also
known as Iteratively Reweighted Least Squares (IRLS).

Let us now say a few words about regularization, which is commonly used in both
regression and SVM models13.

Regularization In order to avoid overfitting, a regularization term of the form λ ∥w∥
(or λ ∥w∥2), where λ > 0 is a hyperparameter, is usually added to the objective, in re-
gression as well as in classification tasks. The optimization problem of logistic regression
can then be rewritten as

min
(w,b)∈Rd+1

− 1
m

m∑︂
i=1

[yi ln (g(w, b, xi)) + (1− yi) ln (1− g(w, b, xi))] + λ ∥w∥2 .

For linear regression, it can be written as

min
θ∈Rd+1

∥y− h(θ, X)∥22 + λ ∥θ∥2 = min
θ∈Rd+1

m∑︂
i=1

(yi − h(θ, xi))2 + λ ∥θ∥2 .

Note that the offset (b or θ0) is usually not penalized.
In the two expressions above, the norm is not specified, but two norms are very

often encountered: the L1 norm ∥·∥1 and the (squared) L2 norm ∥·∥22. The choice has an
important impact on the model, and especially on the parameters it learns (see Hastie
et al. (2009) for a detailed discussion):

• The L1 norm is notably used to induce sparsity in the learned hypothesis, i.e.
when we want the learned hypothesis to depend on as few parameters as possible.
When we use this regularization term in linear regression, we talk about Lasso
regression. This type of regularization is particularly useful for high-dimensional
models, with many variables, as is the case in genetics: it highlights the most

13If you look at the soft margin SVM problem, the data-fitting term is the mean value of the slack
variables (i.e. the average hinge loss), and the L2 regularization term is related to the inverse of the
margin of the model.
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important variables for the prediction task. However, it has an important draw-
back: it is not differentiable at the points where some coordinates are equal to 0,
and there is no closed-form solution in general, so specific optimization algorithms
(e.g. subgradient or proximal methods) are required.

• The squared L2 norm is used to prevent some parameters from taking too large
values compared to the other parameters of the model. In this case, we talk about
Ridge regression. The objective remains differentiable and, for linear regression, a
closed-form solution is still available: θ̂ = (XT X + λI)−1XT y, where the matrix
to invert is always invertible when λ > 0 (for simplicity, this formula also penalizes
the offset θ0).

Ridge regression was introduced by Hoerl and Kennard (1970) to stabilize least squares
when the features are strongly correlated, and the Lasso by Tibshirani (1996).

In a nutshell: why does the L1 norm produce sparse solutions? By La-
grangian duality (Section 4.5), minimizing the empirical risk plus λ ∥θ∥ amounts
to minimizing the empirical risk over a ball {θ : ∥θ∥ ≤ t}, for some radius t
depending on λ. The solution is the first point where the level sets of the risk
(ellipses, for least squares) touch this ball, as shown in Figure 67. The L2 ball
is round, so the contact point generally has all its coordinates nonzero: Ridge
shrinks all the coefficients. The L1 ball is a diamond (a cross-polytope in dimen-
sion d) whose corners lie on the axes, and the ellipses very often touch it first at
a corner, where some coordinates are exactly zero: the Lasso selects variables.

θ1

θ2

L2 ball (Ridge)

θ1

θ2

L1 ball (Lasso)

θ̂LS
θ1, θ2 ̸= 0

θ̂LS

θ1 = 0

Figure 67: Geometry of Ridge (left) and Lasso (right) regularization in dimension 2. The red
ellipses are level sets of the least squares objective, centered at the unregularized solution θ̂LS;
the regularized solution (dark dot) is the point of the ball reached by the smallest level set. The
corners of the L1 ball lie on the axes, which produces exact zeros.

Before moving on to another algorithm, we extend binary logistic regression to
multi-class classification.

8.5 Multinomial Logistic Regression

The previous classification algorithm was presented in the context of binary classifi-
cation, and we may wonder how to adapt this procedure to multi-class classification
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tasks, i.e. how to define a multinomial logistic regression Engel (1988). To this aim,
let us assume that the set of labels is now {1, 2, . . . , q}, where q > 2. As before, we
include the offset in the vector of parameters, w = (w0, w1, . . . , wd), and we write
x = (1, x1, . . . , xd).

In the binary case, we have built a linear model to estimate the logarithm of the
ratio between the probability of belonging to class 1 and the probability of belonging to
class 0 (also called a logit). We now have to do something similar with more than two
classes: we select one class as a reference class, say class q, and we build the following
models:

ln
(︃

Pr(y = 1 | x)
Pr(y = q | x)

)︃
= ⟨w(1), x⟩,

ln
(︃

Pr(y = 2 | x)
Pr(y = q | x)

)︃
= ⟨w(2), x⟩,

...

ln
(︃

Pr(y = q − 1 | x)
Pr(y = q | x)

)︃
= ⟨w(q−1), x⟩.

From this set of equations, we can recover the value of Pr(y = k | x) for all
k = 1, . . . , q. Indeed, if we take the exponential of each equation, sum all of them, and
use the fact that ∑︁q−1

k=1 Pr(y = k | x) = 1− Pr(y = q | x), we get

1− Pr(y = q | x)
Pr(y = q | x) =

q−1∑︂
k=1

exp
(︂
⟨w(k), x⟩

)︂
,

and thus
Pr(y = q | x) = 1

1 +∑︁q−1
k=1 exp

(︁
⟨w(k), x⟩

)︁ .
Using this equality, we immediately obtain, for all k ∈ J1, q − 1K,

Pr(y = k | x) =
exp

(︂
⟨w(k), x⟩

)︂
1 +∑︁q−1

l=1 exp
(︁
⟨w(l), x⟩

)︁ .
Let us make a few remarks about this model:

• the probabilities defined above sum to 1;

• the number of parameters to learn is equal to the number of parameters of a single
binary logistic regression times the number of classes minus one, i.e. (q−1)×(d+1);

• the way the model is built depends on the choice of the reference class: if we change
it, the parameters have no reason to remain the same (although the modeled
probabilities can be the same).

A simple way to learn this model is to fit q−1 binary logistic regressions, the k-th
one opposing class k to the reference class q (on the examples of these two classes only),
which gives a simple approximation of the joint estimate; the parameters can also be
estimated jointly, by maximizing the multinomial likelihood described below. At the
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prediction step, we compute all the probabilities Pr(y = k | x), k = 1, . . . , q, and a new
example x is assigned to the class with the highest probability, i.e.

ŷ = arg max
k∈J1,qK

Pr(y = k | x).

The above procedure has the advantage of reusing the tools presented in the
binary setting. However, it requires learning q − 1 models which depend on a reference
class. To address this last issue, and make our model independent of the reference class
q, we can consider a parameter vector w(k) for every class and define the probabilities
by

Pr(y = k | x) =
exp

(︂
⟨w(k), x⟩

)︂
∑︁q

l=1 exp
(︁
⟨w(l), x⟩

)︁ , ∀k = 1, . . . , q.

This function is known as the softmax function (it can be seen as a generalization of
the logistic function), and the probabilities still sum to one. Note that adding the same
vector to all the w(k) does not change these probabilities: the parameters are thus only
defined up to such a shift. Setting w(q) = 0 gives back the model with reference class q,
while adding a regularization term is another common way to remove this indeterminacy.
For q = 2, the softmax reduces to the logistic function applied to ⟨w(1) −w(2), x⟩.

It remains to explain the word multinomial in the name of the model. In the binary
case, we have assumed that the label is drawn according to a Bernoulli distribution
(i.e. a binomial distribution with n = 1). With q classes, the label of an example
x now follows a categorical distribution (i.e. a multinomial distribution with n = 1)
whose parameters are the q probabilities Pr(y = k | x), k = 1, . . . , q. Denoting by
W = (w(1), . . . , w(q)) the matrix of all the parameters, the likelihood L of our data is
therefore based on the multinomial distribution and defined by

L(W, S) =
m∏︂

i=1

q∏︂
k=1

Pr(y = k | xi)1{yi=k}

=
m∏︂

i=1

q∏︂
k=1

⎛⎝ exp
(︂
⟨w(k), xi⟩

)︂
∑︁q

l=1 exp
(︁
⟨w(l), xi⟩

)︁
⎞⎠1{yi=k}

.

The negative log-likelihood ℓ, also called the cross-entropy loss, can then be written as

ℓ(W, S) = −
m∑︂

i=1

q∑︂
k=1

1{yi=k} ln

⎛⎝ exp
(︂
⟨w(k), xi⟩

)︂
∑︁q

l=1 exp
(︁
⟨w(l), xi⟩

)︁
⎞⎠ . (8.18)

The estimation of the parameters works exactly as in the binary case: there is no
analytical solution to the minimization of (8.18), and we usually use a gradient descent
or a Newton-Raphson algorithm. It is thus necessary to compute the gradient (and the
Hessian matrix) of ℓ with respect to all the parameters. Denoting by pk(xi) the softmax
probability of class k for the example xi, the gradient with respect to w(k) takes a form
very similar to the binary case:

∇w(k)ℓ(W, S) = −
m∑︂

i=1

(︂
1{yi=k} − pk(xi)

)︂
xi, ∀k = 1, . . . , q.

In the next section, we focus on a nonparametric counterpart of regression, called
kernel regression.
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8.6 Kernel Regression

The linear and logistic regression models presented in the previous sections are both
parametric models, i.e. we need to learn (or estimate) a fixed number of parameters,
which determine the shape of the model, in order to make predictions.

There also exist nonparametric models, which do not rely on a fixed set of
parameters. The prediction for a new instance is then directly based on the training
instances and, more precisely, on those which are the most similar to it. The k-NN
algorithm is an example of such a model.

Let us consider the problem of estimating the value of y given the value of x; for
the illustration, x is a real number. The data, together with the linear regression model
learned from them, are represented in Figure 68.

0 10 20 30 40 50 60
x

0

1

2

y

least squares line

Figure 68: Representation of the data and of the linear model learned to fit them. This model
is not appropriate, and it seems that we should use a nonlinear one. [ code: make_figures_ch07.py:
fig_linreg ]

Using a linear model to estimate the values of y does not seem appropriate here.
How would a nonparametric model perform in this case?

Let us introduce a first simple model. To estimate the value y(x) associated with
x, we simply compute the mean of the values yi = y(xi) of the neighbors of x, i.e. of
the training examples lying at a distance at most λ from x. The estimator h is thus
given by

h(x) =
∑︁m

i=1 Kλ(x, xi)yi∑︁m
i=1 Kλ(x, xi)

,

where, in this case, Kλ(x, xi) = 1 if the distance ∥x−xi∥ between x and xi is lower than
or equal to λ, and 0 otherwise. This estimator is a local average, but it has two draw-
backs: it is discontinuous (a training point suddenly enters or leaves the neighborhood
when x moves), and it is not defined when no training point lies within distance λ of
x. A natural idea is to replace this “all-or-nothing” weight by a weight which decreases
smoothly with the distance. This leads to the following definition, due independently
to Nadaraya (1964) and Watson (1964).
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Definition 8.3: Kernel regression (Nadaraya-Watson estimator)

Let S = {(xi, yi)}mi=1 ⊂ Rd × R be a sample of size m, let λ > 0 be a bandwidth,
and let Kλ(x, x′) = D

(︂
∥x−x′∥

λ

)︂
, where D : R+ → R+ is a nonincreasing function.

The kernel regression estimator is defined, for all x such that the denominator is
positive, by

h(x) =
∑︁m

i=1 Kλ(x, xi) yi∑︁m
i=1 Kλ(x, xi)

=
m∑︂

i=1
ωi(x) yi, with ωi(x) = Kλ(x, xi)∑︁m

j=1 Kλ(x, xj) .

The prediction is thus a weighted average of the training outputs, whose weights
ωi(x) are nonnegative, sum to one, and are larger for the training points close to x.
Equivalently, h(x) is the constant c which minimizes the locally weighted squared error∑︁m

i=1 Kλ(x, xi)(yi − c)2: kernel regression fits a constant model locally, around each
query point (see Hastie et al. (2009) for extensions such as local linear regression).
Common choices for D are the “box” function D(t) = 1{t≤1}, which gives back the
first estimator, and the Gaussian function D(t) = exp(−t2/2), which gives Kλ(x, xi) =
exp

(︂
−∥x−xi∥2

2λ2

)︂
(multiplicative constants do not matter since they cancel out in the

ratio).
The bandwidth λ plays the same role as k in the k-NN algorithm and controls

the bias-variance trade-off:

• when λ is small, only the very close points are taken into account: the estima-
tor follows the data closely and is very wiggly (low bias, high variance, risk of
overfitting);

• when λ is large, all the points receive almost the same weight: the estimator
becomes almost constant, close to the mean of the yi’s (high bias, low variance,
risk of underfitting).

As usual, λ is selected by cross-validation. Note that, like the k-NN algorithm, kernel
regression requires storing the whole training set and computing m distances for each
prediction.

Example 8.7. Let us consider the four training points (1, 1), (2, 3), (3, 2) and (4, 6), and
let us predict the output at x = 2.5.

• With the box kernel and λ = 1, only the points x2 = 2 and x3 = 3 are within
distance 1 of x, so h(2.5) = 3+2

2 = 2.5.

• With the box kernel and λ = 2, all four points are taken into account, and
h(2.5) = 1+3+2+6

4 = 3, the global mean.

• With the Gaussian kernel and λ = 1, the weights are exp(−1.52/2) ≃ 0.32 for x1
and x4, and exp(−0.52/2) ≃ 0.88 for x2 and x3, so

h(2.5) ≃ 0.32× 1 + 0.88× 3 + 0.88× 2 + 0.32× 6
2× 0.32 + 2× 0.88 ≃ 2.77.

All the points contribute to the Gaussian estimate, but the closest ones contribute more.
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Figure 69 shows the estimators obtained with these two kernels on the data of
Figure 68: both follow the nonlinear trend of the data, and the Gaussian kernel gives
a much smoother curve than the box kernel. Its right panel illustrates the role of the
bandwidth: a very small λ gives an irregular estimator that follows the noise, while a
very large λ gives an almost constant one.

0 20 40 60
x

0

2

y

(a) box kernel, λ= 5

0 20 40 60
x

(b) Gaussian kernel, λ= 3

0 20 40 60
x

(c) Gaussian kernel

λ= 0.7 λ= 3 λ= 25

Figure 69: Kernel regression (Nadaraya-Watson) estimators on the data of Figure 68:
(a) box kernel Kλ(x, xi) = 1{∥x−xi∥≤λ} with λ = 5; (b) Gaussian kernel Kλ(x, xi) =
exp

(︁
−∥x− xi∥2/(2λ2)

)︁
with λ = 3; (c) Gaussian kernel with a too small (λ = 0.7, overfit-

ting), a reasonable (λ = 3) and a too large (λ = 25, underfitting) bandwidth. [ code:
make_figures_ch07.py: fig_kernel_regression ]

The next algorithm we present can be used for both regression and classification
tasks. It can return the probability of belonging to a given class, like logistic regression,
or directly assign a label, like the SVM or the k-NN algorithm.

8.7 Decision Trees (classification and regression)

Two classical families of decision tree algorithms coexist: the Classification and Re-
gression Trees (CART) algorithm introduced by Breiman et al. (1984), which is the
version most widely used today, and the ID3 algorithm (and its successors) introduced
by Quinlan (1986).

A decision tree consists of a series of rules which are successively applied to the
dataset in order to split the data into two or more groups. Here, we only focus on binary
decision trees, i.e. trees in which each decision rule splits the dataset into exactly two
subsets.

The nature of the tree depends on the output space Y:

• when Y ⊂ R, we talk about a regression tree;

• when Y is a finite set of classes, e.g. Y = {−1, 1}, we talk about a classification
tree.

An example of classification tree is provided in Figure 70 on a toy dataset, in
which we aim to separate two classes (male and female) using two descriptors (age and
height) and a set of rules. The initial dataset is composed of 4 females and 3 males. The
first decision rule, Age≤ 25, divides the initial dataset into two groups: one composed
of two females, and the other one of 3 males and 2 females. The group on the left is
pure, since it only contains females, so we no longer need to split it. We then apply a
second decision rule, Height≤ 170, which separates the remaining males and females.

161 - Statistical Supervised Machine Learning



To predict the label of a new example, we simply follow the rules from the root to a
leaf, and predict the majority class of that leaf (the proportion of each class in the leaf
can also be used as an estimate of the class probabilities).

Age Height Sex
20 175 F
32 180 M
40 175 M
28 172 M
22 165 F
40 169 F
70 170 F

Toy dataset 4F 3M
Age ≤ 25 ?

2F
2F 3M

Height ≤ 170 ?

2F 3M

yes no

yes no

Figure 70: An example of classification tree learned on the toy dataset on the left (F: female,
M: male). Each internal node shows its class counts and its decision rule; the three leaves are
pure.

Such an algorithm is able to separate complex (not linearly separable) datasets
by using a large number of decision rules. To choose the decision rules, we define a
criterion to optimize.

For this purpose, we need two tools: a metric which evaluates the quality (or
impurity) of a node, and a measure of the improvement obtained after a split, called
the gain Safavian and Landgrebe (1991); Rokach and Maimon (2005).

The metric depends on the type of tree we are dealing with. A list of such metrics
is provided by Rokach and Maimon (2005), among which:

• the variance, used for regression trees:

1
mN

mN∑︂
i=1

(yi − ȳ)2,

where mN denotes the number of examples in the node N and ȳ the average value
of the yi’s in this node;

• the entropy, a notion also used in physics to quantify the disorder of a system,
defined by EntN = −∑︁L

j=1 pj log2(pj) (with the convention 0 log2 0 = 0), where
pj is the proportion of examples of class j in the node N and L is the number of
classes;

• the Gini impurity, used for classification trees. It measures the impurity of a node
from the proportions of the different classes present in the node. For instance, in
binary classification14, the Gini impurity GN of a node N is defined by

GN =
∑︂

j∈{−1,1}
pj(1− pj) = 2p1(1− p1), (8.19)

where pj denotes the proportion of examples of class j in the node.
14The definition can be extended to L classes: the Gini impurity is then defined by GN =

∑︁L

j=1 pj(1−
pj) = 1 −

∑︁L

j=1 p2
j , where pj is the proportion of examples of class j in the node N .
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In the binary setting, the Gini impurity is a real number which belongs to [0, 0.5].
A value of 0 means that the node is pure, i.e. it only contains examples from one class.
A value of 0.5 means that the node contains the same number of examples from both
classes. Similarly, the binary entropy belongs to [0, 1], with the same interpretation of
its extreme values.

Let us now illustrate this notion. In the previous example (Figure 70), the Gini
impurity of the root is Groot = 2 × 4

7

(︃
1− 4

7

)︃
= 24

49 ≃ 0.49, while it is equal to 0 and
12
25 respectively in the two nodes obtained after the first split. We have already said
that the node on the left is pure, because it only contains examples from one class; its
Gini impurity therefore cannot be improved.

The next step consists in choosing the optimal rule to split a node into two child
nodes. This rule is chosen so as to decrease the impurity as much as possible. For this
purpose, we define the Gini gain Γ of a split of a node N (here the root) into two nodes
NL and NR as follows:

Γ = Groot −
(︃ |NL|
|NL|+ |NR|

GNL
+ |NR|
|NL|+ |NR|

GNR

)︃
,

where |NL| and |NR| denote the numbers of examples in the left and right nodes,
and GNL

and GNR
their Gini impurities. In our example, the first split has a gain

Γ = 24
49 −

5
7 ×

12
25 = 36

245 ≃ 0.15 (with the entropy instead of the Gini impurity, the gain
would be 0.985− 5

7 × 0.971 ≃ 0.29).

0.0 0.2 0.4 0.6 0.8 1.0
proportion p of females in the node

0.0

0.1

0.2

0.3

0.4

0.5

im
pu

ri
ty

Γ' 0.15

NR

NL

Gini impurity 2p(1− p)
entropy / 2

children NL, NR

root
Gini gain Γ
weighted average

Figure 71: Illustration of the Gini gain using the first split of the example presented in Figure 70,
as a function of the proportion p of females in a node. The root (p = 4/7) is split into NL (p = 1)
and NR (p = 2/5); the weighted average of the impurities of the children lies on the green chord,
and the red arrow represents the Gini gain Γ. The (halved) entropy has a very similar shape.
[ code: make_figures_ch07.py: fig_gini ]

Figure 71 illustrates the use of the Gini impurity as a metric to build our decision
tree on this example. The red arrow represents the Gini gain Γ. This figure also shows
that the Gini impurity is a concave function of the proportion p1. Since the proportion
of a class in the parent node is the weighted average of its proportions in the two child
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nodes, this concavity ensures, by Jensen’s inequality Jensen (1906) (Proposition 1.3 in
Section 1), that the gain is always nonnegative: a split never increases the (weighted)
impurity. Note, however, that a split does not necessarily decrease the classification error
of the tree, which is precisely why a concave impurity measure is used instead of the
error rate. At each step, we choose the feature and the corresponding threshold which
maximize the gain Γ. The decision rule is then applied, and the nodes are recursively
split until pure leaves are obtained.

In practice, it is always possible to obtain such perfect leaves (unless two identical
inputs have different labels). However, such trees tend to overfit and to generalize
poorly. To overcome this issue, we usually restrict the growth of the tree (pre-pruning)
using hyperparameters such as:

• the maximal size/depth of the tree;

• the size of a node: the minimum number of examples required in a node to split
it;

• the size of a leaf: the minimum number of examples in each of the two leaves after
a split;

• a threshold on the gain: the minimum value of the gain required to make a new
split.

Another strategy (post-pruning) consists in growing a full tree and then removing the
branches which do not improve the performance enough, as done in the cost-complexity
pruning of CART Breiman et al. (1984).

Geometrically, each decision rule of the form xj ≤ s cuts a region of the input
space into two by a hyperplane orthogonal to the j-th axis: a tree thus partitions the
space into axis-aligned rectangles R1, . . . , RL, one per leaf, and predicts a constant (a
class or a value) in each of them, as shown in Figure 72.

Pitfall: deep trees overfit and are unstable A fully grown tree reaches a zero
training error (when no two identical inputs have different labels), but, as in the
right panel of Figure 72, it does so by creating tiny leaves around noisy examples:
its test error is much larger than its training error. Deep trees also have a high
variance in another sense: a small change in the training set can change the first
split, and hence the whole tree. Therefore, never select the depth of a tree on
the training error; tune the pruning hyperparameters by cross-validation. This
instability is also what ensemble methods such as bagging and random forests
exploit by averaging many trees (Section 10).

The gain defined above can be used with any impurity measure: entropy, Gini
impurity, variance, or any other measure you may want to define.

Before moving on to another topic, let us consider another example with the same
dataset, where we now aim to predict the age of a person from his or her height, using
a regression tree. We first compute the variance at the root of the tree; in our case, it
is equal to V arroot ≃ 245.71. We now have to find the binary split for which the gain,
defined by

Γ = V arroot −
(︃ |NL|
|NL|+ |NR|

V arNL
+ |NR|
|NL|+ |NR|

V arNR

)︃
,
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x1

x
2 R1

R2

R3

(1)

(2)

3 leaves
test error 11%

(1) x1 0.45 ?

yes no

R1

[6 / 63]

(2) x2 0.65 ?

yes no

R2

[56 / 8]
R3

[2 / 25]

The tree
[blue / red counts]

x1

Fully grown: 30 leaves
test error 18%

Figure 72: Left and middle: a small classification tree (three leaves) learned on 160 points of
[0, 1]2, 10% of whose labels have been flipped, and the corresponding partition of the input space
into axis-aligned rectangles; (1) and (2) mark the two splits. Right: the fully grown tree has
pure leaves, isolates the noisy points in small rectangles and has a larger test error. [ code:
make_figures_ch07.py: fig_tree_partition ]

is the highest. For this purpose, we test the possible thresholds on the variable height
and compute the associated values of Γ. The results of these computations are provided
in Table 3 and show that, among the three tested splits, the best one is obtained with
a threshold equal to 170. In a regression tree, the prediction associated with a leaf is
the average output of the training examples it contains.

Threshold |NL| |NR| V arNL
V arNR

Γ
169 2 5 81 297.6 10
170 3 4 392 52 48
172 4 3 342 67.56 21.33

Table 3: Values of the gain Γ, in terms of variance, for three different thresholds. An instance
whose height is lower than or equal to the threshold is put in the left node, and in the right one
otherwise.

Later in this document, we will see how decision trees can be combined to build
stronger algorithms.

Summary Table 4 summarizes the main features of the algorithms presented in this
section. There is no universally best algorithm: the choice depends on the size and
dimension of the data, on the need for probabilities or for an interpretable model, and
on the computational budget, and it should be validated experimentally (e.g. by cross-
validation).

We conclude the presentation of the standard algorithms with Neural Networks,
in the next section.
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Algorithm Task Parametric Output Main hyperparameters
k-NN classif./regression no label k, distance
SVM classification yes∗ label (score) C, kernel
Linear regression regression yes real value regularization λ
Logistic regression classification yes probability regularization λ
Kernel regression regression no real value bandwidth λ, kernel
Decision tree classif./regression no label/prob./value depth, leaf size

∗ with a nonlinear kernel, the number of dual parameters grows with m.

Table 4: Summary of the supervised algorithms presented in this section.

To remember from Section 8

• The 0-1 loss is replaced by convex surrogates (hinge, logistic, exponential),
written as functions of the margin yh(x).

• k-NN is a nonparametric, memory-based rule; k controls the bias-variance
trade-off, and the method requires scaled features and suffers from the curse
of dimensionality.

• The SVM maximizes the margin 2/ ∥w∥2; its soft margin version minimizes
a regularized hinge loss. The dual only involves inner products, which the
kernel trick replaces by a kernel K; the solution only depends on the support
vectors (αi > 0).

• Linear regression has a closed-form solution; logistic regression models the
log-odds linearly, is fitted by maximum likelihood (gradient descent or New-
ton/IRLS), and extends to q classes with the softmax. L2 regularization
shrinks the coefficients, L1 regularization sets some of them to zero.

• Kernel regression is a locally weighted average whose bandwidth λ plays the
role of k.

• Decision trees recursively split the space into axis-aligned rectangles by max-
imizing an impurity gain (Gini, entropy, variance); they are interpretable
but overfit when grown fully, hence pruning.

• In all cases, the hyperparameters (k, C, γ or σ, λ, depth) are selected by
cross-validation.

Check your understanding

Short questions to test yourself; the answers are in Appendix A (click on the number of a question
to see its answer).

k-Nearest Neighbors

Q8.1. What is the training error of the 1-NN rule, and what does it tell us about its test error?

Q8.2. In binary classification, why is an odd value of k usually preferred? What happens with
k = 4 when the vote is 2 against 2?

Q8.3. Data are uniform in [0, 1]5. What is the edge length of a small hypercube around a query
that contains 10% of the data? Comment.

Support Vector Machine
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Q8.4. In the soft margin SVM, which training examples have αi = 0, and what is their influence
on the classifier?

Q8.5. A linear SVM returns w = (3, 4). What is the width of its margin γ?

Q8.6. True or false: increasing the hyperparameter C of the soft margin SVM can only widen
the margin. Justify.

Q8.7. What happens to a Gaussian kernel SVM when σ becomes very small (i.e. γ very large)?

Multinomial Logistic Regression

Q8.8. Why does the Lasso produce exact zeros in the coefficients, whereas Ridge regression
does not?

Q8.9. A logistic regression model gives the score h(w, b, x) = ln 3 for an example x. What is
the estimated probability that y = 1? What are the odds?

Q8.10. How many parameters does a multinomial logistic regression with a reference class have
for images of 28×28 pixels and q = 10 classes? And the softmax version with one vector
per class?

Synthesis of the section

Q8.11. Why do we minimize a surrogate loss rather than the 0-1 loss itself?

Q8.12. Which algorithm of this section is insensitive to a rescaling of the features, and why?

Q8.13. What does the Nadaraya-Watson estimator with a Gaussian kernel become when λ→
+∞? And when λ→ 0?

Q8.14. What is the Gini impurity of a node containing the same number of examples of 3
classes? Is it the maximal value for 3 classes?

Q8.15. A node contains 80 examples of class 1 and 20 of class −1. It is split into a pure node
(50 examples of class 1) and a node with 30 examples of class 1 and 20 of class −1. What
is the decrease of the misclassification error? Why do trees use the Gini impurity or the
entropy instead?

Q8.16. Which algorithms of this section must keep (part of) the training set in memory to
make predictions?
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9 Neural Networks

Neural networks are the last family of models presented in this part. They can be used
for classification and for regression, but also, as we will see at the end of the section, in
unsupervised learning (dimensionality reduction, generative models). They are at the
heart of what is now called deep learning, which has driven most of the recent progress in
computer vision, speech recognition and natural language processing. A neural network
is nothing more than a parametric function obtained by composing simple operations
(affine maps and non-linear functions), whose parameters are learned by minimizing an
empirical risk with a gradient-based method. The main ideas of this section are thus
already familiar: a model, a loss and an optimization algorithm, see Sections 6 and 3.
The reference textbook on the topic is the book of Goodfellow et al. (2016).

About this section

We start from the perceptron, the ancestor of all neural networks, and understand why it
has to be stacked into several layers (Section 9.1). We then study the ingredients of a mul-
tilayer perceptron: activation functions (Section 9.2), its expressive power (Section 9.3)
and the losses used to train it (Section 9.4). The core of the section is the backpropagation
algorithm (Section 9.5) and the optimization and regularization techniques that make the
training of deep networks possible (Sections 9.6 and 9.7). We finally present the main
architectures: convolutional networks (Section 9.8), recurrent networks (Section 9.9) and
a few others (Section 9.10), before giving some practical advice (Section 9.11).

9.1 From the perceptron to the multilayer perceptron

Foundations. Neural networks are (very freely) inspired by nature, and more pre-
cisely by neuroscience and models of synapses. The first traces of neural networks can
be found in works from the middle of the 20th century: McCulloch and Pitts (1943) pro-
posed the first mathematical model of a neuron, a unit that “fires” when the weighted
sum of its inputs exceeds a threshold. A few years later, Rosenblatt (1958) proposed a
way to learn the weights of such a unit from examples: this is the perceptron, represented
in Fig. 73.

x1

x2

x3

1

Σ fact yout

w1

w2

w3

b

z

inputs

weights
weighted sum

activation output

Figure 73: A perceptron with an input space of dimension 3. Each feature xj is multiplied by
a weight wj and a bias b is added: z =

∑︁3
j=1 wjxj + b. This weighted sum then goes through

an activation function fact to give the output yout = fact(z).

168 - Statistical Supervised Machine Learning



The perceptron. A perceptron takes a vector x ∈ Rd as input and depends on a
parameter (w, b) ∈ Rd×R, where w is the vector of weights and b the bias. Historically,
its output h(x) is the sign of the inner product between x and w, to which the bias b
is added, i.e.

h(x) = sign (⟨w, x⟩+ b) = sign

⎛⎝ d∑︂
j=1

wjxj + b

⎞⎠ .

This first model was thus designed for binary classification. It computes an affine
function of the input (linear if b = 0), to which an activation function is applied to
return the predicted class. With labels in {0, 1}, the prediction reads

h(x) =
{︄

0 if ⟨w, x⟩+ b < 0,

1 otherwise,

and the activation function is the Heaviside (or step) function H(z) = 1z≥0, represented
in Fig. 77 (left). Note that this decision rule is exactly the one of the linear SVM seen
in Section 8: the perceptron is a linear classifier, and only the way its parameters are
learned differs. In the rest of this paragraph, we use labels in {−1, +1} and h(x) =
sign(⟨w, x⟩+ b), which makes the formulas shorter.

The perceptron learning rule. The first algorithm used to learn the parameters w
and b is inspired by the rule of the neuropsychologist Hebb (“neurons that fire together
wire together”). Its principle is simple: the examples are visited one after the other,
and the parameters are only modified when the current example is misclassified, i.e.
when yi(⟨w, xi⟩+ b) ≤ 0. In this case, we update

w← w + α yixi and b← b + α yi,

where α > 0 is the learning rate. Such an update moves the hyperplane in the right
direction for the example (xi, yi), since the new score satisfies

yi (⟨w + αyixi, xi⟩+ b + αyi) = yi (⟨w, xi⟩+ b) + α
(︂
∥xi∥2 + 1

)︂
> yi (⟨w, xi⟩+ b) .

The procedure is repeated until no example is misclassified, or stops after a given number
of passes over the data (called epochs). The procedure is summarized in Algorithm 4.
A classical result states that it stops after a finite number of updates when the data are
linearly separable.

Theorem 9.1: Convergence of the perceptron (Novikoff, 1962)

Let S = {(xi, yi)}mi=1 be a training set with ∥xi∥ ≤ R for all i. Assume that the
data are linearly separable with a margin γ > 0, i.e. there exists w∗ with ∥w∗∥ = 1
such that yi⟨w∗, xi⟩ ≥ γ for all i (no bias here, see the remark below). Then the
perceptron (without bias, starting from w = 0, with any α > 0) makes at most
R2/γ2 updates.

Proof. Let wk be the weight vector after k updates, and let (xi, yi) be the example that
triggers the (k + 1)-th update, so that yi⟨wk, xi⟩ ≤ 0. On the one hand, the projection
on w∗ increases at each update:

⟨wk+1, w∗⟩ = ⟨wk, w∗⟩+ αyi⟨xi, w∗⟩ ≥ ⟨wk, w∗⟩+ αγ, hence ⟨wk, w∗⟩ ≥ kαγ.
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Algorithm 4: Perceptron learning rule (Rosenblatt, 1958)
Input: training set S = {(xi, yi)}mi=1 with yi ∈ {−1, +1}, learning rate α > 0,

maximal number of epochs T
Output: parameters (w, b) of the linear classifier h(x) = sign(⟨w, x⟩+ b)

1 w← 0, b← 0;
2 for t = 1, . . . , T do
3 for i = 1, . . . , m do
4 if yi (⟨w, xi⟩+ b) ≤ 0 then
5 w← w + α yixi and b← b + α yi;

6 if no update has been made during the epoch then stop;

On the other hand, the norm does not increase too fast:

∥wk+1∥2 = ∥wk∥2+2α yi⟨wk, xi⟩⏞ ⏟⏟ ⏞
≤0

+α2 ∥xi∥2 ≤ ∥wk∥2+α2R2, hence ∥wk∥2 ≤ kα2R2.

Combining both inequalities with the Cauchy–Schwarz inequality gives kαγ ≤
⟨wk, w∗⟩ ≤ ∥wk∥ ≤

√
k αR, i.e. k ≤ R2/γ2.

Remark The bias can be handled by adding a constant feature equal to 1 to
each input: x̃ = (x, 1) and w̃ = (w, b). Note also that the number of updates
does not depend on the dimension d nor on the number of examples m, but only
on the geometry of the problem through the ratio R/γ. The margin γ is the same
notion as the one maximized by the SVM. However, the perceptron returns one
separating hyperplane, not the one with maximal margin, and it never stops (it
cycles) when the data are not linearly separable.

The Widrow–Hoff rule. Another rule to learn the parameters of a perceptron, called
the Widrow–Hoff rule (or delta rule), works in a similar manner but takes into account
the error made on the current example:

w← w + α (yi − h(xi)) xi and b← b + α (yi − h(xi)) .

This rule can be used with the sign function, but it is usually combined with the
hyperbolic tangent tanh, which can be seen as a smooth version of the sign function
(see Fig. 77), or with the sigmoid function, a smooth version of the Heaviside function.
Smooth activation functions have a major advantage: the derivative of the Heaviside
function is equal to 0 almost everywhere, so that it does not provide any information
to a gradient descent algorithm, whereas smooth functions do. When h is the identity,
the Widrow–Hoff rule is exactly a stochastic gradient step on the squared loss 1

2(yi −
⟨w, xi⟩ − b)2, a point of view that we will generalize to any network in Section 9.5.

The limits of the perceptron: the XOR problem. The previous algorithms work
well when the problem is linearly separable. This situation is rarely met in practice,
and we need more flexible models to achieve good performance on non-linear problems.
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For instance, the perceptron can perfectly classify the OR and AND datasets,
since a linear model is enough to separate the two classes, but it cannot solve the XOR
(exclusive or) problem. These three problems are illustrated in Fig. 74: no line can
separate the two classes of the third dataset. This simple observation, formalized by
Minsky and Papert (1969), contributed to a significant decline of research on neural
networks in the 1970s. To solve the problem, we need a more complex model, one
that learns another representation of the data in which the problem becomes linearly
separable.

x1

x2

x1

x2

x1

x2

?

Figure 74: The OR, AND and XOR classification datasets (from left to right) in a two-
dimensional space. A coordinate xj equal to 0 means that the corresponding entry is FALSE ; it
is equal to 1 if the entry is TRUE. The color of a point gives its label, determined by the logical
operator: TRUE or FALSE. A line separates the classes of the first two datasets, but no line
can separate those of the XOR dataset.

To this end, we are again inspired by the architecture of the brain, where many
neurons are connected to each other: this is what we call a neural network. Before
describing the general architecture, let us go back to our example and see how the
XOR problem can be solved. Consider the following transformation of the axes:

x1 ← x1 ∧ x2 and x2 ← x1 ∨ x2,

which gives the following new representation of the data (the XOR dataset on the left,
its new representation on the right):

x1

x2

?
x1 ∧ x2

x1 ∨ x2

With this transformation, the two red points are mapped to the same point of the new
space, because exactly one of their two entries is TRUE. The blue points stay where
they are, since their two entries are equal. In this new representation, the problem is
linearly separable, and such a representation can be learned by a neural network, more
precisely by a multilayer perceptron.
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Function Weights Bias Output
x1 ∧ x2 (AND) w1 = w2 = 1 b = −1.5 H(x1 + x2 − 1.5)
x1 ∨ x2 (OR) w1 = w2 = 1 b = −0.5 H(x1 + x2 − 0.5)
x (NOT) w = −1 b = 0.5 H(−x + 0.5)

Table 5: The elementary logical functions are perceptrons with the Heaviside activation H(z) =
1z≥0 and inputs in {0, 1}.

To find a suitable architecture, let us first rewrite the XOR function. This func-
tion is TRUE if and only if exactly one of its inputs is TRUE. In other words,

XOR(x1, x2) = (x1 ∨ x2) ∧ (x1 ∧ x2) .

It is now enough to translate this expression with several perceptrons using the Heaviside
activation H: the elementary logical functions are all perceptrons, as shown in Table 5.
Composing them gives the network of Fig. 75, whose hidden layer computes the new
representation (x1 ∨ x2, x1 ∧ x2) and whose output unit computes “x1 ∨ x2 and not
x1 ∧ x2”.

x1

x2

H

H

H XOR(x1, x2)

1

1

1

1

1

−2

OR, b = −0.5

AND, b = −1.5

b = −0.5

input layer hidden layer output layer

Figure 75: A multilayer perceptron with Heaviside activations solving the XOR prob-
lem. The hidden units compute x1 ∨ x2 and x1 ∧ x2; the output unit computes
H ((x1 ∨ x2)− 2(x1 ∧ x2)− 0.5), which is equal to 1 if and only if exactly one input is equal
to 1.

The multilayer perceptron. A multilayer perceptron (MLP) is represented in
Fig. 76. The first layer is called the input layer. Its size is equal to the dimension
of the input space, and we add another unit whose value is always equal to 1 and
which represents the bias term. The intermediate layers are called hidden layers: their
number and their sizes are chosen by the user according to the problem at hand. To
each hidden layer, we can also associate a bias that is used to compute the values of
the next layer. The last layer is called the output layer, and its size depends on the
output space. For regression or binary classification, the output is of dimension 1. For
multi-class classification, the output layer has as many units as there are classes in the
dataset.

The network of Fig. 76 is said to be fully connected: every unit of a layer is con-
nected to every unit of the next layer. It is possible to remove some of the connections,
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Figure 76: A multilayer perceptron. In this example, the input space is of dimension 3 and
there are two hidden layers, of size 3 and 2 respectively. The output space is of dimension 1.
The units labeled 1 represent the biases.

by setting the corresponding weights to 0, and we could also imagine connections be-
tween two non-consecutive layers (this is the idea of residual networks, see Section 9.8).
Let us formalize the model.

Definition 9.1: Multilayer perceptron

Let L ≥ 1 be the number of layers (the input layer is not counted) and d0 =
d, d1, . . . , dL their sizes. A multilayer perceptron is a function fθ : Rd → RdL

defined by h(0) = x and, for ℓ = 1, . . . , L,

a(ℓ) = W(ℓ)h(ℓ−1) + b(ℓ) and h(ℓ) = σℓ

(︂
a(ℓ)

)︂
,

and fθ(x) = h(L), where
• W(ℓ) ∈ Rdℓ×dℓ−1 is the weight matrix and b(ℓ) ∈ Rdℓ the bias vector of layer

ℓ;

• σℓ : R → R is the activation function of layer ℓ, applied componentwise (σL

can be the identity or the softmax function, see Section 9.4);

• a(ℓ) is called the pre-activation and h(ℓ) the activation (or hidden represen-
tation) of layer ℓ.

The parameter of the network is θ =
(︂
W(1), b(1), . . . , W(L), b(L)

)︂
. A network is

called deep when it has several hidden layers.

In other words, a multilayer perceptron is the composition fθ = σL ◦AL ◦ σL−1 ◦
AL−1 ◦ · · · ◦ σ1 ◦ A1, where Aℓ : h ↦→W(ℓ)h + b(ℓ) is an affine map. Each hidden layer
computes a new representation of the data, and the last layer is a linear (or logistic)
model applied to the last representation h(L−1): the network learns the representation
in which the final problem becomes simple, as we did by hand for the XOR problem.
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Number of parameters. Since each unit of layer ℓ is connected to all the units of
layer ℓ− 1 plus a bias unit, the number of parameters of a fully connected network is

L∑︂
ℓ=1

dℓ × (dℓ−1 + 1) .

In the example of Fig. 76, we have d0 = 3, d1 = 3, d2 = 2 and d3 = 1. There
are (3 + 1) × 3 = 12 parameters between the input layer and the first hidden layer,
(3+1)×2 = 8 parameters between the two hidden layers, and (2+1)×1 = 3 parameters
between the second hidden layer and the output layer, i.e. a total of 23 parameters.
The network below has (3 + 1)× 3× 3 = 36 parameters:
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It has three outputs and can be used for multi-class classification with three classes;
we explain how in Section 9.4. Modern networks have millions, or even billions, of
parameters, often many more than the number of training examples.

9.2 Activation functions

Why do we need non-linear activations? Without activation functions (or with
linear ones), a multilayer perceptron is useless, whatever its depth.

Proposition 9.2: Composition of affine maps

If all the activation functions σ1, . . . , σL are the identity, then the multilayer per-
ceptron of Definition 9.1 is an affine function of its input: there exist W ∈ RdL×d

and b ∈ RdL such that fθ(x) = Wx + b for all x.

Proof. By induction on L: the result is clear for L = 1, and if h(L−1) = W′x + b′, then
h(L) = W(L)(W′x + b′) + b(L) = (W(L)W′)x + (W(L)b′ + b(L)).

A deep linear network thus has exactly the same expressive power as a linear
model: it cannot solve the XOR problem. The non-linearity of the activations is what
makes the depth useful. Since the networks are trained with gradient-based methods,
we also want activation functions that are differentiable (at least almost everywhere)
with non-zero derivatives. The most common activation functions are given in Table 6
and represented in Fig. 77.
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Name σ(z) σ′(z) Range

Heaviside 1z≥0 0 (for z ̸= 0) {0, 1}

Sigmoid (logistic) 1
1 + e−z

σ(z) (1− σ(z)) (0, 1)

Hyperbolic tangent tanh(z) = ez − e−z

ez + e−z
1− tanh2(z) (−1, 1)

ReLU max(0, z) 1z>0 (for z ̸= 0) [0, +∞)

Leaky ReLU max(βz, z), 0 < β < 1 1 if z > 0, β if z < 0 R

ELU z if z > 0, ez − 1 otherwise 1 if z > 0, ez otherwise (−1, +∞)

Table 6: Common activation functions and their derivatives.
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Activation functions σ(z)
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sigmoid
tanh
ReLU
leaky ReLU (β = 0.1)
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z

Derivatives σ′(z)

Figure 77: Graphs of the activation functions of Table 6 (left) and of their derivatives (right).
The derivative of the sigmoid is at most 1/4 and those of the sigmoid and of tanh vanish when
|z| is large (saturation), whereas the derivative of the ReLU is equal to 1 on the whole positive
half-line.

Sigmoid and hyperbolic tangent. The sigmoid σ(z) = 1/(1+e−z) was the standard
activation function until the 2000s. Its values lie in (0, 1), so that it can be interpreted
as a probability, which is why it is still used on the output layer for binary classification
(Section 9.4). The hyperbolic tangent is a rescaled sigmoid, tanh(z) = 2σ(2z) − 1,
whose outputs are centered around 0, which usually makes the optimization easier.
Both functions saturate: their derivatives tend to 0 when |z| → +∞, and the derivative
of the sigmoid is bounded by 1/4. We will see in Section 9.5 that this causes the
gradients to vanish in deep networks.

ReLU and its variants. The Rectified Linear Unit ReLU(z) = max(0, z) is now
the default choice for hidden layers. It is very cheap to compute, it does not saturate
for positive inputs (its derivative is equal to 1), and it produces sparse representations
(many units are exactly equal to 0). It is not differentiable at 0, but this is not a problem
in practice: we simply use 0 (or 1) as the derivative at this point. Its main drawback
is that a unit whose pre-activation is negative for all the training examples has a zero
gradient and no longer learns (a “dead” unit). The leaky ReLU and the ELU avoid this
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issue by allowing a small non-zero slope for negative inputs. Smooth variants such as
GELU or SiLU (z ↦→ z σ(z)) are popular in recent architectures.

The softmax function. The last activation function is not applied componentwise:
it transforms a vector of scores into a probability distribution, and it is used on the
output layer for multi-class classification.

Definition 9.2: Softmax function

The softmax function softmax : Rq → ∆q = {p ∈ [0, 1]q,
∑︁

k pk = 1} is defined by

softmax(z)k = ezk∑︁q
l=1 ezl

, k = 1, . . . , q.

Its Jacobian matrix is ∂ softmax(z)k

∂zl
= pk (1k=l − pl), where p = softmax(z), i.e.

J = diag(p)− pp⊤.

The name comes from the fact that softmax(z) is a smooth approximation of
the indicator vector of arg maxk zk. It is invariant to the addition of a constant to
all the scores, softmax(z + c1) = softmax(z), a property that is used in practice to
avoid numerical overflows: we compute softmax(z−maxk zk1). For q = 2, the softmax
reduces to the sigmoid: softmax(z)1 = σ(z1 − z2). We recover the multinomial logistic
regression model of Section 8.

9.3 Expressive power: the universal approximation theorem

We have seen that a network with one hidden layer can represent the XOR function.
In fact, a network with one hidden layer can approximate any continuous function,
provided that the hidden layer is large enough.

Theorem 9.3: Universal approximation (Cybenko, 1989; Hornik, 1991;
Leshno et al., 1993)

Let σ : R → R be a continuous function which is not a polynomial (e.g. the
sigmoid, tanh or ReLU), let K ⊂ Rd be a compact set and let f∗ : K → R
be a continuous function. Then, for every ε > 0, there exist an integer N and
parameters wj ∈ Rd, bj , vj ∈ R (j = 1, . . . , N) such that the network with one
hidden layer of N units

f(x) =
N∑︂

j=1
vj σ (⟨wj , x⟩+ bj) satisfies sup

x∈K
|f(x)− f∗(x)| ≤ ε.

The proof relies on functional analysis (Hahn–Banach and Riesz representation
theorems for Cybenko’s version) and is beyond the scope of these notes, but the intuition
is easy to grasp in dimension one. With a sigmoid, the difference σ(k(x−a))−σ(k(x−b))
of two hidden units is a “bump” that is close to the indicator function of [a, b] when k
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is large. A continuous function on [0, 1] can be approximated by a piecewise constant
function, i.e. by a weighted sum of such bumps, and thus by a network with one hidden
layer, see Fig. 78.
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Figure 78: Intuition behind the universal approximation theorem. Left: the difference of two
steep sigmoids is close to the indicator function of an interval. Right: a weighted sum of
such bumps, i.e. a network with one hidden layer, approximates a continuous function; the
approximation improves as the number of hidden units grows. [ code: make_figures_nn.py:
fig_nn_universal ]

This result must be read with care.

• It is an existence result: it says nothing about how to find the parameters, and
gradient descent on a non-convex objective is not guaranteed to find them.

• The required number of hidden units N can be huge: in the construction above,
it grows like (1/ε)d, exponentially with the dimension.

• It says nothing about generalization: a model able to approximate any func-
tion is also able to fit the noise of the training set (see Section 6 on the estima-
tion/approximation trade-off).

In practice, deep networks are preferred to wide and shallow ones: some functions can be
represented by a deep network with a number of units that is exponentially smaller than
the number required by a shallow network, and depth favors the learning of hierarchical
representations (edges, then textures, then parts of objects, then objects for images).
Figure 79 illustrates the effect of the size of the hidden layer on a two-dimensional
problem.

9.4 Loss functions

Given a training set S = {(xi, yi)}mi=1, the parameters of a network are learned by
minimizing the (possibly regularized) empirical risk

L̂S(θ) = 1
m

m∑︂
i=1

ℓ (fθ(xi), yi) ,
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Figure 79: Decision boundaries of networks with one hidden layer (tanh activation, sigmoid
output) trained on the same “two moons” dataset. With one hidden unit, the model is essentially
a logistic regression; three units are enough to separate the two moons; with 30 units, the
boundary starts to fit the noise of the training set. [ code: make_figures_nn.py: fig_nn_capacity ]

as in Section 6. The choice of the loss ℓ goes together with the choice of the activation of
the output layer. In each case below, we give the derivative of the loss with respect to the
pre-activation of the output layer a(L), which is the starting point of the backpropagation
algorithm. We will see that it always takes the simple form “prediction minus target”.

Regression. For regression (Y = Rq), the output layer is linear (σL = id, so that
fθ(x) = a(L)) and we use the squared loss

ℓ(fθ(x), y) = 1
2 ∥fθ(x)− y∥22 , hence ∂ℓ

∂a(L) = fθ(x)− y.

As for linear regression, minimizing this loss amounts to maximizing the likelihood of
the model y = fθ(x) + ε with a Gaussian noise ε ∼ N (0, s2I). The absolute loss or the
Huber loss can be used when the data contain outliers.

Binary classification. For Y = {0, 1}, the output layer has one unit with a sigmoid
activation, and p = fθ(x) = σ(a(L)) is interpreted as an estimate of P(y = 1 | x). The
negative log-likelihood of the Bernoulli model is the binary cross-entropy

ℓ(p, y) = −y ln p− (1− y) ln(1− p), hence ∂ℓ

∂a(L) = p− y,

where we used σ′ = σ(1 − σ). Written as a function of the score a(L) and with labels
ỹ = 2y − 1 ∈ {−1, +1}, this is exactly the logistic loss ln(1 + e−ỹa(L)) of Section 8.
In particular, a network without hidden layer, with a sigmoid output and the cross-
entropy loss, is a logistic regression: an MLP is a logistic regression applied to a learned
representation h(L−1) of the data.

Multi-class classification. For Y = {1, . . . , q}, the output layer has q units and a
softmax activation, and pk = softmax(a(L))k estimates P(y = k | x). We encode the
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label y by its one-hot vector ey ∈ {0, 1}q (the y-th vector of the canonical basis) and
use the cross-entropy loss, i.e. the negative log-likelihood of the categorical model:

ℓ(p, y) = − ln py = −
q∑︂

k=1
(ey)k ln pk.

This is the multinomial logistic regression model of Section 8, applied to the last hidden
representation.

Proposition 9.4: Gradient of the softmax cross-entropy

Let z ∈ Rq, p = softmax(z) and y ∈ {1, . . . , q}. Then

ℓ = − ln py = −zy + ln
q∑︂

l=1
ezl and ∇z ℓ = p− ey.

Proof. By definition of the softmax,

ℓ = − ln ezy∑︁
l ezl

↓ property of the logarithm

= −zy + ln
q∑︂

l=1
ezl .

Differentiating with respect to zk,
∂ℓ

∂zk
= −1k=y + ezk∑︁

l ezl

↓ definition of the softmax
= pk − (ey)k.

The function z ↦→ ln∑︁l ezl (called log-sum-exp) is convex, so that the cross-
entropy is a convex function of the scores. However, the scores a(L) are themselves
non-linear functions of the parameters, and the empirical risk of a network with at least
one hidden layer is not convex in θ. The optimization algorithms of Section 3 are thus
only guaranteed to find stationary points, and the result of the training depends on
the initialization. Surprisingly, in large networks, the local minima found by gradient
methods are usually good enough.

Pitfall Never compute the cross-entropy by first computing p = softmax(z)
and then ln py: if py is rounded to 0, the loss is infinite. Use the expression
−zy + ln∑︁l ezl with the “max trick” of the previous section. This is what deep
learning libraries do when the loss is fed with the scores (the logits) rather than
with the probabilities.

9.5 Training: forward pass and backpropagation

A first example with the chain rule. To minimize L̂S(θ) with a gradient method,
we need its gradient with respect to all the parameters of the network. Let us start
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with a very simple network made of three layers with a single unit each, and a one-
dimensional input15:

x f1 f2 f3 y3

w1

∂f1

∂w1

w2

∂f2

∂w2

w3

∂f3

∂w3
y1 y2

∂f2

∂y1

∂f3

∂y2

Here wi and fi respectively denote the parameter and the function computed by the i-th
layer, and yi = fi(yi−1, wi) its output, with y0 = x. The training alternates two steps.
The forward step feeds the network with data, one example at a time (stochastic)
or a small subset of the data (a mini-batch), and computes the successive outputs
y1, y2, y3 and the value of the loss. The backward step computes the gradient of the
loss with respect to each parameter and updates the parameters. The main difficulty
is to propagate the error through the whole network: the parameter of the last layer is
directly linked to the output, but this is not the case for the parameters of the first layers,
whose influence on the output goes through all the following layers. The derivatives are
obtained with the chain rule: if g is differentiable at x and f is differentiable at g(x),
then

(f ◦ g)′(x) = f ′ (g(x))× g′(x).

For the sake of simplicity, we compute the derivatives of the output y3 with respect to
w1, w2 and w3; the derivatives of the loss ℓ(y3, y) are obtained by multiplying them by
∂ℓ/∂y3.

• Derivative with respect to w3:

∂y3
∂w3

= ∂f3
∂w3

(y2, w3).

• Derivative with respect to w2 (which influences y3 through y2 only):

∂y3
∂w2

= ∂f3
∂y2

(y2, w3)× ∂y2
∂w2

↓ since y2 = f2(y1, w2)

= ∂f3
∂y2

(y2, w3)× ∂f2
∂w2

(y1, w2).

• Derivative with respect to w1 (which influences y3 through y1, then y2):

∂y3
∂w1

= ∂f3
∂y2

(y2, w3)× ∂y2
∂w1

↓ chain rule again, y2 = f2(y1, w2)

= ∂f3
∂y2

(y2, w3)× ∂f2
∂y1

(y1, w2)× ∂y1
∂w1

15This example is taken from the PhD thesis of Damien Fourure.
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↓ since y1 = f1(x, w1)

= ⏞ ⏟⏟ ⏞
∂f3
∂y2

(y2, w3)× ∂f2
∂y1

(y1, w2)× ∂f1
∂w1

(x, w1).

Two observations are essential. First, the derivatives involve the intermediate values
y1, y2: they must be computed and stored during the forward step. Second, the term
underlined in blue, ∂y3/∂y1, also appears (partially) in the computation of ∂y3/∂w2:
if we compute the derivatives from the output to the input, each product can reuse the
previous one. Updating the weights by computing the derivatives backward, layer by
layer, with the chain rule is called backpropagation (Rumelhart et al., 1986).

Backpropagation for a multilayer perceptron. Let us now derive the algorithm
for the general multilayer perceptron of Definition 9.1, in matrix form. We consider a
single example (x, y) and denote by J = ℓ (fθ(x), y) its loss (we use the letter J since
ℓ is used here as a layer index); the gradient of the empirical risk is the average of the
gradients over the examples. The key quantity is the gradient of the loss with respect
to the pre-activations of layer ℓ (the “error” of the layer):

δ(ℓ) = ∂J

∂a(ℓ) ∈ Rdℓ .

We denote by ⊙ the componentwise (Hadamard) product of two vectors.

Proposition 9.5: Backpropagation equations

For a multilayer perceptron with componentwise activations on the hidden layers,
1. output layer: δ(L) = ∇a(L)J , e.g. δ(L) = fθ(x)−y for the three pairs (output

activation, loss) of Section 9.4;

2. for ℓ = L− 1, . . . , 1: δ(ℓ) = σ′
ℓ

(︂
a(ℓ)

)︂
⊙
(︂
W(ℓ+1)⊤δ(ℓ+1)

)︂
;

3. for ℓ = 1, . . . , L: ∂J

∂W(ℓ) = δ(ℓ) h(ℓ−1)⊤ ∈ Rdℓ×dℓ−1 and ∂J

∂b(ℓ) = δ(ℓ).

Proof. Point 1 was established in Section 9.4. For point 2, J depends on a
(ℓ)
j only

through h
(ℓ)
j = σℓ(a(ℓ)

j ), which in turn influences all the pre-activations of the next
layer, a

(ℓ+1)
k = ∑︁

j′ W
(ℓ+1)
kj′ h

(ℓ)
j′ + b

(ℓ+1)
k . Hence

δ
(ℓ)
j = ∂J

∂a
(ℓ)
j

=
dℓ+1∑︂
k=1

∂J

∂a
(ℓ+1)
k

∂a
(ℓ+1)
k

∂h
(ℓ)
j

∂h
(ℓ)
j

∂a
(ℓ)
j

↓ multivariate chain rule

=
dℓ+1∑︂
k=1

δ
(ℓ+1)
k W

(ℓ+1)
kj σ′

ℓ

(︂
a

(ℓ)
j

)︂
↓ definition of δ(ℓ+1) and of a(ℓ+1)

= σ′
ℓ

(︂
a

(ℓ)
j

)︂ (︂
W(ℓ+1)⊤δ(ℓ+1)

)︂
j

.
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Algorithm 5: Training of a multilayer perceptron with backpropagation and
mini-batch gradient descent

Input: training set S = {(xi, yi)}mi=1, architecture (dℓ, σℓ)L
ℓ=1, learning rate η,

batch size B, number of epochs T
Output: parameters θ = (W(ℓ), b(ℓ))L

ℓ=1
1 Initialize the weights randomly (Section 9.6) and the biases to 0;
2 for t = 1, . . . , T do
3 Shuffle S and split it into mini-batches of size B;
4 for each mini-batch B do
5 for each (x, y) ∈ B do

// forward pass: compute and store the activations
6 h(0) ← x;
7 for ℓ = 1, . . . , L do
8 a(ℓ) ←W(ℓ)h(ℓ−1) + b(ℓ) and h(ℓ) ← σℓ(a(ℓ));

// backward pass: propagate the errors
9 δ(L) ← ∇a(L) ℓ(h(L), y);

10 for ℓ = L, . . . , 1 do
11 gW(ℓ)(x)← δ(ℓ)h(ℓ−1)⊤ and gb(ℓ)(x)← δ(ℓ);
12 if ℓ > 1 then δ(ℓ−1) ← σ′

ℓ−1(a(ℓ−1))⊙
(︂
W(ℓ)⊤δ(ℓ)

)︂
;

// update of the parameters
13 for ℓ = 1, . . . , L do
14 W(ℓ) ←W(ℓ) − η

|B|
∑︂
x∈B

gW(ℓ)(x) and b(ℓ) ← b(ℓ) − η

|B|
∑︂
x∈B

gb(ℓ)(x);

For point 3, the weight W
(ℓ)
jk only influences a

(ℓ)
j = ∑︁

k′ W
(ℓ)
jk′ h

(ℓ−1)
k′ + b

(ℓ)
j , so that

∂J

∂W
(ℓ)
jk

= ∂J

∂a
(ℓ)
j

∂a
(ℓ)
j

∂W
(ℓ)
jk

= δ
(ℓ)
j h

(ℓ−1)
k and ∂J

∂b
(ℓ)
j

= δ
(ℓ)
j .

The error is thus propagated backward through the transposed weight matrices,
which gives its name to the algorithm. The gradient with respect to a weight is the
product of the error at its “output end” and of the activation at its “input end”. The
complete training procedure with mini-batch gradient descent is given in Algorithm 5.
For a mini-batch B of examples, the vectors h(ℓ) and δ(ℓ) become matrices of size dℓ×|B|
(one column per example), and all the operations are matrix products, which run very
efficiently on GPUs.

Example 9.1 (One step of backpropagation by hand). Consider a network with d = 2
inputs, one hidden layer of 2 ReLU units and a linear output unit, trained with the
squared loss ℓ = 1

2(f − y)2 on the single example x = (1, 2)⊤, y = 2. The parameters
are

W(1) =
(︄

1 −1
0.5 0.5

)︄
, b(1) =

(︄
0.5
−1

)︄
, W(2) =

(︂
1 2

)︂
, b(2) = 0.

Forward pass. a(1) = W(1)x + b(1) = (1 − 2 + 0.5, 0.5 + 1 − 1)⊤ = (−0.5, 0.5)⊤,
so h(1) = ReLU(a(1)) = (0, 0.5)⊤. Then f = a(2) = 1 × 0 + 2 × 0.5 + 0 = 1 and
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ℓ = 1
2(1− 2)2 = 0.5.

Backward pass. For the output layer, δ(2) = f − y = −1, hence

∂ℓ

∂W(2) = δ(2)h(1)⊤ = (0, −0.5) and ∂ℓ

∂b(2) = −1.

For the hidden layer, W(2)⊤δ(2) = (−1, −2)⊤ and ReLU′(a(1)) = (0, 1)⊤, hence δ(1) =
(0, −2)⊤ and

∂ℓ

∂W(1) = δ(1)x⊤ =
(︄

0 0
−2 −4

)︄
and ∂ℓ

∂b(1) =
(︄

0
−2

)︄
.

Update with η = 0.05: W(1) ←
(︄

1 −1
0.6 0.7

)︄
, b(1) ← (0.5, −0.9)⊤, W(2) ← (1, 2.025)

and b(2) ← 0.05.
New forward pass. a(1) = (−0.5, 1.1)⊤, h(1) = (0, 1.1)⊤ and f = 2.025 × 1.1 +

0.05 = 2.2775: the loss decreased from 0.5 to 1
2(0.2775)2 ≈ 0.039. Note that the first

hidden unit is inactive (a(1)
1 < 0): its incoming weights receive a zero gradient and are

not modified. If this happens for all the examples, the unit is “dead”.

Computational cost. The forward pass of a fully connected network costs about∑︁
ℓ dℓdℓ−1 multiplications per example, i.e. of the order of the number of parameters P .

The backward pass requires two matrix products per layer (one for δ(ℓ−1), one for the
gradient of W(ℓ)), so its cost is about twice the cost of the forward pass. Computing the
full gradient thus costs O(P ) operations per example, the same order as evaluating the
network. Compare with a finite-difference approximation ∂ℓ

∂θj
≈ ℓ(θ+ϵej)−ℓ(θ)

ϵ , which re-
quires one forward pass per parameter, i.e. O(P 2) operations: backpropagation is what
makes the training of large networks possible. The price to pay is memory, since all
the activations of the forward pass must be stored until the backward pass. Backprop-
agation is a particular case of reverse-mode automatic differentiation: modern libraries
(PyTorch, TensorFlow, JAX) build the computational graph of any function made of
elementary operations and compute its gradient automatically, so that we never have
to derive the backpropagation equations by hand in practice. Finite differences remain
useful to check a hand-written gradient (gradient checking).

Vanishing and exploding gradients. Unrolling the recursion of Proposition 9.5
shows that the error at layer ℓ is a product of L− ℓ terms:

δ(ℓ) = D(ℓ)W(ℓ+1)⊤D(ℓ+1)W(ℓ+2)⊤ · · ·D(L−1)W(L)⊤δ(L),

with D(k) = diag
(︂
σ′

k(a(k))
)︂
, so that

⃦⃦⃦
δ(ℓ)

⃦⃦⃦
≤

L∏︂
k=ℓ+1

(︂⃦⃦⃦
W(k)

⃦⃦⃦
max

z
|σ′

k−1(z)|
)︂ ⃦⃦⃦

δ(L)
⃦⃦⃦

.

If the factors are smaller than 1, the gradient of the first layers decreases exponen-
tially fast with the depth: this is the vanishing gradient problem, and the first layers
barely learn. With the sigmoid, |σ′| ≤ 1/4, and this is precisely what happens unless
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the weights are large. Conversely, if the factors are larger than 1, the gradients can
grow exponentially (exploding gradients) and the training diverges. This phenomenon,
identified by Bengio et al. (1994) for recurrent networks, long prevented the training of
deep networks. The remedies, presented in the next subsections, are: non-saturating
activations (ReLU), a careful initialization, normalization layers, residual connections
and, for exploding gradients, gradient clipping (rescaling the gradient when its norm
exceeds a threshold).

9.6 Optimization

Stochastic and mini-batch gradient descent. The empirical risk is an average
over m examples, and m can be of the order of millions. Computing the full gradient
∇L̂S(θ) at each iteration, as in the gradient descent of Section 3, is too costly. Stochastic
gradient descent (SGD) replaces it by the gradient on one example it drawn uniformly
at random:

θt+1 = θt − ηt∇θℓ (fθt(xit), yit) .

This direction is an unbiased estimate of the full gradient, Eit [∇θℓ(fθt(xit), yit)] =
∇L̂S(θt), but it is noisy. In practice, we use mini-batch gradient descent: the gradient
is averaged over a small batch Bt of B examples (typically B ∈ {32, . . . , 512}), which
divides the variance of the estimate by B and exploits the parallelism of GPUs (Algo-
rithm 5). One pass over the whole training set is called an epoch. For convex problems,
SGD converges if the step sizes satisfy ∑︁t ηt = +∞ and ∑︁t η2

t < +∞ (e.g. ηt ∝ 1/t).
For neural networks, the noise of SGD is also believed to help escape saddle points and
poor local minima.

Momentum. When the objective is ill-conditioned (a narrow valley), gradient descent
oscillates across the valley and progresses slowly along it. The momentum method
(Polyak, 1964) (or “heavy ball”) accumulates the past gradients in a velocity v:

vt+1 = β vt + gt, θt+1 = θt − η vt+1,

where gt is the (stochastic) gradient at θt and β ∈ [0, 1) (typically 0.9). The oscillating
components of the gradient cancel out in the average, while the consistent ones add up.
The Nesterov variant evaluates the gradient at the “look-ahead” point θt − ηβvt.

Adaptive methods: RMSProp and Adam. Different parameters may require
different step sizes. RMSProp divides the step of each coordinate by a running average
of the squared gradients:

st+1 = ρ st + (1− ρ) gt ⊙ gt, θt+1 = θt −
η

√st+1 + ϵ
⊙ gt,

where the square root and the division are componentwise, ρ ≈ 0.9 and ϵ ≈ 10−8 avoids
divisions by zero. Adam (Kingma and Ba, 2015) combines momentum and RMSProp,
with a bias correction for the first iterations (the averages are initialized at 0):

mt = β1mt−1 + (1− β1)gt, m̂t = mt

1− βt
1
,

st = β2st−1 + (1− β2)gt ⊙ gt, ŝt = st

1− βt
2
,
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θt = θt−1 − η
m̂t√
ŝt + ϵ

,

with the default values β1 = 0.9, β2 = 0.999, η = 10−3. Adam is the default optimizer of
many practitioners because it is robust to the choice of η, although well-tuned SGD with
momentum sometimes generalizes better. The behavior of these methods is illustrated
in Fig. 80.
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Figure 80: Gradient descent, momentum and Adam on an ill-conditioned quadratic function
(deterministic gradients, 60 iterations from the same starting point). Gradient descent oscil-
lates along the steep direction and progresses slowly along the flat one; momentum damps the
oscillations; Adam normalizes the step of each coordinate and quickly reaches a neighborhood
of the minimum, but with a constant learning rate it keeps oscillating around it. [ code:
make_figures_nn.py: fig_nn_optimizers ]

Learning-rate schedules. The learning rate η is the most important hyperparam-
eter. Too large, the training diverges; too small, it is very slow. In practice, the
learning rate is decreased during the training: step decay (divide η by 10 every few
epochs), exponential decay ηt = η0γt, inverse decay ηt = η0/(1 + κt), or cosine an-
nealing ηt = η0

2 (1 + cos(πt/T )). Large models are often trained with a short warm-up
phase, during which η increases linearly from 0 to η0.

Weight initialization. The initialization matters for a non-convex problem. The
weights cannot be initialized to 0 (or to any common value): all the units of a layer would
then compute the same function and receive the same gradient, and they would remain
identical forever. The weights are thus initialized randomly to break the symmetry, and
their scale is chosen so that the variance of the activations (and of the gradients) is
preserved from one layer to the next. Consider a unit aj = ∑︁nin

k=1 Wjkhk where the Wjk

are independent, centered, with variance v, and independent of the inputs hk, which
have variance Var(h) and zero mean. Then

Var(aj) =
nin∑︂
k=1

Var(Wjkhk) = nin v Var(h).
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Keeping Var(aj) = Var(h) requires v = 1/nin (for an activation close to the identity
around 0, such as tanh), while the same reasoning on the backward pass requires v =
1/nout. This leads to the following classical choices.

• Xavier/Glorot initialization (Glorot and Bengio, 2010), for tanh or sigmoid: v =
2

nin + nout
, e.g. Wjk ∼ U

[︂
−
√︂

6
nin+nout

,
√︂

6
nin+nout

]︂
.

• He initialization (He et al., 2015), for ReLU: v = 2
nin

, e.g. Wjk ∼ N (0, 2/nin);
the factor 2 compensates for the fact that the ReLU sets half of its inputs to 0.

The biases are usually initialized to 0.

9.7 Regularization

Neural networks have many parameters and can easily overfit the training set (see
Fig. 79). Besides collecting more data, several regularization techniques are available.

Weight decay. As for ridge regression, we add the penalty λ
2
∑︁

ℓ

⃦⃦⃦
W(ℓ)

⃦⃦⃦2

F
to the

empirical risk (the biases are usually not penalized). The gradient step becomes

W(ℓ) ←W(ℓ) − η
(︂
∇W(ℓ)L̂S + λW(ℓ)

)︂
= (1− ηλ)W(ℓ) − η∇W(ℓ)L̂S ,

i.e. the weights are shrunk by a factor (1 − ηλ) at each step, hence the name weight
decay.

Early stopping. During the training, the training loss decreases while the validation
loss first decreases, then increases when the network starts to overfit (Fig. 81). Early
stopping monitors the validation loss after each epoch and returns the parameters with
the lowest validation loss; the training is stopped when this loss has not improved for
a given number of epochs (the patience). It is simple, cheap and very effective: the
number of epochs acts as a regularization hyperparameter, and for a quadratic loss,
early stopping can be shown to be closely related to ℓ2 regularization.

Dropout. Dropout (Srivastava et al., 2014) randomly “switches off” units during the
training. At each forward pass and for each hidden unit independently, the activation is
multiplied by a Bernoulli variable rj ∼ B(1− p), where p is the dropout rate (typically
p ∈ [0.1, 0.5]). In the “inverted dropout” implementation, the kept activations are
divided by 1 − p, so that E[rjhj/(1 − p)] = hj , and nothing has to be changed at test
time, when all the units are kept. Dropout prevents the units from co-adapting, since a
unit cannot rely on the presence of the others, and it can be interpreted as training an
ensemble of exponentially many sub-networks sharing their weights (see the ensemble
methods of Section 10). For a linear model trained with the squared loss, dropout on
the inputs is, in expectation, equivalent to an ℓ2 penalty; more generally, it acts as an
adaptive, data-dependent regularization (Wager et al., 2013).
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Figure 81: Training and validation losses of an over-parameterized network (60 hidden units, 60
noisy training examples). The validation loss reaches its minimum after about 150 epochs, then
increases while the training loss keeps decreasing: the network overfits. [ code:
make_figures_nn.py: fig_nn_early_stopping ]

Data augmentation. The best regularization is more data. When the task is invari-
ant to some transformations, we can create new training examples by applying them to
the existing ones: for images, random crops, horizontal flips, small rotations, changes of
color or contrast; for sounds, time shifts or added noise. This encodes prior knowledge
about the problem, and it is essential to train large vision models.

Batch normalization. Batch normalization (Ioffe and Szegedy, 2015) normalizes the
pre-activations of a layer over the current mini-batch B. For each unit j,

âj = aj − µB,j√︂
s2

B,j + ϵ
, ãj = γj âj + βj ,

where µB,j and s2
B,j are the empirical mean and variance of aj over the mini-batch, and

γj , βj are learned parameters (which allow the network to recover the original activation
if needed). At test time, the batch statistics are replaced by running averages computed
during the training. Batch normalization stabilizes and accelerates the training, allows
larger learning rates, makes the network less sensitive to the initialization and has a
slight regularizing effect. Its variant layer normalization, which normalizes over the units
of a layer rather than over the examples, is used in recurrent networks and transformers.

9.8 Convolutional neural networks

Motivation. Fully connected networks are not suited to images. A color image of
size 224 × 224 has 224 × 224 × 3 ≈ 150 000 entries: a single fully connected layer of
1 000 units would already have 150 million parameters. Moreover, such a layer ignores
the structure of the image: the pixels are treated as an unordered set of features, and
an object must be learned again at each position in the image. Convolutional neural
networks (CNNs) (LeCun et al., 1998) exploit two properties of images:

• locality: the relevant patterns (edges, corners, textures) are local, so that each
unit only needs to look at a small neighborhood of pixels (its receptive field);
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• translation invariance: a pattern has the same meaning wherever it appears, so
that the same weights can be used at every position (weight sharing).

The convolution operation. Let I ∈ Rn×n be an input image (one channel) and K ∈
Rk×k a filter (or kernel), with k small (typically 3 or 5). The (discrete) convolution16

produces the feature map

(I ∗K)i,j =
k∑︂

u=1

k∑︂
v=1

Ii+u−1, j+v−1 Ku,v + b,

i.e. the filter slides over the image, and at each position we compute the inner product
between the filter and the patch of the image it covers, see Fig. 82. A convolution layer
is thus a linear layer with a very particular weight matrix: sparse (locality) and with
many shared entries (weight sharing). It is followed by a non-linear activation, usually
a ReLU. A filter acts as a pattern detector: the feature map takes large values where
the image looks like the filter. In classical image processing, filters are designed by hand
(e.g. the Sobel filter of Fig. 83 detects vertical edges); in a CNN, they are learned by
backpropagation.

1 2 0 1
0 1 3 1
2 1 0 0
1 0 1 2

input I
(4× 4)

∗
1 0 −1
1 0 −1
1 0 −1

filter K
(3× 3)

= 0 2
−1 −1

feature map
(2× 2)

Figure 82: A convolution without padding and with stride 1. The highlighted output is the
inner product between the filter and the highlighted 3× 3 patch: (1 + 0 + 2)× 1 + (2 + 1 + 1)×
0 + (0 + 3 + 0)× (−1) = 0. This filter responds to vertical transitions from bright (left) to dark
(right).

Channels, padding and stride. A color image has C = 3 channels (red, green,
blue), and the output of a convolution layer has as many channels as filters. A filter of
a layer with Cin input channels is thus a tensor of size k × k × Cin, and a layer with
Cout filters has (k2Cin + 1) Cout parameters, independently of the size of the image. Two
other hyperparameters control the size of the output:

• the padding p: we add p rows and columns of zeros around the input, e.g. to
preserve the spatial size (with p = (k− 1)/2 for an odd k) and to treat the border
pixels like the others;

• the stride s: the filter moves by s pixels at a time, which reduces the size of the
output.

For an input of size n × n, the output of a convolution with a k × k filter, padding p
and stride s is of size n′ × n′ with

n′ =
⌊︃

n + 2p− k

s

⌋︃
+ 1.

16Strictly speaking, this operation is a cross-correlation: the mathematical convolution flips the kernel.
Since the kernel is learned, the distinction does not matter.
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Figure 83: A convolution with the 3 × 3 Sobel filter Gx, a classical hand-designed filter that
detects vertical edges. Each pixel of the output (destination pixel) is the inner product of the
filter with the neighborhood of the corresponding input pixel (source pixel).

For instance, in Fig. 82, n′ = (4 + 0− 3)/1 + 1 = 2.

Pooling. A pooling layer reduces the spatial size of the feature maps by summarizing
each window (typically 2×2 with stride 2) by its maximum (max pooling) or its average
(average pooling), independently on each channel, see Fig. 84. It has no parameters.
Pooling reduces the computational cost of the next layers, increases the receptive field
of the units, and makes the representation robust to small translations of the input.
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feature map (4× 4)
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6 3

2.5 2

2.25 1.75

Figure 84: Max pooling (top) and average pooling (bottom) with a 2× 2 window and stride 2:
each colored block of the feature map is summarized by a single value.

A typical architecture. A classical CNN for image classification alternates blocks
of the form [convolution → ReLU] × n → pooling. Along the network, the spatial
size of the feature maps decreases while the number of channels increases: the first
layers detect simple patterns (edges, colors), and the deeper layers combine them into
increasingly abstract patterns (textures, parts of objects, objects). The last feature
maps are then flattened into a vector and fed to a few fully connected layers ending
with a softmax. The first successful CNN, LeNet-5 (LeCun et al., 1998), recognized
handwritten digits with two convolution layers; the victory of AlexNet at the ImageNet
competition in 2012 marked the beginning of the deep learning era. Since then, the
architectures have become deeper and deeper (VGG, Inception, . . . ), which was made
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possible by the residual connections of ResNet (He et al., 2016): a block computes
h ↦→ h + F (h) instead of F (h), so that the gradient can flow directly through the
identity path, which greatly alleviates the vanishing gradient problem and allows the
training of networks with more than 100 layers. Figure 85 summarizes this evolution
(Khan et al., 2020). CNNs are also used for other tasks than classification, such as
object detection or semantic segmentation, where a class must be predicted for each
pixel of the image (Fig. 86).

Figure 85: A taxonomy of the main CNN architectures, from the Neocognitron (1979) and LeNet
(1998) to the architectures of 2018; figure from Khan et al. (2020).

Figure 86: Semantic segmentation of a street scene: a convolutional network predicts the class
of each pixel (car, pedestrian, road, sidewalk, vegetation, sign, . . . ). Result obtained with the
GridNet architecture (Fourure et al., 2017).
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9.9 Recurrent neural networks

Sequential data. Many data are sequences of variable length: texts (sequences of
words), speech, time series, DNA sequences, user logs. A recurrent neural network
(RNN) processes a sequence x1, . . . , xT one element at a time, and maintains a hidden
state ht that summarizes the past:

ht = tanh (Wht−1 + Uxt + b) , ŷt = Vht + c,

with h0 = 0. The same parameters (W, U, b, V, c) are used at every time step (weight
sharing through time), so that the model can process sequences of any length. Depend-
ing on the task, we use all the outputs ŷ1, . . . , ŷT (e.g. tagging each word of a sentence)
or only the last one (e.g. classifying the sentiment of a review). Figure 87 shows that
an RNN unrolled through time is a deep feedforward network with shared weights. Its
gradient is thus computed by backpropagation on the unrolled network, an algorithm
called backpropagation through time (BPTT).

A

xt

ŷt

ht−1
= h0 A

x1

ŷ1

A

x2

ŷ2

A

x3

ŷ3

A

xT

ŷT

h1 h2 h3 · · ·
hT −1

Figure 87: A recurrent neural network (left) and its unrolled version (right): the block A
receives the current input xt and the previous hidden state ht−1, computes the new hidden
state ht = tanh(Wht−1 + Uxt + b) and the output ŷt = Vht + c. The same parameters are
used in every copy of A.

Long-term dependencies. The gradient of the loss at time T with respect to the
hidden state at time t involves the product of T − t Jacobian matrices diag(tanh′(·))W,
with the same matrix W. As explained in Section 9.5, this product vanishes or explodes
exponentially fast with T−t, depending on the spectral norm of W (Bengio et al., 1994).
In practice, a simple RNN is unable to learn dependencies that span more than a few
dozen time steps. Gated architectures solve this issue.

LSTM. The Long Short-Term Memory network (Hochreiter and Schmidhuber, 1997)
adds a cell state ct, a memory updated in an additive way and controlled by three gates
with values in (0, 1), see Fig. 88:

ft = σ (Wf ht−1 + Uf xt + bf ) (forget gate)
it = σ (Wiht−1 + Uixt + bi) (input gate)
ot = σ (Woht−1 + Uoxt + bo) (output gate)
c̃t = tanh (Wcht−1 + Ucxt + bc) (candidate memory)
ct = ft ⊙ ct−1 + it ⊙ c̃t, ht = ot ⊙ tanh(ct).

The forget gate decides what to erase from the memory, the input gate what to write
in it, and the output gate what to read from it. When ft ≈ 1 and it ≈ 0, the memory
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is copied unchanged and the gradient flows through time without vanishing, as in a
residual connection.

× +

× tanh

×σ σ tanh σ

ct−1 ct

ht−1

xt

ft

it c̃t
ot

ht

Figure 88: An LSTM cell. The thick upper line carries the cell state ct, which is only modified
by a multiplication (forget gate ft) and an addition (input gate it times the candidate c̃t); the
output gate ot controls what is read from the memory to produce ht. The yellow boxes are
layers with their own parameters, the red circles are componentwise operations.

GRU. The Gated Recurrent Unit (Cho et al., 2014) is a simplified version of the
LSTM, with two gates and no separate cell state, see Fig. 89:

zt = σ (Wzht−1 + Uzxt + bz) (update gate)
rt = σ (Wrht−1 + Urxt + br) (reset gate)
ĥt = tanh (Wh(rt ⊙ ht−1) + Uhxt + bh) (candidate state)
ht = (1− zt)⊙ ht−1 + zt ⊙ ĥt.

It has fewer parameters than an LSTM and often performs similarly.

9.10 Other architectures

The building blocks presented so far can be assembled in many ways. We briefly present
a few important architectures; see Goodfellow et al. (2016) for more details.

Autoencoders. An autoencoder is trained to reproduce its input: an encoder gϕ maps
x to a code z = gϕ(x) of small dimension, and a decoder fθ reconstructs x̂ = fθ(z) from
it, see Fig. 90. The two networks are trained jointly by minimizing the reconstruc-
tion error ∑︁i ∥xi − fθ(gϕ(xi))∥2, which does not require any label: this is unsupervised
learning. The bottleneck forces the network to keep only the most important infor-
mation: an autoencoder performs a non-linear dimensionality reduction (Hinton and
Salakhutdinov, 2006), and a linear autoencoder with the squared loss recovers the sub-
space of principal component analysis. Autoencoders are also used for denoising (the
network reconstructs x from a corrupted version) and for anomaly detection (anomalies
are poorly reconstructed).
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Figure 89: A GRU cell: the update gate zt interpolates between the previous state ht−1 (upper
line) and the candidate state ĥt; the reset gate rt controls how much of the past is used to
compute the candidate. The yellow boxes are layers with their own parameters, the red circles
are componentwise operations.

x x̂

code z

encoder gϕ decoder fθ

Figure 90: An autoencoder: the encoder compresses the input x into a low-dimensional code z,
and the decoder reconstructs x̂ ≈ x from the code.

Siamese networks. A siamese network (Bromley et al., 1994; Chopra et al., 2005)
applies the same network (same weights) to two inputs x and x′ and compares their
embeddings z = gϕ(x) and z′ = gϕ(x′), e.g. with the Euclidean distance. It is trained
so that the embeddings of similar pairs are close and those of dissimilar pairs are far
apart, for instance with the contrastive loss y ∥z− z′∥2 + (1− y) [µ− ∥z− z′∥]2+, where
y = 1 for a similar pair and µ > 0 is a margin. The network thus learns a metric, which
is useful for verification tasks (is this the same person, the same signature?) and when
many classes have few examples (face recognition), see Fig. 91.

Generative adversarial networks. A generative adversarial network (GAN)
(Goodfellow et al., 2014) learns to generate new data similar to the training data.
A generator G transforms a random noise z ∼ pz into a fake example G(z), and a
discriminator D outputs the probability that its input is a real example, see Fig. 92.
The two networks play a two-player game:

min
G

max
D

E
x∼D

[ln D(x)] + E
z∼pz

[ln (1−D(G(z)))] .

The discriminator is trained to distinguish the real examples from the fake ones (a
binary cross-entropy), and the generator to fool the discriminator. At the equilibrium,
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Figure 91: A siamese network: the same network gϕ (for images, a CNN) maps each input to an
embedding, and the network is trained so that the embeddings of similar inputs are close and
those of dissimilar inputs are far apart.

the distribution of G(z) equals the data distribution.

noise
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of “real”
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Figure 92: A generative adversarial network: the generator G turns a random noise z into a
fake example G(z), and the discriminator D tries to distinguish the fake examples from the real
examples of the training set. D is trained to classify correctly, G to fool D.

Attention and transformers. Recurrent networks process sequences sequentially,
which is slow and makes long-range dependencies hard to learn. The attention mecha-
nism lets each element of a sequence directly look at all the others. Given queries Q,
keys K and values V (matrices whose rows are linear projections of the elements of the
sequence), it computes

Attention(Q, K, V) = softmax
(︄

QK⊤
√

dk

)︄
V,

where the softmax is applied row by row: the output for each element is a weighted
average of the values, with weights given by the similarity between its query and the keys.
The transformer (Vaswani et al., 2017) stacks attention layers, fully connected layers,
residual connections and layer normalization, without any recurrence. Its computations
are highly parallel, and it has become the standard architecture for natural language
processing (large language models are transformers trained to predict the next word),
and increasingly for images, sounds and other modalities.
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9.11 Practical advice

Training a neural network involves many choices. Here are a few guidelines that work
well in most cases.

• Preprocess the data. Standardize the input features (zero mean, unit variance);
for images, rescale the pixel values. Networks are very sensitive to the scale of the
inputs.

• Start simple. Begin with a small architecture and a standard configuration
(ReLU, He initialization, Adam with η = 10−3, mini-batches of size 32 to 256),
and use a known architecture (or a pre-trained model) for images and texts.

• Check that the network can overfit. Before tuning the regularization, make
sure that the network reaches a near-zero training loss on a small subset of the
data; otherwise, there is a bug or the model is too small.

• Monitor the training. Plot the training and validation losses after each epoch.
If the training loss does not decrease, decrease the learning rate; if it explodes or
becomes NaN, decrease the learning rate or clip the gradients; if the validation loss
increases, regularize (early stopping, weight decay, dropout, data augmentation).

• Tune the learning rate first. It is the most important hyperparameter; try
values on a logarithmic grid (10−4, . . . , 10−1) and use a schedule.

• Use transfer learning. When few labeled data are available, start from a net-
work pre-trained on a large dataset (e.g. ImageNet for images) and fine-tune it
on the task at hand.

• Evaluate properly. The test set must only be used once, at the end; the hyper-
parameters (architecture, learning rate, regularization) are selected on a validation
set, as for any other model (Section 7).

• Be reproducible. Fix the random seeds and keep in mind that the result depends
on the initialization: report the mean and standard deviation over several runs.

To remember from Section 9

• A perceptron is a linear classifier; its learning rule converges on linearly
separable data (Novikoff), but it cannot solve the XOR problem.

• A multilayer perceptron composes affine maps and non-linear activa-
tion functions (ReLU in the hidden layers); without non-linearity, it is a
linear model. Each layer learns a new representation of the data.

• With one large enough hidden layer, a network can approximate any con-
tinuous function (universal approximation), but this says nothing about
learning and generalization.

• The output activation and the loss go together: linear + squared loss (re-
gression), sigmoid + binary cross-entropy (binary classification, general-
izes logistic regression), softmax + cross-entropy (multi-class). In all cases
δ(L) = fθ(x)− y.

• Backpropagation computes all the gradients in one backward pass
through the network, at a cost of the same order as the forward pass:
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δ(ℓ) = σ′
ℓ(a(ℓ))⊙ (W(ℓ+1)⊤δ(ℓ+1)) and ∂J/∂W(ℓ) = δ(ℓ)h(ℓ−1)⊤.

• Deep networks suffer from vanishing/exploding gradients, alleviated by
ReLU, Xavier/He initialization, batch normalization and residual connec-
tions.

• Training uses mini-batch SGD with momentum or Adam and a learning-
rate schedule; regularization uses weight decay, early stopping, dropout
and data augmentation.

• CNNs (local filters, weight sharing, pooling) are suited to images, RNNs
(LSTM, GRU) to sequences, and transformers (attention) are now the
standard for texts.

Check your understanding

Short questions to test yourself; the answers are in Appendix A (click on the number of a question
to see its answer).

From the perceptron to the multilayer perceptron

Q9.1. True or false? When the data are linearly separable, the perceptron learning rule returns
the separating hyperplane with the largest margin.

Q9.2. The inputs satisfy ∥xi∥ ≤ 2 and are separable with margin γ = 0.1 (no bias). How many
updates can the perceptron make at most?

Q9.3. Why can a single perceptron not compute the XOR function, and what does the hidden
layer of Fig. 75 do?

Q9.4. How many parameters does a fully connected network with layer sizes 10–20–20–3 have
(biases included)?

Loss functions

Q9.5. What does a network with 10 hidden layers and identity activations compute?

Q9.6. Compute softmax(1, 2, 3) and softmax(101, 102, 103).

Q9.7. True or false? Since a network with one hidden layer is a universal approximator, deep
networks are useless.

Q9.8. A 3-class network outputs p = (0.7, 0.2, 0.1) on an example of class y = 2. What are
the loss and its gradient with respect to the scores z?

Regularization

Q9.9. A network has P = 106 parameters. Compare the cost of one gradient computed by
backpropagation with that of a finite-difference approximation.

Q9.10. Why can the weights of a network not all be initialized to 0?

Q9.11. With inverted dropout and a dropout rate p = 0.2, by which factor are the kept activa-
tions multiplied during training? What is done at test time?

Q9.12. What is the standard deviation of the He initialization for a ReLU layer with nin = 512
inputs?

Synthesis of the section

Q9.13. How many parameters does a convolution layer with 64 filters of size 3 × 3 applied to
32 input channels have? Does it depend on the size of the images?
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Q9.14. A 32 × 32 image goes through a 5 × 5 convolution without padding and with stride 1,
then through a 2× 2 max pooling with stride 2. What is the spatial size of the output?

Q9.15. Why does the LSTM suffer less from vanishing gradients than a simple RNN?

Q9.16. In a GAN, what does the optimal discriminator output when the generator perfectly
reproduces the data distribution?
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Part III

Advanced Supervised Machine Learning and
Implementation

The algorithms of Part II learn a single model. This part shows how to go further.
Section 10 comes back to statistical learning theory through the decomposition of the
error into approximation, estimation and optimization terms, and uses it to explain why
combining models works: bagging and random forests reduce the variance of unstable
learners, boosting and gradient boosting reduce the bias of weak ones, and stacking
learns how to combine heterogeneous models. The section ends with an introduction
to metric learning, which learns the representation of the data rather than the model.
Section 11 gathers practical advice to conduct a machine learning study from the raw
data to the final model. The theory of ensemble methods is developed further in Part IV.
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10 Advanced Supervised Algorithms

About this section

In this section you will learn to:
• decompose the error of a predictor into bias, variance and noise, and relate it to

the approximation and estimation errors and to the Rademacher complexity;
• explain why averaging several models reduces the variance, and implement bagging

and random forests (with the out-of-bag error);
• run AdaBoost, prove that its training error decreases exponentially fast, and inter-

pret it as a coordinate descent on the exponential loss;
• derive gradient boosting as a gradient descent in function space, and understand

the second-order criterion of XGBoost;
• learn a Mahalanobis distance from labeled data (MMC, ITML, LMNN) to improve

distance-based methods.

10.1 Back to Statistical Learning Theory

In Section 6, we focused on the generalization error and discussed the over-fitting and
under-fitting of algorithms by looking at their errors. We have seen that, in practice,
we look for the parameters that minimize the error of our algorithm, but we never paid
attention to the value of this error itself. More precisely, what is the smallest value our
algorithm can possibly reach? If this value is reached, does it mean that the algorithm
is perfect? Is it really the best model we could have learned, or even the right class of
models?

10.1.1 Error Decomposition

In this part, we will see that the error can be decomposed into several terms, which
brings some answers to these questions. This decomposition of the error is also at the
origin of more complex models (such as combinations of models), which are designed to
reduce some of its components.

The examples of the regression setting presented previously have shown that a
simple model, such as a linear one, is sometimes not flexible enough to achieve good
performance, i.e. it presents a large bias. Conversely, a complex model, such as a high-
degree polynomial, has a low bias but may not generalize well: it has a high variance.

Let us show where these two terms come from by assuming that our data are
generated by the following model:

y = f(x) + ε,

where ε is a random noise with zero mean, independent of x, which represents
the errors of measurement (or everything that x cannot explain). Using a sample
S = {(xi, yi)}mi=1 generated by this model, we learn a hypothesis h, which is an estimator
of f . Because h is learned from the sample S, it is a random quantity. We are now
interested in the generalization capacities of h, measured with the mean squared error
E[(y− h(x))2] on a new example. More precisely, we study the different components of
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this error at a fixed point x, the expectation being taken over the draw of the training
sample S and over the noise of the new observation y.

Proposition 10.1: Error Decomposition

We consider the data generation model

y = f(x) + ε,

where E[ε] = 0. Using a sample S = {(xi, yi)}mi=1 generated by this model, we learn
a hypothesis h, which is an estimator of f . Then, for any x, the generalization
error of h measured with the mean squared error can be written as:

E[(y − h(x))2] = (E[h(x)]− f(x))2 + E
[︂
(E[h(x)]− h(x))2

]︂
+ E[(y − f(x))2].

Proof. We will use the König-Huygens formula, which states that for any random vari-
able X with a finite second moment:

E
[︂
(X − E[X])2

]︂
= E[X2]− E[X]2.

We also use the fact that the noise of the new observation y is independent of the
training sample S, hence of h(x), and that E[y] = f(x). We now expand the left-hand
side of our equation:

E[(y − h(x))2] = E[y2 − 2yh(x) + h(x)2],
↓ linearity of the expectation

= ⏞ ⏟⏟ ⏞E[y2]− E[2yh(x)] + ⏞ ⏟⏟ ⏞E[h(x)2],

↓ König-Huygens formula and independence of y and h(x)

= E[y]2 + E
[︂
(y − E[y])2

]︂
− 2E[y]E[h(x)]

+ E[h(x)]2 + E
[︂
(h(x)− E[h(x)])2

]︂
,

↓ using the data generation model, E[y] = f(x)

= f(x)2 + E
[︂
(y − f(x))2

]︂
− 2f(x)E[h(x)]

+ E[h(x)]2 + E
[︂
(h(x)− E[h(x)])2

]︂
,

↓ factorizing the remaining terms

= (E[h(x)]− f(x))2 + E
[︂
(E[h(x)]− h(x))2

]︂
+ E[(y − f(x))2].

In this proposition, the terms on the right-hand side respectively represent:

• the squared bias of h: the difference between its mean value over the samples S
and the target value f(x);
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• the variance of h: how much h varies around its mean value when the sample S
changes. It represents the sensitivity of the model to the training data;

• the Bayes error, which is equal to the variance of the noise ε. It does not depend
on the estimator, but only on the distribution of the data: no model can do better.

Example 10.1. Let us consider the two class-conditional densities d+1 and d−1 repre-
sented in Figure 93, with equal class priors. The Bayes classifier predicts, at each point
x, the class whose density is the largest. The Bayes error is then related to the area of
the region lying under both curves (it is equal to half of this area, here R⋆ ≃ 0.224), i.e.
the region where no classifier is able to tell whether a point comes from one distribution
or from the other.

As an exercise, you can compute the Bayes error of a two-class problem with equal
priors whose class-conditional densities are:

d1(x) =

⎧⎨⎩
3
2x2 + x when 0 ≤ x ≤ 1,

0 otherwise,
and d2(x) =

⎧⎨⎩1 when 3
4 ≤ x ≤ 7

4 ,

0 otherwise.

4 2 0 2 4 6
x

0.0

0.1

0.2

0.3

de
ns

ity

d+1

(class +1)

d−1 (class −1)

predict +1 predict −1
Bayes classifier

overlap region under min(d+1, d−1): its area is twice the Bayes error

Figure 93: Two class-conditional densities with equal priors, d+1(x) = (2 − x)(x + 4)/36 on
[−4, 2] and d−1(x) = 6(5− x)(x + 2)/343 on [−2, 5]. The Bayes classifier predicts the class with
the largest density (dotted line). Even this optimal classifier errs on the points of the shaded
region, which lies under both curves: the Bayes error is half of its area, R⋆ ≃ 0.224. [ code:
make_figures_ch09.py: fig_bayes_overlap ]

In view of the previous proposition, the quantity we actually aim to minimize is
the excess risk, that is:

E[(y − h(x))2]− E[(y − f(x))2].

Although this study has been conducted in the special case of regression with the
squared loss, a similar decomposition holds in the general case.

We now suppose, more generally, that the observations are sampled from a joint
distribution D over X × Y, associated with a probability measure µ. We also consider
a loss function ℓ,
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ℓ : Y × Y → R,

which quantifies the cost incurred by a hypothesis h when it predicts h(x) while
the true value is y. The function, or hypothesis, h we are looking for is the one that
minimizes the expected error over D, i.e. the risk

R(h) = E
(x,y)∼D

[ℓ(y, h(x))] =
∫︂

X ×Y
ℓ(y, h(x)) dµ(x, y).

Keep in mind that, in practice, the hypothesis h is learned from a finite sample.
We now assume that we minimize the risk over a function (or hypothesis) space H. If
we denote by R⋆ the Bayes risk, i.e. the smallest risk achievable by any measurable
function, we can decompose the Bayes regret as:

R(h)−R⋆ =
(︃
R(h)− inf

g∈H
R(g)

)︃
+ inf

g∈H
R(g)−R⋆.

The first term is the excess risk of h with respect to the best function of the
hypothesis space H, also called the estimation error. The second term is the ap-
proximation error, i.e. the smallest excess risk we can achieve with a function of H.
This is a bias term: it does not depend on the data, but only on the hypothesis space
H.

We now draw the link with the generalization bounds presented in Section 6 and
go a little further by bounding the excess risk. Let us denote by h the hypothesis
obtained by minimizing the empirical risk over H using a sample S:

h ∈ arg min
g∈H

RS(g).

We also denote by hH the minimizer of the risk R over the hypothesis space H
(we assume that it exists), i.e.

hH ∈ arg min
g∈H

R(g).

The excess risk R(h)− inf
g∈H
R(g) can be rewritten as the sum of three terms:

R(h)−R(hH) = (R(h)−RS(h)) + (RS(h)−RS(hH)) + (RS(hH)−R(hH)),

where (R(h)−RS(h)) is the difference between the true risk and the empirical
risk of the hypothesis h. This is precisely the quantity we are interested in when we study
the generalization of algorithms. The second term (RS(h)−RS(hH)) is non-positive by
construction, since h minimizes the empirical risk. The third term (RS(hH)−R(hH))
is easier to control, as it involves a fixed (deterministic) function to which the law of
large numbers applies.

However, the first term cannot be handled in the same way, because h depends
on the sample S. It can nevertheless be bounded as follows:
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R(h)−RS(h) ≤ sup
g∈H

⃓⃓⃓⃓
⃓ E
(x,y)∼D

[ℓ(g(x), y)]− 1
m

m∑︂
i=1

ℓ(g(xi), yi)
⃓⃓⃓⃓
⃓ .

Since this quantity also bounds the third term, and since the second term is
non-positive, we immediately obtain:

R(h)−R(hH) ≤ 2sup
g∈H

⃓⃓⃓⃓
⃓ E
(x,y)∼D

[ℓ(g(x), y)]− 1
m

m∑︂
i=1

ℓ(g(xi), yi)
⃓⃓⃓⃓
⃓ .

This last bound can be seen as a variance term, which increases with the size of
H. If H is large, we can achieve a low empirical risk; however, the true risk is then more
likely to be much higher than the empirical one.

A question naturally arises:
How can we define the size of the hypothesis space H?

When H contains a finite number of hypotheses, the answer is clear: its size is
simply the number of hypotheses in the set. But when it is infinite, there exist several
measures of the size of H, such as the Rademacher complexity.

The Rademacher complexity Bartlett and Mendelson (2003) has been introduced
to measure the complexity of a set of hypotheses Koltchinskii and Panchenko (2000).
Informally, it measures how well the set of hypotheses is able to fit random noise in the
dataset.

Definition 10.1: (Empirical) Rademacher complexity

Let H be a family of functions and S = {xi}mi=1 a fixed sample of size m. The
empirical Rademacher complexity of H with respect to S is defined as:

RS(H) = E
σ

[︄
sup
h∈H

1
m

m∑︂
i=1

σih(xi)
]︄

,

where σ = (σ1, . . . , σm) is a vector of independent Rademacher random variables,
i.e. random variables taking the values −1 and +1 with probability 1/2 each.
The Rademacher complexity is the expectation of the above quantity with respect
to the distribution D of the data:

Rm(H) = E
S∼Dm

[RS(H)].

This measure increases with the size of H and, for most classes of interest, de-
creases with the sample size m.

In a nutshell Draw random labels σi ∈ {−1, +1} by tossing a coin for each point
of S, and look for the hypothesis of H that agrees best with these meaningless
labels. The quantity 1

m

∑︁
i σih(xi) is the correlation between h and the noise:

RS(H) is the best correlation that H can reach, on average over the coin tosses.
A class that contains a single function has a Rademacher complexity equal to 0,
whereas a class able to fit any labeling of the m points (it shatters S) reaches the
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maximal value 1 for functions with values in {−1, +1}. A class which can fit pure
noise can also fit the noise present in the data: this is exactly the over-fitting
phenomenon.

In the rest of this section, with a slight abuse of notation, we write Rm(H) for the
Rademacher complexity of the class of losses {(x, y) ↦→ ℓ(g(x), y) : g ∈ H} associated
with H (and, in the next few lines, with an absolute value inside the supremum). Using
this measure, we will show that

E
S∼Dm

[R(h)−R(hH)] ≤ 2 E
S∼Dm

[︄
sup
g∈H

⃓⃓⃓⃓
⃓ E
(x,y)∼D

[ℓ(g(x), y)]− 1
m

m∑︂
i=1

ℓ(g(xi), yi)
⃓⃓⃓⃓
⃓
]︄

,

≤ 4Rm(H).

Therefore,

E
S∼Dm

[R(h)]−R⋆ ≤ inf
g∈H
R(g)−R⋆ + 4Rm(H).

This result illustrates, in a more general way, the bias-variance trade-off in risk
minimization: enlarging H decreases the approximation error but increases the com-
plexity term. It also makes explicit the link between complexity and sample size.

It remains to explain where the following inequality comes from:

E
S∼Dm

[︄
sup
g∈H

⃓⃓⃓⃓
⃓ E
(x,y)∼D

[ℓ(g(x), y)]− 1
m

m∑︂
i=1

ℓ(g(xi), yi)
⃓⃓⃓⃓
⃓
]︄
≤ 2Rm(H).

We prove it using the symmetrization technique, which introduces a ghost sample
S′ = {(x′

i, y′
i)}mi=1, drawn from Dm independently of S. Concretely,

E
S∼Dm

[︄
sup
g∈H

⃓⃓⃓⃓
⃓ E
(x,y)∼D

[ℓ(g(x), y)]− 1
m

m∑︂
i=1

ℓ(g(xi), yi)
⃓⃓⃓⃓
⃓
]︄

,

= E
S∼Dm

[︄
sup
g∈H

⃓⃓⃓⃓
⃓ E
S′∼Dm

[︄
1
m

m∑︂
i=1

ℓ(g(x′
i), y′

i)
]︄
− 1

m

m∑︂
i=1

ℓ(g(xi), yi)
⃓⃓⃓⃓
⃓
]︄

,

↓ the second term does not depend on S′

= E
S∼Dm

[︄
sup
g∈H

⃓⃓⃓⃓
⃓ E
S′∼Dm

[︄
1
m

m∑︂
i=1

ℓ(g(x′
i), y′

i)−
1
m

m∑︂
i=1

ℓ(g(xi), yi)
]︄⃓⃓⃓⃓
⃓
]︄

,

↓ linearity of the empirical mean

= E
S∼Dm

[︄
sup
g∈H

⃓⃓⃓⃓
⃓ E
S′∼Dm

[︄
1
m

m∑︂
i=1

(︁
ℓ(g(x′

i), y′
i)− ℓ(g(xi), yi)

)︁]︄⃓⃓⃓⃓⃓
]︄

,

≤ E
S,S′∼Dm

[︄
sup
g∈H

⃓⃓⃓⃓
⃓ 1
m

m∑︂
i=1

(︁
ℓ(g(x′

i), y′
i)− ℓ(g(xi), yi)

)︁⃓⃓⃓⃓⃓
]︄

,

where the last inequality uses Jensen’s inequality (|E[X]| ≤ E[|X|]) and the fact
that the supremum of expectations is smaller than the expectation of the supremum.
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We now introduce our Rademacher variables σi, i = 1, . . . , m, and notice that, for any
fixed σ ∈ {−1, +1}m,

E
S,S′∼Dm

[︄
sup
g∈H

⃓⃓⃓⃓
⃓ 1
m

m∑︂
i=1

(︁
ℓ(g(x′

i), y′
i)− ℓ(g(xi), yi)

)︁⃓⃓⃓⃓⃓
]︄

= E
S,S′∼Dm

[︄
sup
g∈H

⃓⃓⃓⃓
⃓ 1
m

m∑︂
i=1

σi
(︁
ℓ(g(x′

i), y′
i)− ℓ(g(xi), yi)

)︁⃓⃓⃓⃓⃓
]︄

.

This is due to the fact that the data are i.i.d.: multiplying the i-th term by σi = −1
amounts to swapping (xi, yi) and (x′

i, y′
i), which does not change the distribution of the

pair (S, S′). Since this equality holds for any choice of σ, it also holds when we take
the expectation over a vector σ of Rademacher variables. Finally, using the triangle
inequality,

E
S,S′∼Dm,σ

[︄
sup
g∈H

⃓⃓⃓⃓
⃓ 1
m

m∑︂
i=1

σi
(︁
ℓ(g(x′

i), y′
i)− ℓ(g(xi), yi)

)︁⃓⃓⃓⃓⃓
]︄

,

≤ E
S∼Dm,σ

[︄
sup
g∈H

⃓⃓⃓⃓
⃓ 1
m

m∑︂
i=1

σiℓ(g(xi), yi)
⃓⃓⃓⃓
⃓
]︄

+ E
S′∼Dm,σ

[︄
sup
g∈H

⃓⃓⃓⃓
⃓ 1
m

m∑︂
i=1

σiℓ(g(x′
i), y′

i)
⃓⃓⃓⃓
⃓
]︄

,

= 2 E
S∼Dm,σ

[︄
sup
g∈H

⃓⃓⃓⃓
⃓ 1
m

m∑︂
i=1

σiℓ(g(xi), yi)
⃓⃓⃓⃓
⃓
]︄

,

= 2Rm(H).

There exist other measures of the capacity of a hypothesis space H, such as the
VC-dimension Vapnik and Chervonenkis (1971), which is easier to compute when we
deal with linear classifiers. We will not study this measure here; instead, we come back
to generalization bounds and derive a first bound based on the Rademacher complexity.

10.1.2 Back to Generalization Bounds

Using Definition 10.1, we can now state a first generalization bound, given in Theo-
rem 10.2.

Theorem 10.2: Rademacher Generalization Bound

Let H be our class of hypotheses and ℓ a loss function such that (x, y) ↦→ ℓ(h(x), y)
takes its values in [0, 1] for every h ∈ H. Then, for any δ ∈ (0, 1), with probability
at least 1 − δ over the draw of an i.i.d. sample S of size m, each of the following
bounds holds for all h ∈ H:

R(h) ≤ RS(h) + 2Rm(H) +

√︄
log(1/δ)

2m
, and

R(h) ≤ RS(h) + 2RS(H) + 3

√︄
log(2/δ)

2m
,
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where the Rademacher complexities are those of the class of losses associated with
H.

Proof. Let us consider a sample S = {zi}mi=1, with zi = (xi, yi), drawn from Dm, and
let us write ℓ(h, z) = ℓ(h(x), y) for short. For any h ∈ H, we denote by RS(h) =
1
m

∑︁m
i=1 ℓ(h, zi) the empirical risk of the hypothesis h.

The proof consists in applying McDiarmid’s inequality to the function Φ defined
for any sample S by

Φ(S) = sup
h∈H

(R(h)−RS(h)) .

Let us consider two samples S and S′ differing by exactly one point, say zm =
(xm, ym) ∈ S and z′

m = (x′
m, y′

m) ∈ S′. Since the difference of suprema does not exceed
the supremum of the difference, we have

Φ(S)− Φ(S′) ≤ sup
h∈H

(RS′(h)−RS(h)) = sup
h∈H

ℓ(h, z′
m)− ℓ(h, zm)

m
≤ 1

m
.

Similarly, we obtain Φ(S′) − Φ(S) ≤ 1
m

, so that |Φ(S′) − Φ(S)| ≤ 1
m

. Then, by
McDiarmid’s inequality, for any δ ∈ (0, 1), with probability at least 1− δ, the following
holds:

Φ(S) ≤ E
S∼Dm

[Φ(S)] +

√︄
log(1/δ)

2m
.

Our next step consists in bounding the expectation on the right-hand side of the
previous inequality:

E
S∼Dm

[Φ(S)] = E
S∼Dm

[︄
sup
h∈H

(R(h)−RS(h))
]︄

,

= E
S∼Dm

[︄
sup
h∈H

(︃
E

S′∼Dm
[RS′(h)−RS(h)]

)︃]︄
,

≤ E
S,S′∼Dm

[︄
sup
h∈H

(RS′(h)−RS(h))
]︄

,

= E
S,S′∼Dm

[︄
sup
h∈H

(︄
1
m

m∑︂
i=1

(︁
ℓ(h, z′

i)− ℓ(h, zi)
)︁)︄]︄

,

= E
S,S′∼Dm,σ

[︄
sup
h∈H

(︄
1
m

m∑︂
i=1

σi
(︁
ℓ(h, z′

i)− ℓ(h, zi)
)︁)︄]︄

,

≤ E
S′∼Dm,σ

[︄
sup
h∈H

(︄
1
m

m∑︂
i=1

σiℓ(h, z′
i)
)︄]︄

+ E
S∼Dm,σ

[︄
sup
h∈H

(︄
1
m

m∑︂
i=1

(−σi)ℓ(h, zi)
)︄]︄

,
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↓ σ and −σ have the same distribution

= 2 E
S∼Dm,σ

[︄
sup
h∈H

(︄
1
m

m∑︂
i=1

σiℓ(h, zi)
)︄]︄

,

= 2Rm(H).

This proves the first bound. The reader has probably noticed that this step of the
proof is exactly the same as the one used when studying the excess risk.

For the second bound, we note that changing one point of S changes RS(H) by
at most 1/m. Using McDiarmid’s inequality again, we get, with probability at least
1− δ/2,

Rm(H) ≤ RS(H) +

√︄
log(2/δ)

2m
.

Applying the first bound with δ/2 instead of δ and combining the two inequalities
with a union bound, we obtain that, with probability at least 1− δ:

Φ(S) ≤ 2RS(H) + 3

√︄
log(2/δ)

2m
.

10.2 Ensemble Methods

In what we have seen so far, we only used one model to answer a given problem, e.g.
a linear regression to predict the price of a house given its characteristics, or a logistic
regression to predict whether someone is infected or not.

But why use only one model? Would it not be more interesting to use several
models to build a more powerful one?

The answer is indeed yes: it is often more interesting to do so, and combinations
of models are currently among the best-performing methods on many tasks.

But how can we create such a combination of models?

A naive rule Let us imagine that we want to create T models using a sample S =
{(xi, yi)}mi=1 of size m. We can train a hypothesis ht, for t from 1 to T , using the same
training sample S for each t.

Then, we can combine the different hypotheses into a single one, denoted by HT ,
by averaging them to take our final decision:

• for a regression task, the predicted value is the mean of the predictions made by
the hypotheses ht, i.e.

HT (x) = 1
T

T∑︂
t=1

ht(x).
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• for a (binary) classification task, we can apply the same rule. However, instead of
taking the mean value as the output of the combined classifier, we take the sign
of this mean value, i.e.

HT (x) = sign
(︄

1
T

T∑︂
t=1

ht(x)
)︄

.

When the hypotheses ht return a value in {−1, 1}, the hypothesis HT can then be
seen as a majority vote with equal weights. On the other hand, if the hypotheses
ht return real values, we can interpret HT as a weighted majority vote, where the
weight of each vote is given by the confidence |ht(x)| of the hypothesis.

Although this rule is simple, it is not very useful in practice. Indeed, if the learning
problems we solve are convex, the hypotheses ht are very likely to be (almost) identical
when we use the same training set each time.

Varying the hyper-parameters One could then be tempted to diversify the hy-
potheses by imposing different hyper-parameter values, e.g. one could choose T different
hyper-parameter values in order to obtain T different models.

Again, this solution is not satisfactory. It may even lead to hypotheses with a
low predictive power. Moreover, such a process would conflict with the cross-validation
procedure presented earlier, which is precisely used to optimize the values of these
hyper-parameters.

We will see that, even if our algorithm does not depend on hyper-parameters, it
is possible to improve it using a single training set S. The two main methods to do
so are known as Bagging and Boosting. They act differently on the performance of
algorithms, or more precisely on the different components of their error. We will also
present a third, more general, method, which consists in learning how to combine several
algorithms. But before presenting these approaches, let us motivate the use of several
models.

A theoretical analysis We now explain why it is interesting to combine several
models. To do so, let us consider data (x, y) drawn from a distribution D, where x is
the feature vector and y is the response variable, i.e. the value to predict.

In a regression setting, we learn a hypothesis h which aims to predict the value y
from x. For the sake of simplicity, we suppose that there exists a true function r such
that r(x) = y for all (x, y) ∼ D. We also consider a training set S of size m and recall
that we aim to learn a set of hypotheses ht, t = 1, . . . , T . Thus, for any instance x and
any hypothesis ht,

ht(x) = r(x) + εt(x),

where εt(x) is the error between the value predicted by ht and the true value of
the function at x.

Keep in mind that, in a regression setting, the error we consider is the MSE,
i.e. the mean squared error. Thus, the generalization error of a single hypothesis ht is
defined by:
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E
x∼DX

[︂
(ht(x)− r(x))2

]︂
= E

x∼DX

[︂
εt(x)2

]︂
,

where DX denotes the marginal distribution of x. The generalization error of our
averaged hypothesis HT = 1

T

∑︁T
t=1 ht is

E
x∼DX

[︂
(HT (x)− r(x))2

]︂
= E

x∼DX

⎡⎣(︄ 1
T

T∑︂
t=1

ht(x)− r(x)
)︄2⎤⎦ ,

↓ applying the definition of εt

= E
x∼DX

⎡⎣(︄ 1
T

T∑︂
t=1

εt(x)
)︄2⎤⎦ .

Let us now suppose that the errors εt are centered (with a mean value equal to
0) and uncorrelated. We can rewrite the previous expression as:

E
x∼DX

[︂
(HT (x)− r(x))2

]︂
= E

x∼DX

⎡⎣(︄ 1
T

T∑︂
t=1

εt(x)
)︄2⎤⎦ ,

↓ we expand the square

= E
x∼DX

⎡⎣⎛⎝ 1
T

T∑︂
t1=1

εt1(x)

⎞⎠⎛⎝ 1
T

T∑︂
t2=1

εt2(x)

⎞⎠⎤⎦ ,

↓ we use the fact that E
x∼DX

[εt1(x)εt2(x)] = 0 for all t1 ̸= t2

= 1
T 2

T∑︂
t=1

E
x∼DX

[︂
εt(x)2

]︂
,

= 1
T

(︄
1
T

T∑︂
t=1

E
x∼DX

[︂
εt(x)2

]︂)︄
.

This last equation shows that the generalization error of the combination of hy-
potheses is equal to the average error of the T hypotheses divided by T .

Note that, in practice, the assumption of uncorrelated errors is essentially wrong,
because the hypotheses ht are learned using similar samples St. However, we can still
show that the error of the averaged hypothesis is never larger than the average error of
the hypotheses ht. Indeed, the function u ↦→ u2 is convex, so Jensen’s inequality gives,
for every x,

(︄
1
T

T∑︂
t=1

εt(x)
)︄2

≤ 1
T

T∑︂
t=1

εt(x)2.

Taking the expectation over x, we immediately obtain:

E
x∼DX

[︂
(HT (x)− r(x))2

]︂
≤ 1

T

T∑︂
t=1

E
x∼DX

[︂
εt(x)2

]︂
.

Let us now go on with a first ensemble approach: the bagging procedure.
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10.2.1 Bagging and Random Forests

Bagging Bagging Breiman (1996) is a way to combine models that perform well on
the training set, i.e. models with a low bias. We have previously seen that we can
bound the expected Bayes regret by the sum of two terms:

E
S∼Dm

[R(h)]−R⋆ ≤ inf
g∈H
R(g)−R⋆ + 4Rm(H).

Here, we are more precisely interested in the variance term of the error decompo-
sition. This term tells us how sensitive the algorithm is to variations of the training set:
if its value is low, our algorithm is only slightly affected by a change of the training set.

Let us illustrate this with a small example, depicted in Figure 94, for a regression
task (the situation is similar for classification tasks). We learn a polynomial regression
model of degree 15 on different datasets drawn from the same distribution, each training
set being of size 30. In total, we learn 10 different models, which are represented on the
left-hand graph. We note that the variance of the models is very large, i.e. for the same
value on the x-axis, the models return very different values on the y-axis: the models
are very sensitive to the training data.

On the other hand, if we average the predictions of the 10 models, we obtain the
right-hand graph. We notice that the combined model varies much less around the true
regression function. We have therefore succeeded in reducing the variance by combining
several models.

0 π 2π

x

5

0

5

y

10 models ht (one sample each)

0 π 2π

x

their average HT

ht, t= 1, , 10 average HT true function f

Figure 94: Illustration of the variance reduction obtained by combining models (polynomials
of degree 15, regression function f(x) = 5 sin(x), Gaussian noise of variance 1). Left: the 10
models ht learned on 10 different datasets of size 30 drawn from the same distribution (red),
together with the regression function (dashed blue); right: the model HT obtained by averaging
the 10 previous models. [ code: make_figures_ch09.py: fig_bagging_variance ]

With bagging, we wish to exploit the fact that the variance of a combination of
models is smaller than the variance of the individual models. Moreover, the combined
model retains a strong predictive power, i.e. it remains accurate.

In this example, the models are learned on different datasets. But, in practice, we
only have one training set S. We therefore have to find a way to create several training
sets St from this set S. This can be done using the bootstrap Efron (1979), a resampling
method based on random draws. How does it work in practice?
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Algorithm 6: Bagging
Inputs : Training set S = {(xi, yi)}mi=1, number of models T
Output: Hypothesis HT

1 for t = 1 to T do
2 create a bootstrap sample St of size m from S;
3 learn a hypothesis ht using St;

4 set HT = 1
T

∑︁T
t=1 ht (or its sign, or a majority vote, for classification);

Let us consider a training set S of size m. To create a bootstrap sample St of
the same size m, we simply draw m examples from S uniformly at random and with
replacement, i.e. each example of S has the same probability 1/m of being drawn at
each draw.

With this procedure, the same example may occur several times in the same
training set. Thus, in order to minimize its error, the algorithm has to pay more
attention to such an example and gives it more importance. This sampling method
therefore creates diversity among the learned models. Indeed, since the sets St are
different, the hypotheses ht focus on different regions of the data space. Conversely,
some examples are never drawn: they are said to be out-of-bag for the hypothesis ht,
and we will see below that they can be used to estimate its error for free (see Figure 95).

S 1 2 3 4 5 6 7 8 training set, m = 8

S1 1 2 3
×2

4 5 6 7
×2

8 h1

S2 1 2
×3

3 4 5 6 7 8
×2

h2

S3 1 2 3 4
×2

5
×2

6 7 8 h3

HT

average
or vote

in the bootstrap sample (×k: drawn k times) out-of-bag (never drawn)

Figure 95: Bagging with T = 3 bootstrap samples of size m = 8. Each St is obtained by
8 draws with replacement from S: some examples are drawn several times, others are never
drawn (dashed red circles) and are out-of-bag for ht. For instance, example 2 is out-of-bag for
h1 only, so that its OOB prediction is made by h1 alone, while the hypotheses h2 and h3, which
have seen it, are not used.

The bagging procedure is summarized in Algorithm 6. As the reader may guess,
bagging stands for bootstrap aggregating: we generate several samples and hypotheses,
and then aggregate their predictions.

Before presenting one of the most famous models based on this process, the random
forest algorithm, let us see from a theoretical point of view why it is interesting to
combine these models.

Theoretical analysis of bagging We can conduct an analysis similar to the one
presented in the previous section. Let us denote by HT = 1

T

∑︁T
t=1 ht our bagging
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hypothesis, used to estimate (for instance) the output y of a regression function, i.e.
HT (x) ≃ y. Then, the average error made by the set of hypotheses is equal to:

E
(x,y)∼D

[︄
1
T

T∑︂
t=1

(ht(x)− y)2
]︄

= E
(x,y)∼D

[︄
y2 − 2y

1
T

T∑︂
t=1

ht(x) + 1
T

T∑︂
t=1

ht(x)2
]︄

.

Using Jensen’s inequality again, we have
(︃ 1

T

∑︁T
t=1 ht(x)

)︃2
≤ 1

T

∑︁T
t=1 ht(x)2, so

that

E
(x,y)∼D

[︄
1
T

T∑︂
t=1

(ht(x)− y)2
]︄
≥ E

(x,y)∼D

⎡⎣y2 − 2y
1
T

T∑︂
t=1

ht(x) +
(︄

1
T

T∑︂
t=1

ht(x)
)︄2⎤⎦ ,

= E
(x,y)∼D

⎡⎣(︄y − 1
T

T∑︂
t=1

ht(x)
)︄2⎤⎦ ,

= E
(x,y)∼D

[︂
(y −HT (x))2

]︂
.

This last inequality shows that the error of the bagging hypothesis is always lower
than or equal to the average error of the individual hypotheses.

We can go a little further by studying the potential gain of the bagging hypothesis.
This gain is given by the expectation of the difference between the two sides of the
inequality

(︄
1
T

T∑︂
t=1

ht(x)
)︄2

≤ 1
T

T∑︂
t=1

ht(x)2,

that is,

1
T

T∑︂
t=1

ht(x)2 −
(︄

1
T

T∑︂
t=1

ht(x)
)︄2

= 1
T

T∑︂
t=1

(ht(x)−HT (x))2 ,

which is the variance (or ambiguity Krogh and Vedelsby (1995)) of the predictions
of our set of hypotheses ht at the point x. If this variance is large, then the gain is large.
This shows that, to obtain a good bagging hypothesis, it is more interesting to use base
hypotheses with a high variance but a low bias, which is exactly the case of decision
trees. This is why it is interesting to combine them using this procedure, which leads
us to the random forest algorithm.17

Random forests When we introduced decision trees, we said that the size of a tree,
i.e. its depth, depends on the data: the tree grows until we obtain pure leaves.

If we go back to our error decomposition, (deep) decision trees are thus hypotheses
with a low bias (their training error decreases with the depth) but with a high variance:

17Note that a similar study can be conducted in the case of classification, but it is not presented here.
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Algorithm 7: Random Forests
Inputs : Training set S = {(xi, yi)}mi=1, number of trees T , a sample size m′

and a number of features p′

Output: Hypothesis HT

1 for t = 1 to T do
2 create a bootstrap sample St of size m′ ≤ m from S;
3 build a decision tree ht on St where, at each node, only a random subset of

p′ features is considered to split the node;

4 set HT = 1
T

∑︁T
t=1 ht (majority vote of the trees for classification);

they are very sensitive to the data, and their structure can vary greatly from one training
set to another.

In fact, we are in exactly the same situation as in the regression example presented
in Figure 94. We therefore combine tree models using bagging, in order to reduce the
variance of the trees while preserving their predictive capacities. This combination of
trees by bagging gives rise to the random forest algorithm, introduced by Breiman at
the beginning of the 21st century Breiman (2001).

The idea is to build several trees on different training sets St drawn randomly with
replacement from S, i.e. using the bootstrap procedure, and to combine the predictions
of the different trees. However, the random forest algorithm (presented in Algorithm 7)
is in fact more sophisticated than that: it is based on the principle of double sampling,
i.e. sampling both the examples and the features.

This double sampling creates diversity both at the level of the examples and at
the level of the features. Compared to the standard bagging algorithm, note that the
bootstrap sample has a size m′ ≤ m and that the number p′ of features considered at
each node of a tree is smaller than the dimension d of the data (a common default choice
is p′ ≃

√
d for classification). Note that it is not mandatory to have m′ < m: it only

makes the learning procedure faster. From an algorithmic point of view, both kinds of
sampling speed up the learning of the trees: there are fewer examples, and the splitting
procedure is applied to fewer features.

In a nutshell: why sample the features? Our analysis of the averaged hy-
pothesis assumed uncorrelated errors, which is far too optimistic for trees grown
on bootstrap samples of the same dataset: if a feature is very informative, all the
trees split on it first and look alike. If the T hypotheses have the same variance
σ2 at x and a pairwise correlation ρ ≥ 0, a direct computation gives (Hastie et al.,
2009, Chapter 15)

Var
(︄

1
T

T∑︂
t=1

ht(x)
)︄

= ρ σ2 + 1− ρ

T
σ2.

Adding trees only kills the second term: the first one, ρσ2, remains whatever
the size of the forest. Drawing a random subset of p′ features at each node
decorrelates the trees (it decreases ρ), at the price of slightly worse individual
trees (a small increase of the bias and of σ2): this is the whole idea of random
forests compared with plain bagging.
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The presented algorithm is the simplest version. It is not rare to give different
weights to the trees according to their performance: remember, this is our weighted
majority vote.

Decision trees and random forests are used in many applications, such as finance,
security or the social sciences in general. These algorithms have the advantage of being
easy to build. Moreover, the decision of a single tree is easy to understand (explainable
AI): you just have to follow the path of the example in the tree. A forest of hundreds of
trees is less transparent, but tools such as the feature importance presented below help
to interpret it.

Out-of-bag (OOB) error for validation The bootstrap procedure implies that we
do not use all the data to learn each hypothesis. More precisely, given a sample S of size
m, if every example of S is drawn with the same probability 1/m, then the probability
of never selecting a given example in m draws is equal to (1− 1/m)m. When the sample
size m is large enough, this quantity tends towards e−1 ≃ 0.37.

It means that the bagging procedure does not use approximately 37% of the
(distinct) examples when learning a base hypothesis: only approximately 63% of them
are used. We can wonder how these remaining data can be exploited in the bagging
procedure. These examples are called out-of-bag (OOB) data. Each example xi is
out-of-bag for roughly a third of the base hypotheses; we can therefore predict its label
using only these hypotheses and compare this prediction with yi. Averaging these errors
over the training set gives the OOB error, an almost free estimate of the generalization
error, which can be used to tune the hyper-parameters of the model without a separate
validation set.

Bagging is thus mainly interesting to

• obtain an ensemble with a lower variance than its base hypotheses;

• train a model with better generalization capacities at a moderate cost, since the
base models can be learned in parallel and the OOB error provides a validation
for free.

Figure 96 illustrates these properties on a simulated classification problem: a
single deep tree over-fits, bagging and random forests quickly improve on it as trees
are added, and their test error then reaches a plateau. In particular, adding trees does
not lead to over-fitting: increasing T only reduces the Monte Carlo variability of the
ensemble, so that T is not a hyper-parameter that needs careful tuning (it is enough to
take it large enough).

Pitfall: bagging is not a universal booster Bagging only reduces the vari-
ance. Bagging a stable learner with a high bias, such as a linear regression or a
k-NN classifier with a large k, hardly changes its predictions: all the bootstrap
models are almost identical, and the bias is unchanged. Bagging pays off for
unstable, low-bias learners such as deep trees or flexible neural networks Breiman
(1996). Note also that the OOB error is only a fair estimate of the generalization
error when the examples are i.i.d.: with repeated measurements of the same in-
dividual, or with time series, an example and its “copies” may fall on both sides
of the bootstrap split, exactly as for the cross-validation procedure (Section 11).
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Figure 96: Test error of a single fully grown tree, of bagged trees and of a random forest as
a function of the number of trees T (logarithmic scale), on a simulated problem with d = 20
features and 1000 training examples. The dotted line is the OOB estimate of the error of
the forest: it is computed for free from the training set and follows the test error, slightly
pessimistically, since each OOB prediction only uses about a third of the trees. [ code:
make_figures_ch09.py: fig_forest_ntrees ]

As for simple decision trees, random forests can be used for both regression and
classification: the main difference lies in the way the trees are built, i.e. in the impurity
measure (or loss function) used.

Measuring the importance of variables As for the decision trees presented in
Section 8.7, we can measure the importance of each feature Xj in the set of trees. This
way of measuring feature importance was introduced together with the random forest
algorithm Breiman (2001).

Remember that, to assess the quality of a split of a node N according to a feature
Xj in a decision tree, we measure the decrease of entropy ∆EntN (Xj) between before
and after the split (we present it for binary decision trees for the sake of simplicity):

∆EntN (Xj) = Ent(pN )− Ent(pN , Xj),

where Ent(pN ) = −∑︁C
k=1 pN,k log2(pN,k) and

Ent(pN , Xj) = −|NL|
|N |

C∑︂
k=1

pNL,k log2(pNL,k)− |NR|
|N |

C∑︂
k=1

pNR,k log2(pNR,k).

In these expressions, NL and NR denote the two children (left and right) obtained
after the split of the node N , |N | denotes the number of training examples reaching the
node N , and pN,k is the proportion of examples of class k in the node N .

To measure the importance Impj of the variable Xj , we sum the decreases
∆EntN (Xj) over the nodes N that are split using Xj , each decrease being weighted by
the proportion of training examples reaching the node, and we average over the trees:
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Impj = 1
T

T∑︂
t=1

∑︂
N∈Nt

|N |
mt

∆EntN (Xj)1{Xj is used to split N},

where Nt denotes the set of internal nodes of the t-th tree, mt the size of the
training sample of the t-th tree, and T the total number of trees. The entropy can of
course be replaced by any other impurity measure, such as the Gini index: this measure
is known as the mean decrease in impurity. Note that it is computed on the training data
and tends to favor features with many possible split values; the permutation importance,
also introduced in Breiman (2001) and discussed in Section 11, is a useful complement.

We will see in the next section that there is another way to combine trees (or
other classifiers or regressors) of limited capacity, called weak hypotheses: the boosting
procedure.

10.2.2 Boosting

This section is largely inspired by Chapter 7 of the book Foundations of Machine Learn-
ing Mohri et al. (2012).

Setting Let us first introduce the definitions of strong and weak learnability. They
are given in the context of classification, where boosting is mainly used, so that we can
use the terms classifier and hypothesis interchangeably.

Definition 10.2: Strong Learnability Mohri et al. (2012)

A concept class C is said to be (strongly) PAC-learnable if there exist an algorithm
A and a polynomial function poly such that for any ε > 0 and δ > 0, for all
distributions D over X and for any target concept c ∈ C, the following holds for
any sample size m ≥ poly(1/ε, 1/δ, d, size(c)):

P
S∼Dm

[R(hS) ≤ ε] ≥ 1− δ,

where hS is the hypothesis returned by A when trained on S. If A further runs in
poly(1/ε, 1/δ, d, size(c)), then C is said to be efficiently PAC-learnable.

In this definition, a concept c is a function from X to Y that we want to learn.
For example, a concept may be the indicator function of the set of points lying inside a
given triangle. A concept class, denoted by C, is a set of concepts we may wish to learn,
for example the set of (indicator functions of) all triangles in the plane.

According to the previous definition, a concept class C is PAC-learnable if the
hypothesis returned by the algorithm after observing a number of points polynomial in
1/ε and 1/δ is approximately correct (its error is at most ε) with high probability (at
least 1− δ).

216 - Statistical Supervised Machine Learning



Definition 10.3: Weak Learnability Mohri et al. (2012)

A concept class C is said to be weakly PAC-learnable if there exist an algorithm
A, a constant γ > 0 and a polynomial function poly such that for any δ > 0, for
all distributions D over X and for any target concept c ∈ C, the following holds
for any sample size m ≥ poly(1/δ, d, size(c)):

P
S∼Dm

[︃
R(hS) ≤ 1

2 − γ

]︃
≥ 1− δ,

where hS is the hypothesis returned by A when trained on S. When such an
algorithm exists, it is called a weak learning algorithm, a weak learner or a base
classifier.

The idea is quite similar to that of strong learners. The difference between the
two definitions lies in the required error of the hypothesis hS . In the first one, we require
the classifier to achieve an error of at most ε, for any ε > 0, given a sufficiently large
sample. In the second one, we just want the classifier to be slightly better (by a margin
γ > 0) than random guessing.

We have already met strong classifiers, such as deep decision trees or over-
parameterized neural networks. Weak classifiers are also naturally present in the
literature, e.g. small decision trees with a depth of one or two (decision stumps), or
linear classifiers such as a linear SVM when the problem is not linearly separable.

Whereas bagging combines strong classifiers (with a low bias and a high variance),
boosting combines weak ones. It tries to combine them in order to build a strong
classifier, but in a way that is different from the bagging procedure. Instead of building
bootstrap samples, boosting modifies the distribution of the data in order to build a
sequence of classifiers (ht)t∈N, where ht+1 tries to correct the errors made by the previous
classifiers.

Historical note Boosting was born from a purely theoretical question raised by
Kearns and Valiant at the end of the 1980s Kearns and Valiant (1994): are weak
and strong learnability equivalent? In other words, can a learner that is only
slightly better than random guessing always be “boosted” into an arbitrarily ac-
curate one? Schapire answered positively in 1990 with a first, rather impractical,
recursive construction Schapire (1990). A few years later, Freund and Schapire
proposed AdaBoost Freund and Schapire (1997), simple and adaptive (it does not
need to know the edge γ in advance), which turned out to be remarkably efficient
in practice; they received the Gödel Prize in 2003 for this work. The statistical
interpretation of boosting as the minimization of a loss by a greedy, stage-wise
procedure Friedman et al. (2000); Friedman (2001) then opened the way to gra-
dient boosting (Section 10.3). A complete account is given in the book Schapire
and Freund (2012).

AdaBoost A well-known boosting algorithm is AdaBoost Freund and Schapire (1999),
which iteratively focuses on the examples that are difficult to classify. The algorithm is
presented in Algorithm 8, and an illustration is provided in Figure 97. Here, the labels
are in {−1, +1} and the base classifiers ht take their values in {−1, +1}.
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Algorithm 8: AdaBoost
Inputs : Training set S = {(xi, yi)}mi=1 with yi ∈ {−1, +1}, number of rounds T
Output: Hypothesis HT

1 for i = 1 to m do
2 set the weight of the i-th example to w

(1)
i = 1/m;

3 for t = 1 to T do
4 learn a base classifier ht using S weighted by w(t);
5 compute the weighted error εt = ∑︁m

i=1 w
(t)
i 1{ht(xi)yi<0} of ht ; // we assume

εt < 1/2

6 set αt = 1
2 ln

(︃1− εt

εt

)︃
;

7 set Zt = ∑︁m
i=1 w

(t)
i exp(−αtyiht(xi)) = 2

√︁
εt(1− εt);

8 for i = 1 to m do

9 set w
(t+1)
i = w

(t)
i

exp(−αtyiht(xi))
Zt

;

10 set fT = ∑︁T
t=1 αtht and HT = sign (fT );

Let us say a few words about this algorithm before analyzing it.
At round t, the i-th training example has the weight w

(t)
i . For t = 1, all the

training examples have the same weight, equal to 1/m. A hypothesis ht is learned, and
we compute its weighted classification error εt:

εt =
m∑︂

i=1
w

(t)
i 1{ht(xi)yi<0}.

Using this value, we compute the weight αt of the learned classifier:

αt = 1
2 ln

(︃1− εt

εt

)︃
.

Keep in mind that the idea is to learn a hypothesis HT which is the sign of a
linear combination of the weak learners ht. The better the weak learner (the smaller
εt), the larger its weight; note that αt > 0 as soon as εt < 1/2.

The rest of the procedure consists in finding a good reweighting of the training
examples such that, during the next round, the new classifier ht+1 is able to correct the
mistakes made by the classifier ht. This is done using the following update rule:

w
(t+1)
i = w

(t)
i

exp(−αtyiht(xi))
Zt

,

where Zt is a normalization factor which ensures that the weights sum to 1. We
will show (see the proof below) that Zt = 2

√︁
εt(1− εt). Since αt > 0, the weights of

the misclassified examples (yiht(xi) = −1) are multiplied by eαt/Zt, whereas those of
the correctly classified examples are multiplied by e−αt/Zt. This reweighting thus gives
more weight to the examples misclassified by ht and, conversely, decreases the weight
of the examples that are correctly classified.

218 - Statistical Supervised Machine Learning



t= 1, εt = 0.21 t= 2, εt = 0.33 t= 3, εt = 0.21

t= 4, εt = 0.32 t= 5, εt = 0.31 t= 6, εt = 0.32

t= 7, εt = 0.36 t= 8, εt = 0.31 t= 9, εt = 0.36
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x
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final classifier H9 = sign(f9)

class +1 class −1

Figure 97: The first nine rounds of AdaBoost with decision stumps on a binary classification task
(m = 100 points, class +1 in blue, class −1 in red). Left: the stump ht learned at round t (the
background color is its prediction) and its weighted error εt; the area of each point is proportional
to its weight w

(t)
i , and the points misclassified by ht are circled in black: their weights increase

at the next round. Right: the decision boundary of the final classifier H9 = sign
(︁∑︁9

t=1 αtht

)︁
,

which is no longer a stump (training error 0.10). [ code: make_figures_ch09.py:
fig_adaboost_iterations ]

Proposition 10.3: Empirical error bound of AdaBoost

The empirical error of the classifier returned by AdaBoost satisfies:

RS(HT ) ≤ exp
[︄
−2

T∑︂
t=1

(︃1
2 − εt

)︃2
]︄

.

Furthermore, if there exists γ > 0 such that, for all t ∈ J1, T K, γ ≤ 1
2 − εt, then:

RS(HT ) ≤ exp(−2γ2T ).

Proof. First, we recall that the exponential function is an upper bound of the 0-1 loss,
i.e. for any real-valued function f ,

∀(x, y), 1{yf(x)≤0} ≤ exp(−yf(x)).

We can then upper bound the empirical risk RS(HT ), where HT = sign(fT ) with
fT = ∑︁T

t=1 αtht:
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RS(HT ) ≤ 1
m

m∑︂
i=1

1{yifT (xi)≤0},

≤ 1
m

m∑︂
i=1

exp(−yifT (xi)).

We can now express this last sum using the normalization factors Zt and the
weights w

(T +1)
i . Indeed, we have:

w
(t+1)
i = w

(t)
i

exp(−αtyiht(xi))
Zt

,

↓ by induction, using w
(1)
i = 1/m

= 1
m
×

exp
(︂
−yi

∑︁t
s=1 αshs(xi)

)︂
∏︁t

s=1 Zs
.

Thus, the empirical risk can be upper bounded as follows:

RS(HT ) ≤ 1
m

m∑︂
i=1

exp(−yifT (xi)),

↓ using the definition of fT and the previous relation with t = T

= 1
m

m∑︂
i=1

(︄
m

T∏︂
t=1

Zt

)︄
w

(T +1)
i ,

↓ the weights w
(T +1)
i sum to 1

=
T∏︂

t=1
Zt.

We now focus on the normalization factor and show how it can be written as a
function of the weighted classification error εt for all t ∈ J1, T K:

Zt =
m∑︂

i=1
w

(t)
i exp(−αtyiht(xi)),

=
∑︂

i:yiht(xi)=1
w

(t)
i exp(−αt) +

∑︂
i:yiht(xi)=−1

w
(t)
i exp(αt),

= (1− εt) exp(−αt) + εt exp(αt),
↓ using the value of αt

= (1− εt)
√︃

εt

1− εt
+ εt

√︄
1− εt

εt
,

= 2
√︂

εt(1− εt).

As the empirical risk RS(HT ) is upper bounded by the product of the normaliza-
tion factors, we directly obtain:
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RS(HT ) ≤
T∏︂

t=1
Zt,

=
T∏︂

t=1
2
√︂

εt(1− εt),

↓ using 4εt(1− εt) = 1− 4
(︃

1
2 − εt

)︃2

=
T∏︂

t=1

√︄
1− 4

(︃1
2 − εt

)︃2
,

↓ for all x ∈ R, 1− x ≤ exp(−x)

≤
T∏︂

t=1
exp

[︄
−2
(︃1

2 − εt

)︃2
]︄

,

↓ property of the exponential

= exp
[︄
−2

T∑︂
t=1

(︃1
2 − εt

)︃2
]︄

.

This ends the first part of the proof. Furthermore, if for all t, γ ≤ 1
2 − εt, then:

RS(HT ) ≤ exp
[︄
−2

T∑︂
t=1

(︃1
2 − εt

)︃2
]︄

,

↓ using the assumption

≤ exp
[︄
−2

T∑︂
t=1

γ2
]︄

,

= exp
[︂
−2Tγ2

]︂
.

In other words, as soon as each weak learner is slightly better than random guess-
ing, the training error of AdaBoost decreases exponentially fast with the number of
rounds. Since the training error of HT is a multiple of 1/m, it even becomes exactly 0
as soon as the bound is smaller than 1/m, i.e. after at most ⌊ln(m)/(2γ2)⌋+ 1 rounds.
This behavior is illustrated in Figure 98.

Remark Proposition 10.3 only deals with the training error. Surprisingly, the
test error of AdaBoost often keeps decreasing, or at least does not increase, long
after the training error has reached 0 (in the left panel of Figure 98, the test
error does not increase during the 300 rounds that follow): the complexity of fT

seems to grow with T , but the generalization does not degrade. The explana-
tion proposed by Schapire et al. Schapire et al. (1998) is that AdaBoost keeps
increasing the margins yifT (xi)/

∑︁
t αt of the training examples, which leads to

generalization bounds independent of T . We come back to this question with
PAC-Bayesian tools in Section 15.6.

221 - Statistical Supervised Machine Learning



0 100 200 300 400
number of rounds T

10 2

10 1

100

bound exp(−2Σtγ
2
t )

ΠtZt (exp. loss)
training error
test error

0 200 400
round t

0.2

0.4

weighted error εt

Figure 98: AdaBoost with decision stumps on the two-moons dataset (m = 300 training ex-
amples). Left (logarithmic scale): the training error is always below the empirical exponential
loss

∏︁
t Zt = 1

m

∑︁
i e−yifT (xi), itself below the bound of Proposition 10.3 with γt = 1

2 − εt; the
training error reaches 0 in less than 100 rounds (and then disappears from the plot), whereas the
test error stabilizes. Right: the weighted errors εt of the stumps increase, because the examples
that are still misclassified are the hardest ones, but they remain below 1/2. [ code:
make_figures_ch09.py: fig_adaboost_bound ]

Pitfall: AdaBoost and label noise The weight of a misclassified example is
multiplied by eαt > 1 at each round. A mislabeled example, which the weak
learners consistently “misclassify”, thus sees its weight grow exponentially, and
AdaBoost ends up spending most of its effort on outliers. This is a direct con-
sequence of the exponential loss, which penalizes large negative margins much
more than the logistic loss does. On noisy data, prefer gradient boosting with
the logistic loss, early stopping, or a small learning rate (Section 10.3).

We did not explain earlier where the expression of αt comes from, but the answer
lies in the previous proof. Indeed, αt is chosen to minimize the upper bound ∏︁t Zt of
the empirical error. Thus, it is chosen to minimize the function:

φ : α ↦→ (1− εt) exp(−α) + εt exp(α).

This function is (strictly) convex as a positive combination of two (strictly) convex
functions. So it reaches its minimum at a single value αt, which satisfies the first-order
optimality condition (Euler’s equation):

φ′(αt) = 0,

−(1− εt) exp(−αt) + εt exp(αt) = 0,

(1− εt) exp(−αt) = εt exp(αt),
1− εt

εt
= exp(2αt),

αt = 1
2 ln

(︃1− εt

εt

)︃
.

Note also that the analysis extends to base hypotheses ht taking real values in
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the range [−1, +1]: in this case, εt is replaced by 1
2

(︂
1−∑︁m

i=1 w
(t)
i yiht(xi)

)︂
, and the

expression of Zt becomes an upper bound obtained by convexity of the exponential.

Link with gradient descent We can draw a link between AdaBoost and a gradient
descent algorithm called coordinate descent: we just have to change our point of view
on the algorithm.

Let us consider a (finite) family of base classifiers h1, h2, . . . , hN and a function
fα which depends on a vector α ∈ RN and is defined by

fα =
N∑︂

l=1
αlhl.

Let us also consider a set of m labeled examples S = {(xi, yi)}mi=1. We aim to
solve the following optimization problem:

min
α∈RN

F (α) = min
α∈RN

1
m

m∑︂
i=1

exp(−yifα(xi)) = min
α∈RN

1
m

m∑︂
i=1

exp
(︄
−yi

N∑︂
l=1

αlhl(xi)
)︄

.

We see that the objective function F is exactly the upper bound of the empirical
risk of sign(fα) used in the proof above. F is also a convex function of α, as a sum of
convex functions.

The idea of coordinate descent is to update only one coordinate of the vector we
are looking for at each iteration of the descent. More precisely, starting from a vector
α(k−1) at a given iteration k of the descent,

α(k−1) =
(︂
α

(k−1)
1 , α

(k−1)
2 , . . . , α

(k−1)
l , . . . , α

(k−1)
N

)︂
,

we change only one coordinate of this vector, say the l-th one, to get the new
vector α(k), so that

∀j ̸= l, α
(k)
j = α

(k−1)
j and α

(k)
l = α

(k−1)
l + ρ, i.e. α(k) = α(k−1) + ρ el,

where ρ is a step size and el is the l-th vector of the canonical basis, i.e. the
direction (or coordinate) that is updated.

Let us consider the function gk defined at iteration k by gk = ∑︁N
l=1 α

(k)
l hl. Then,

the coordinate descent update coincides with the update gk = gk−1 + ρhl. Thus, since
both algorithms start with g0 = 0, to show that AdaBoost coincides with coordinate
descent applied to F , it suffices to show that, at every iteration k, coordinate descent
selects the same base classifier and the same step ρ as AdaBoost, assuming that the
weak learner of AdaBoost returns the classifier of the family with the smallest weighted
error.

We assume by induction that this holds up to iteration k − 1, which implies the
equality gk−1 = fk−1 (the function f built by AdaBoost after k − 1 rounds), and we
show that it also holds at iteration k.
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At each iteration k, we select the steepest descent direction, that is, the direction el

along which the directional derivative of the objective function F is the most negative,
and we select the best step along that direction, that is, we choose ρ to minimize
F (α(k−1) + ρel).

We first need to introduce quantities similar to those of the boosting algorithm.
We denote by w̃

(k)
i the weight of the i-th example at iteration k:

w̃
(k)
i =

exp
(︂
−yi

∑︁N
l=1 α

(k−1)
l hl(xi)

)︂
Z̃k

= exp (−yigk−1(xi))
Z̃k

,

where Z̃k = ∑︁m
i=1 exp (−yigk−1(xi)) is a normalization factor, such that the

weights sum to 1. Since gk−1 = fk−1, the relation obtained in the proof of Proposi-
tion 10.3 shows that w(k) = w̃(k).

We also define the weighted error of a base classifier hl with respect to the distri-
bution w̃(k) as:

ε̃
(k)
l = E

i∼w̃(k)

[︂
1{yihl(xi)<0}

]︂
=

m∑︂
i=1

w̃
(k)
i 1{yihl(xi)<0}.

The directional derivative of F at α(k−1) along el is denoted by F ′(α(k−1), el) and
defined by

F ′(α(k−1), el) = lim
ρ→0

F (α(k−1) + ρel)− F (α(k−1))
ρ

.

Since F (α(k−1) + ρel) = 1
m

∑︁m
i=1 exp

(︂
−yi

∑︁N
j=1 α

(k−1)
j hj(xi)− ρyihl(xi)

)︂
, the di-

rectional derivative can be expressed as:

F ′(α(k−1), el) = − 1
m

m∑︂
i=1

yihl(xi) exp

⎛⎝−yi

N∑︂
j=1

α
(k−1)
j hj(xi)

⎞⎠ ,

↓ we use the relation between Z̃k and the weights w̃
(k)
i

= − 1
m

m∑︂
i=1

yihl(xi)w̃(k)
i Z̃k,

↓ we split the sum according to the sign of yihl(xi)

= − Z̃k

m

⎡⎣ ∑︂
i:yihl(xi)=1

w̃
(k)
i −

∑︂
i:yihl(xi)=−1

w̃
(k)
i

⎤⎦ ,

↓ using the definition of the error

= − Z̃k

m

[︂
1− ε̃

(k)
l − ε̃

(k)
l

]︂
,

= (2ε̃
(k)
l − 1) Z̃k

m
.

The steepest descent direction is therefore the one that minimizes ε̃
(k)
l . So the

base classifier hl selected at iteration k is the one with the smallest weighted error on
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the sample S with respect to the distribution w̃(k) = w(k). This is exactly the choice
made by AdaBoost at the k-th round.

It remains to see how the step size is computed along the chosen direction el. The
step size ρ is the solution of the following convex optimization problem:

min
ρ∈R

F (α(k−1) + ρel).

To minimize this quantity, it is enough to look for the value of ρ at which its
derivative vanishes:

d

dρ
F (α(k−1) + ρel) = 0,

− 1
m

m∑︂
i=1

yihl(xi) exp

⎛⎝−yi

N∑︂
j=1

α
(k−1)
j hj(xi)− ρyihl(xi)

⎞⎠ = 0,

m∑︂
i=1

yihl(xi)w̃(k)
i Z̃k exp (−ρyihl(xi)) = 0,

m∑︂
i=1

yihl(xi)w̃(k)
i exp (−ρyihl(xi)) = 0,

(1− ε̃
(k)
l ) exp(−ρ)− ε̃

(k)
l exp(ρ) = 0,

ρ = 1
2 ln

(︄
1− ε̃

(k)
l

ε̃
(k)
l

)︄
.

This proves that the step size chosen by coordinate descent coincides with the
weight αk assigned by AdaBoost to the classifier chosen at the k-th round. Thus, coor-
dinate descent applied to the exponential objective F coincides exactly with AdaBoost,
and F can be viewed as the objective function that AdaBoost seeks to minimize.

10.2.3 Stacking

Stacked generalization, or stacking Wolpert (1992); Džeroski and Ženko (2004), is an-
other ensemble method, which works rather differently from bagging and boosting.
Although the idea is still to combine models in order to improve performance, stacking
learns a meta-model on top of several sub-models.

The aim of this ensemble method is to learn how different models, with different
predictive capabilities, can be optimally combined. It differs from the two previous pro-
cedures in two ways: (i) the models can all be different (for instance, we can combine an
SVM with a decision tree) and they are learned using the same dataset; (ii) the weights
of the models are not learned iteratively. All the models are learned independently, and
a meta-model is then used to learn the optimal way to combine the base learners.

Its architecture involves at least two different learners, and the procedure consists
of two steps:

1. learn a set of base learners on the training data;
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2. use the predictions made by each base learner as new features for the meta-model,
which then learns a good combination of these predictions.

As the reader may have noticed, while each sub-model ht works with the initial
features x, the meta-model works with the predictions of the sub-models, i.e. the
features of the meta-model are (h1(x), h2(x), . . . , hT (x)). Note that we do not specify
the output of ht: it can be a real value, a binary output, a probability, etc.

At first glance, it seems rather simple to learn this ensemble model: all we have
to do is train our sub-models on the training data and then reuse these data to learn
our meta-model. However, this method is not the best in terms of generalization per-
formance. Indeed, by using the same data to learn our sub-models and our meta-model,
we increase the risk of over-fitting: the meta-model would learn to trust the sub-models
that best memorize the training data. As a result, the data we give to the meta-model
should not be the data used to learn the sub-models, but rather data used to validate
them, i.e. a held-out validation set, resulting in a training-validation procedure.

We can go a little further and learn what is called a Super Learner Van der
Laan et al. (2007), which can be seen as a generalization of stacking relying on a k-fold
cross-validation procedure, as depicted in Figure 99.18
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· · ·
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· · ·
k

h1 h2 · · · hT
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· · ·
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· · ·
1
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· · ·
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hT

1
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· · ·
k

y

1
2

· · ·
k

out-of-fold predictions Z

meta-model
y ≈ m(z; β)

h1 h2 · · · hT

super learner
m
(︁
h1(x), . . . , hT (x); β̂

)︁

β̂

1. split S
into k folds

2. train each base learner
on k − 1 folds

3. predict the held-out fold

4. fit the meta-model
on (Z, y)

0. re-train each base learner on the whole sample S
5. final predictor

Figure 99: The Super Learner: stacking with a k-fold cross-validation procedure. Each base
learner h1, . . . , hT is trained k times, each time on k − 1 folds, and predicts the held-out fold
(shaded). These out-of-fold predictions form a new design matrix Z, on which the meta-model
m(z; β) is fitted. The final predictor combines, with the learned parameters β̂, the base learners
re-trained on the whole sample.

The procedure can be described as follows:

1. Split the training data into k folds (as in a k-fold cross-validation procedure).
18This figure is adapted from slide 17 of the Super Learner course of the van der Laan lab.
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2. Train each base learner on k−1 folds and compute its predictions on the remaining
fold.

3. Repeat the previous step, changing the validation fold each time, until every fold
has been used as the validation fold. Every training example then has a prediction
from each base learner, made by a model that has not seen it: these out-of-fold
predictions form the new representation of the data.

4. Use this new representation of the data to learn the parameters of the meta-model
(the base learners are then usually re-trained on the whole training set).

5. Evaluate the performance of the whole model on the test data.

A legitimate question concerns the classic cross-validation procedure. How can we
use our data not only to learn our model, but also to ensure that we have the best base
learners, and therefore a good ensemble model? How can we tune the hyper-parameters
of our base learners? Is this really necessary?

We leave these questions open, so that the reader can draw on the previous ex-
planations to discuss possible answers (see also Section 11). We end our presentation of
ensemble methods with the one that is certainly the best known and most widely used
in industrial practice: gradient boosting.

10.3 Gradient Boosting

The AdaBoost algorithm (see Section 10.2.2) is based on the exponential loss. However,
this loss is not suited to all settings, and it is sometimes better to use other losses,
depending on the model we want to learn or on the application. This motivation leads
us to a more general boosting algorithm, gradient boosting Friedman (2001).

Generalities Unlike the AdaBoost algorithm Freund and Schapire (1999), as usually
presented, gradient boosting performs an optimization in the function space rather than
in the parameter space. At each iteration, a weak learner ht is learned using the residuals
(or errors) of the linear combination of the previous models. The linear combination Ht

at iteration t is defined as follows:

Ht = Ht−1 + αtht, (10.1)

where Ht−1 is the linear combination of the first t−1 models and αt is the weight
given to the t-th weak learner. The weak learners are trained on the pseudo-residuals
ri of the current model. These pseudo-residuals are given by the negative gradient −gt

of the loss function ℓ with respect to the current prediction Ht−1(xi):

ri = −gt(xi) = −
[︃

∂ℓ(yi, Ht−1(xi))
∂Ht−1(xi)

]︃
.

Once the pseudo-residuals ri are computed, the following optimization problem is
solved:

(ht, αt) = arg min
α,h

m∑︂
i=1

(ri − αh(xi))2.
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Finally, the update rule (10.1) is applied. In practice, the weight αt is often refined
by a line search on the loss ℓ itself, as in Algorithm 9, and multiplied by a small learning
rate (or shrinkage) ν ∈ (0, 1] to reduce over-fitting.

In a nutshell Think of a golfer who does not reach the hole in one shot: each new
stroke starts from where the ball stopped, and aims at the remaining distance.
With the squared loss 1

2(y −H)2, the pseudo-residuals are exactly the residuals
yi−Ht−1(xi): each new weak learner is trained to predict what the current model
still gets wrong, and is added to it. Figure 100 shows the first three rounds on a
one-dimensional regression problem, with decision stumps as weak learners. For
other losses, the pseudo-residuals are “generalized residuals”: they indicate in
which direction, and how strongly, the prediction at each training point should
move to decrease the loss.
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Figure 100: Gradient boosting with the squared loss and decision stumps on a 1D regression
problem (H0 is the mean of the yi, ν = 1). Top: the model before (Ht−1, dashed) and after (Ht,
solid) round t. Bottom: the residuals of Ht−1 and the stump ht fitted to them by least squares.
For the squared loss, the line search gives αt = 1, so that Ht = Ht−1 + ht; the residuals shrink
from one round to the next and the model gets progressively closer to the data. [ code:
make_figures_ch09.py: fig_gb_residuals ]

This algorithm was first developed for classification and regression trees, and most
of the work and libraries, such as XGBoost Chen and Guestrin (2016), use decision
trees as weak learners. To be weak learners, these trees are mainly decision stumps or
trees with a small depth. Unlike AdaBoost, gradient boosting makes it possible to use
custom losses. The procedure is summarized in Algorithm 9, where the weak learners
ha are parameterized by a vector a.

Example 10.2. Let us compute the pseudo-residuals for two different losses ℓ: the squared
loss for a regression task, and the logistic loss for a classification task.

• Using the squared loss ℓ(y, H) = (y −H)2, the pseudo-residuals are defined by:
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Algorithm 9: Gradient Boosting Friedman (2001)
Inputs : Training set S = {(xi, yi)}mi=1, number of models T , a loss ℓ
Output: a model HT = H0 +∑︁T

t=1 αthat

1 Initial hypothesis: H0(x) = arg min
ρ∈R

∑︁m
i=1 ℓ(yi, ρ) for all x;

2 for t = 1 to T do

3 compute the pseudo-residuals: ỹi = −∂ℓ(yi, Ht−1(xi))
∂Ht−1(xi)

, ∀i = 1, . . . , m;

4 fit the pseudo-residuals to learn the new hypothesis:
at = arg min

a

∑︁m
i=1(ỹi − ha(xi))2;

5 learn the weight of the hypothesis hat :
αt = arg min

α∈R+

∑︁m
i=1 ℓ(yi, Ht−1(xi) + αhat(xi));

6 update: Ht = Ht−1 + αthat ;

ỹ = − ∂ℓ(y, Ht−1(x))
∂Ht−1(x) ,

= − ∂(y −Ht−1(x))2

∂Ht−1(x) ,

= 2(y −Ht−1(x)).

The pseudo-residual is just twice the difference between the true value and the
predicted value, i.e. (up to the factor 2) the usual residual (remember that this
loss is mainly used in the regression setting).

• Using the logistic loss ℓ(y, H) = ln (1 + exp (−2yH)) for classification with la-
bels y ∈ {−1, +1} (this is the convention used in Friedman (2001)), the pseudo-
residuals are defined by:

ỹ = − ∂ℓ(y, Ht−1(x))
∂Ht−1(x) ,

= − ∂ ln (1 + exp (−2yHt−1(x)))
∂Ht−1(x) ,

= 2y exp (−2yHt−1(x))
1 + exp (−2yHt−1(x)) ,

= 2y

1 + exp (2yHt−1(x)) .

Note that the pseudo-residual vanishes when yHt−1(x) is large, i.e. when the
example is already correctly classified with a large margin.
This is not the most commonly used version of this loss. Since Ht−1(x) is a real
value, we rather pass this output through the logistic function in order to obtain
the probability of belonging to the positive class, and use labels y ∈ {0, 1}. In
such a case, the pseudo-residuals are given by:

229 - Statistical Supervised Machine Learning



Algorithm 10: Gradient boosting seen as a steepest gradient descent in func-
tion space Friedman (2001)

Inputs : Training set S = {(xi, yi)}mi=1, number of models T , a loss ℓ
Output: a model HT = H0 +∑︁T

t=1 αthat

1 Initialization: H0(x) = arg min
ρ∈R

∑︁m
i=1 ℓ(yi, ρ) for all x;

2 for t = 1 to T do

3 Compute the negative gradient: ỹi = −∂ℓ(yi, Ht−1(xi))
∂Ht−1(xi)

, ∀i = 1, . . . , m;

4 Learn a model that approximates this direction:
at = arg min

a

∑︁m
i=1(ỹi − ha(xi))2;

5 Find the optimal step for hat : αt = arg min
α∈R+

∑︁m
i=1 ℓ(yi, Ht−1(xi) + αhat(xi));

6 Update: Ht = Ht−1 + αthat ;

ỹ = − ∂ℓ(y, Ht−1(x))
∂Ht−1(x) ,

= − ∂ [−y ln (σ(Ht−1(x)))− (1− y) ln (1− σ(Ht−1(x)))]
∂Ht−1(x) ,

↓ same computation as for the logistic regression, using σ′ = σ(1− σ)
= y − σ(Ht−1(x)),

where σ denotes the logistic function σ(x) = (1 + e−x)−1. The pseudo-residual is
then the difference between the label and the predicted probability.

We can also draw a parallel between the gradient boosting algorithm and a gradi-
ent descent algorithm. This is quite natural, since the algorithm involves the gradient
of the loss. Here, the parallel can be drawn with the steepest gradient descent with
an optimal step size (computed by a line search), as shown in Algorithm 10: gradient
boosting is a gradient descent in the space of functions, in which the gradient, only
known at the training points, is approximated by a weak learner.

Note that gradient boosting, in its original presentation, uses the mean squared
error in the step that fits the pseudo-residuals. However, we can choose any loss function
we want to optimize, such as the exponential loss for classification tasks. Furthermore,
the reader has to be careful: the loss ℓ we aim to optimize is the one used both to
compute the pseudo-residuals and to find the weights of the base learners, whereas the
squared loss is only used to fit the pseudo-residuals.

Regularization of gradient boosting Unlike bagging, boosting can over-fit when
the number of weak learners T grows: each round decreases the training loss, and
nothing prevents the model from eventually fitting the noise. The two main levers to
control this are the number of rounds T , chosen by early stopping on a validation set,
and the learning rate ν, which replaces the update by Ht = Ht−1 + ν αtht. Figure 101
shows their interplay: a smaller ν requires more rounds, but leads to a better minimum
of the test error.
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Figure 101: Effect of the learning rate ν in gradient boosting (squared loss, trees of depth
3, make_friedman1 regression problem with 200 training examples). Left: the training error
always goes to 0, all the faster as ν is large. Right: the test error reaches a minimum (dots)
and then slightly increases or stagnates; with ν = 1 the model quickly over-fits, whereas smaller
values of ν reach a lower test error, at the price of more trees. [ code: make_figures_ch09.py:
fig_gb_shrinkage ]

Remark : gradient boosting in practice Small steps generalize better: a
value ν ∈ [0.01, 0.1] combined with early stopping is a robust default Friedman
(2001), and ν and T should be tuned together. Friedman also showed that fit-
ting each weak learner on a random subsample of the data (typically half of it),
as in bagging, both speeds up the algorithm and improves its accuracy: this
is stochastic gradient boosting Friedman (2002). Modern libraries such as XG-
Boost Chen and Guestrin (2016), presented below, LightGBM Ke et al. (2017)
and CatBoost Prokhorenkova et al. (2018) add many algorithmic improvements
(histograms of the features, sparsity handling, efficient treatment of categorical
features, etc.). On tabular data, these tree ensembles remain, to this day, very
hard to beat, even by deep neural networks Grinsztajn et al. (2022).

Presentation of XGBoost We finish this presentation of boosting by going back to
decision trees and presenting XGBoost Chen and Guestrin (2016), a powerful and very
fast tree-based boosting algorithm. We first explain how the weights of the leaves are
computed, and then we explain the splitting criterion that is used. The main strength
of this algorithm is that it can be used to optimize a risk based on any loss function,
provided that this loss function is twice differentiable.

From now on, we consider a twice differentiable loss function ℓ and the following
optimization problem:

min
f1,...,fT

m∑︂
i=1

ℓ(yi, ŷi) + Ω(f1, . . . , fT ), (10.2)

where ŷi = ∑︁T
t=1 ft(xi), T is the number of models and the ft are the base

learners (trees). The term Ω(f1, . . . , fT ) = ∑︁T
t=1

(︃
βLt + λ

2
∑︁Lt

j=1(f (j)
t )2

)︃
is composed
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of two regularization terms, used to control the number of leaves Lt of each tree and
the weight f

(j)
t of each leaf j of the t-th tree.

Recall that the models are learned in an additive manner, so let us denote by
ŷ

(t−1)
i the value predicted by the first t− 1 trees, i.e. ŷ

(t−1)
i = ∑︁t−1

s=1 fs(xi) = Ht−1(xi).
Let us now have a look at the tree ft learned at iteration t of our algorithm. For

this purpose, we rewrite the objective (10.2) and aim to minimize, with respect to ft,
the quantity Rt defined as:

Rt =
m∑︂

i=1
ℓ(yi, ŷ

(t−1)
i + ft(xi)) + βLt + λ

2

Lt∑︂
j=1

(f (j)
t )2. (10.3)

In practice, the authors of Chen and Guestrin (2016) only consider a second-order
approximation of the function they aim to optimize. This second-order approximation
is taken with respect to the value predicted at the previous iteration, i.e. ŷ

(t−1)
i . Recall

that, for any function u which is twice differentiable on an open set, we have, for any x
and any small ε:

u(x + ε) ≃ u(x) + u′(x)ε + 1
2u′′(x)ε2.

We respectively denote by g(xi) and h(xi) the first- and second-order derivatives
of the function ℓ(yi, ·) taken at ŷ

(t−1)
i . We can then approximate (10.3) as follows:

Rt ≃
m∑︂

i=1

[︃
ℓ(yi, ŷ

(t−1)
i ) + ft(xi)g(xi) + 1

2f2
t (xi)h(xi)

]︃
+ βLt + λ

2

Lt∑︂
j=1

(f (j)
t )2. (10.4)

Remember that we aim to learn the function ft, i.e. the values (f (j)
t )j=1,...,Lt of

its leaves once the structure of the tree is fixed. Let us consider a leaf j and denote by
Ij the set of indices i such that xi falls into the leaf j, so that ft(xi) = f

(j)
t for all i ∈ Ij .

Since the first term of (10.4) does not depend on ft, the value f
(j)
t shall minimize the

following quantity Vj for a given index j:

Vj =

⎛⎝∑︂
i∈Ij

g(xi)

⎞⎠ f
(j)
t + 1

2

⎛⎝λ +
∑︂
i∈Ij

h(xi)

⎞⎠ (f (j)
t )2. (10.5)

This function is convex when λ +∑︁i∈Ij
h(xi) > 0 (since λ ≥ 0, this is the case as

soon as the loss function ℓ is convex, so that h(xi) ≥ 0, and λ > 0), and its minimum is
then given by the solution of Euler’s equation, i.e. the value f

(j)
t at which the derivative

vanishes. This solution is given by:

f
(j)
t = −

∑︁
i∈Ij

g(xi)∑︁
i∈Ij

h(xi) + λ
. (10.6)
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Example 10.3. Let us come back to our previous example, where we considered the
squared loss and the logistic loss, and let us compute the weights of the leaves for these
two losses.

For the squared loss ℓ(y, ŷ(t−1)) = 1
2(y − ŷ(t−1))2, the gradient g with respect

to the prediction is

g = ∂ℓ

∂ŷ(t−1) (y, ŷ(t−1)) = ŷ(t−1) − y,

and the second-order derivative h with respect to the prediction is

h = ∂2ℓ

∂(ŷ(t−1))2 (y, ŷ(t−1)) = 1.

So the optimal value of a leaf f
(j)
t is:

f
(j)
t = −

∑︁
i∈Ij

g(xi)∑︁
i∈Ij

h(xi) + λ
=
∑︁

i∈Ij
(yi − ŷ

(t−1)
i )

λ + |Ij |
.

Thus, when learning the first tree, with ŷ
(0)
i = 0 for all i and λ = 0, we find that

the optimal score of a leaf is equal to the average of the target values of the instances in
the leaf. For subsequent iterations, the optimal score of each leaf becomes the average
of the residuals (shrunk towards 0 when λ > 0).

For the logistic loss ℓ(y, ŷ(t−1)) = −
(︂
y ln(p(ŷ(t−1))) + (1− y) ln(1− p(ŷ(t−1)))

)︂
,

where y ∈ {0, 1} and p is the logistic function, the gradient g with respect to the
prediction is

g = ∂ℓ

∂ŷ(t−1) (y, ŷ(t−1)) = p(ŷ(t−1))− y,

and the second-order derivative h with respect to the prediction is

h = ∂2ℓ

∂(ŷ(t−1))2 (y, ŷ(t−1)) = p(ŷ(t−1))(1− p(ŷ(t−1))).

So the optimal value of a leaf f
(j)
t is:

f
(j)
t = −

∑︁
i∈Ij

g(xi)∑︁
i∈Ij

h(xi) + λ
=

∑︁
i∈Ij

(︂
yi − p(ŷ(t−1)

i )
)︂

λ +∑︁
i∈Ij

p(ŷ(t−1)
i )

(︂
1− p(ŷ(t−1)

i )
)︂ .
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Splitting criterion Let us now focus on the splitting criterion. Once the optimal
weight (10.6) of each leaf is found, we can compute the optimal value V ⋆

j of the objective
by plugging it into (10.5). We get:

V ⋆
j =

⏞ ⏟⏟ ⏞
−

⎛⎝∑︂
i∈Ij

g(xi)

⎞⎠ ∑︁
i∈Ij

g(xi)∑︁
i∈Ij

h(xi) + λ
+

⏞ ⏟⏟ ⏞
1
2

⎛⎝λ +
∑︂
i∈Ij

h(xi)

⎞⎠(︄− ∑︁
i∈Ij

g(xi)∑︁
i∈Ij

h(xi) + λ

)︄2

,

= −

(︂∑︁
i∈Ij

g(xi)
)︂2

∑︁
i∈Ij

h(xi) + λ
+ 1

2

(︂∑︁
i∈Ij

g(xi)
)︂2

∑︁
i∈Ij

h(xi) + λ
,

= −1
2

(︂∑︁
i∈Ij

g(xi)
)︂2

∑︁
i∈Ij

h(xi) + λ
.

This formula is used to measure the quality of a leaf (the lower, the better). It
can be seen as a generalization of impurity measures, such as the Gini impurity, to any
loss function. Using this measure, the authors define their splitting criterion, i.e. the
gain associated with the split of a leaf into a left and a right child, as follows:

Gain = 1
2

⎡⎢⎣
(︂∑︁

i∈IL
g(xi)

)︂2

∑︁
i∈IL

h(xi) + λ
+

(︂∑︁
i∈IR

g(xi)
)︂2

∑︁
i∈IR

h(xi) + λ
− (∑︁i∈I g(xi))2∑︁

i∈I h(xi) + λ

⎤⎥⎦− β,

where I = IL ∪ IR is the set of examples of the leaf before the split, and the
parameter β penalizes the creation of an additional leaf. The split with the largest gain
is selected, and a leaf is not split if no split has a positive gain.

10.4 Metric Learning

All the algorithms presented so far rely, explicitly or implicitly, on a way to compare
examples. The k-nearest neighbors algorithm (Section 8) predicts the label of a new
point from the labels of its closest training examples, the k-means algorithm groups
points that are close to each other, and kernel methods such as SVMs rely on a similarity
function between examples. In all these cases, the performance of the algorithm crucially
depends on the representation of the data and on the distance used to compare them.
Most of the time, this distance is the Euclidean one, chosen by default, even though
nothing guarantees that it is adapted to the task at hand.

Learning a good representation of the data is one of the key ingredients of mod-
ern machine learning: this is precisely what the hidden layers of neural networks do
(Section 9). Metric learning addresses this question from a different angle: instead of
learning a model on a fixed representation, it learns, from the data, the distance (or the
similarity) used to compare the examples, in such a way that examples that should be
considered as similar (e.g. examples of the same class) are close, while examples that
should be considered as dissimilar are far apart. This section is largely inspired by the
survey of Bellet, Habrard and Sebban Bellet et al. (2013), see also their book Bellet
et al. (2015); we restrict ourselves to the most classical family of learned metrics, the
Mahalanobis distances, and we will not go further than the LMNN algorithm.

234 - Statistical Supervised Machine Learning



10.4.1 Why Learn a Metric?

Let us recall what a distance is.

Definition 10.4: Distance and pseudo-distance

A distance (or metric) on a set X is a function d : X × X → R+ such that, for all
x, x′, x′′ ∈ X :

1. d(x, x′) = 0 ⇐⇒ x = x′ (separation)

2. d(x, x′) = d(x′, x) (symmetry)

3. d(x, x′′) ≤ d(x, x′) + d(x′, x′′) (triangle inequality)
A function satisfying these properties, except that the separation property is weak-
ened into d(x, x) = 0 (two distinct points may be at distance 0), is called a pseudo-
distance.

The Euclidean distance d2(x, x′) = ∥x − x′∥2 gives the same importance to all
the features and ignores their correlations. This causes at least three kinds of problems,
which we have already met when we studied the k-NN algorithm:

• scale: a feature taking large values (e.g. an income in euros) dominates a feature
taking small values (e.g. a height in meters), whatever their relevance for the task;

• relevance: non-informative, noisy features contribute to the distance as much as
the informative ones, so that the nearest neighbors of a point may be determined
by noise;

• correlations: two strongly correlated features count twice the same information.

Standardizing the features (Section 11) solves the first problem, but not the other
two, since it does not use the labels. The idea of metric learning is to use the supervision
to reshape the space, as illustrated in Figure 103 below: after learning, the neighbors of
each point should mostly belong to its class, which directly improves the k-NN classifier.

10.4.2 Mahalanobis Distances

The most studied family of learned metrics is the family of (generalized) Mahalanobis
distances. In what follows, Sd

+ denotes the cone of symmetric positive semi-definite
(PSD) matrices of size d× d, and we write M ⪰ 0 for M ∈ Sd

+.

Definition 10.5: Mahalanobis distance

Let M ∈ Sd
+. The Mahalanobis distance associated with M is defined, for all

x, x′ ∈ Rd, by
dM(x, x′) =

√︂
(x− x′)⊤M(x− x′).

A few remarks are in order:

• when M = I, we recover the Euclidean distance;
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• when M is diagonal, d2
M(x, x′) = ∑︁d

j=1 Mjj(xj − x′
j)2 simply re-weights the fea-

tures; standardizing the data amounts to choosing Mjj = 1/s2
j , where sj is the

standard deviation of the j-th feature;

• when M = Σ−1 is the inverse of the covariance matrix of the data, we obtain the
distance originally introduced by P. C. Mahalanobis, which takes the correlations
between the features into account;

• a general matrix M both re-weights the features and takes their correlations into
account.

The PSD assumption is essential: it ensures that (x−x′)⊤M(x−x′) ≥ 0, so that
the square root is well defined, and it makes dM a pseudo-distance. When M is positive
definite, dM is a distance; when M is only PSD, two distinct points x and x′ such that
x − x′ belongs to the kernel of M are at distance 0, which can be useful to discard
irrelevant directions of the space. The following proposition gives a very convenient
interpretation of Mahalanobis distances.

Proposition 10.4: Mahalanobis distances are Euclidean distances after a
linear map

Let M be a symmetric matrix of size d×d. Then M ⪰ 0 if and only if there exists
a matrix L ∈ Rr×d, with r ≥ rank(M), such that M = L⊤L. In this case, for all
x, x′ ∈ Rd,

dM(x, x′) = ∥Lx− Lx′∥2.

Proof. If M = L⊤L, then M is symmetric and, for any z ∈ Rd, z⊤Mz = z⊤L⊤Lz =
∥Lz∥22 ≥ 0, so M ⪰ 0. Conversely, if M ⪰ 0, the spectral theorem gives M = UΛU⊤,
where U is orthogonal and Λ = diag(λ1, . . . , λd) with λk ≥ 0. Setting L = Λ1/2U⊤ gives
L⊤L = UΛ1/2Λ1/2U⊤ = M; removing the rows of L associated with zero eigenvalues
gives a matrix with r = rank(M) rows. Finally, with z = x − x′, we have d2

M(x, x′) =
z⊤L⊤Lz = ∥Lx− Lx′∥22.

In other words, learning a Mahalanobis distance is equivalent to learning
a linear transformation x ↦→ Lx of the data and using the Euclidean distance in the
new space. If M has a low rank r < d, this transformation also performs a (supervised)
dimensionality reduction. Geometrically, the unit ball {x : dM(x, 0) ≤ 1} is an ellipsoid
whose axes are given by the eigenvectors uk of M, with semi-axis lengths 1/

√
λk (see

Figure 102).

Example 10.4. Let us consider M =
(︄

2 1
1 2

)︄
, whose eigenvalues are λ1 = 3, associated

with u1 = 1√
2(1, 1)⊤, and λ2 = 1, associated with u2 = 1√

2(1,−1)⊤. Hence M ⪰ 0 (it
is even positive definite).

• For x = (1, 0)⊤ and x′ = (0, 1)⊤, x−x′ = (1,−1)⊤ and d2
M(x, x′) = 2−1−1+2 = 2:

the distance is equal to the Euclidean one,
√

2, because x− x′ is along u2.

• For x = (1, 1)⊤ and x′ = (0, 0)⊤, d2
M(x, x′) = 2 + 1 + 1 + 2 = 6, so dM(x, x′) =√

6 =
√

3×
√

2: distances along u1 are stretched by a factor
√

λ1 =
√

3.
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A possible choice of linear map is L = Λ1/2U⊤ = 1√
2

(︄√
3
√

3
1 −1

)︄
, and one can check

that L⊤L = M.

x1

x2

M = I

x1

x2

1√
3

u1

u2

M =
(︃

2 1
1 2

)︃

Figure 102: Unit balls {x : dM(x, 0) ≤ 1} of the Euclidean distance (left) and of the Mahalanobis
distance of the example above (right). The ellipse is oriented along the eigenvectors of M, with
semi-axes 1/

√
λk: the directions associated with large eigenvalues are the ones along which

distances are stretched.

Why does it help k-NN and k-means? Since dM(x, x′) = ∥Lx−Lx′∥2, running the
k-NN algorithm with dM is the same as running the usual (Euclidean) k-NN algorithm
on the transformed data Lx1, . . . , Lxm. If L stretches the directions that discriminate
the classes and shrinks the irrelevant ones, the neighborhood of a point contains more
examples of its own class, and the majority vote is more often correct. Similarly, the k-
means algorithm with dM builds Voronoi cells that are no longer balls but ellipsoids, and
can thus recover elongated or correlated clusters: it was precisely to improve clustering
with side information that one of the first metric learning algorithms was proposed Xing
et al. (2002).

10.4.3 Learning a Metric from Side Information

To learn M, we need some supervision telling us which examples should be close and
which ones should be far apart. This supervision generally takes one of the following
forms Bellet et al. (2013):

• must-link (or similarity) constraints: a set S of pairs (xi, xj) such that xi and
xj should be similar;

• cannot-link (or dissimilarity) constraints: a set D of pairs (xi, xj) such that xi

and xj should be dissimilar;

• relative (or triplet) constraints: a set R of triplets (xi, xj , xk) such that xi should
be more similar to xj than to xk.

We follow here the notation of Bellet et al. (2013): in this section only, D and R
denote sets of constraints, and not the data distribution and the risk.

In supervised classification, these constraints are directly derived from the labels:
two examples of the same class form a must-link pair, two examples of different classes
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form a cannot-link pair, and a triplet (xi, xj , xk) with yi = yj ̸= yk forms a relative
constraint. Such constraints are also available in weakly supervised settings where labels
are unknown, e.g. when a user tells us that two images are “alike”. Metric learning then
consists in solving a problem of the form

min
M∈Sd

+

L(M,S,D,R) + λ Ω(M),

where the loss L penalizes the violated constraints and Ω is a regularizer (e.g.
∥M∥2F , or the trace of M to favor low-rank solutions). A key observation is that the
squared distance is linear in M:

d2
M(xi, xj) = (xi − xj)⊤M(xi − xj) = Tr (MCij) , with Cij = (xi − xj)(xi − xj)⊤.

Hence, constraints on squared distances are linear constraints on M and, together
with the convex constraint M ⪰ 0, they often lead to convex optimization problems.
Let us briefly present two classical algorithms.

MMC Xing et al. (2002) The first Mahalanobis metric learning method, sometimes
called MMC, brings the similar pairs together while keeping the dissimilar pairs apart:

min
M∈Sd

+

∑︂
(xi,xj)∈S

d2
M(xi, xj) s.t.

∑︂
(xi,xj)∈D

dM(xi, xj) ≥ 1.

The constraint prevents the trivial solution M = 0 (using dM rather than d2
M in the

constraint avoids solutions of rank one). The problem is convex, and it is solved by a
projected gradient method which requires an eigenvalue decomposition at each iteration,
which becomes costly in high dimension. Note that MMC tries to bring all the similar
pairs together, which is a strong requirement when a class is made of several separated
groups.

ITML Davis et al. (2007) Information-Theoretic Metric Learning regularizes the
learned matrix towards a prior matrix M0 (e.g. the identity):

min
M∈Sd

+

Dld(M, M0) s.t. d2
M(xi, xj) ≤ u ∀(xi, xj) ∈ S,

d2
M(xi, xj) ≥ l ∀(xi, xj) ∈ D,

where u and l are two thresholds and Dld(M, M0) = Tr
(︂
MM−1

0

)︂
− log det(MM−1

0 )−d

is the LogDet divergence, which is closely related to the Kullback-Leibler divergence
between two Gaussian distributions of covariance matrices M−1 and M−1

0 . This di-
vergence is finite only for positive definite matrices, so that the iterates automatically
remain in the PSD cone and no projection is needed. The problem is solved with
Bregman projections, and slack variables are added when the constraints cannot all be
satisfied.
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10.4.4 Large Margin Nearest Neighbors (LMNN)

The Large Margin Nearest Neighbors algorithm (LMNN) of Weinberger and Saul Wein-
berger and Saul (2009) is one of the most widely used metric learning algorithms. It is
specifically designed to improve the k-NN classifier, and its key idea is that, to classify
xi correctly, we do not need all the examples of its class to be close to xi (as in MMC):
it is enough that its k nearest neighbors belong to its class. The constraints are thus
local.

Target neighbors and impostors Before learning, we associate with each training
example xi a set of k target neighbors: the k nearest examples (for the Euclidean
distance, or using prior knowledge) that share the label of xi. We write j ⇝ i when xj

is a target neighbor of xi. These target neighbors are fixed once and for all. We would
like the target neighbors of xi to be its nearest neighbors in the learned metric. The
examples that prevent this are the impostors: an impostor of xi is an example xl with
a different label, yl ̸= yi, which lies inside the perimeter defined by the target neighbors
of xi enlarged by a margin, i.e. such that

d2
M(xi, xl) ≤ d2

M(xi, xj) + 1 for some target neighbor j ⇝ i.

The objective function LMNN combines two terms, illustrated in Figure 103. De-
noting yil = 1 if yi = yl and yil = 0 otherwise:

• a pull term, which brings the target neighbors closer:

εpull(M) =
m∑︂

i=1

∑︂
j⇝i

d2
M(xi, xj);

• a push term, which pushes the impostors out of the perimeter, with a margin of
1, using the hinge loss [u]+ = max(0, u):

εpush(M) =
m∑︂

i=1

∑︂
j⇝i

m∑︂
l=1

(1− yil)
[︂
1 + d2

M(xi, xj)− d2
M(xi, xl)

]︂
+

.

The learned matrix is then the solution of

min
M∈Sd

+

(1− µ) εpull(M) + µ εpush(M),

where µ ∈ [0, 1] balances the two terms (µ = 1/2 usually works well). The unit margin
fixes the scale of M: without it, multiplying M by a small constant would make all
the distances, and thus the pull term, arbitrarily small. The similarity with the soft-
margin SVM (Section 8) is striking, and justifies the name of the algorithm: a hinge
loss enforces a margin, and a second term plays the role of a regularizer.

A semi-definite program Introducing a slack variable ξijl ≥ 0 for each triplet, as
for the soft-margin SVM, and using d2

M(xi, xj) = Tr (MCij), the LMNN problem can
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xi

before learning (M = I)

x ↦→ Lx

margin

xi

after learning (dM)

target neighbors (same class as xi) impostors (other class)

Figure 103: Principle of LMNN. Left: with the Euclidean distance, several examples of another
class (impostors, red squares) are closer to xi than its target neighbors (blue circles), so that the
k-NN classifier makes an error. The pull term brings the target neighbors closer (blue arrows)
and the push term moves the impostors away (red arrows). Right: in the learned metric, the
target neighbors lie inside the perimeter of xi (dashed circle) and the impostors lie beyond this
perimeter plus a margin (dotted circle).

be rewritten as

min
M,ξ

(1− µ)
m∑︂

i=1

∑︂
j⇝i

Tr (MCij) + µ
m∑︂

i=1

∑︂
j⇝i

m∑︂
l=1

(1− yil) ξijl

s.t. Tr (MCil)− Tr (MCij) ≥ 1− ξijl, ξijl ≥ 0, ∀ i, j ⇝ i, l : yil = 0,

M ⪰ 0.

The objective and the constraints are linear in (M, ξ), and the variable M is constrained
to belong to the cone of PSD matrices: this is a semi-definite program (SDP), a
convex optimization problem. Consequently, LMNN does not suffer from local minima.
However, generic SDP solvers do not scale well: the number of triplets is of the order
of k m2 and each iteration of an interior point method is expensive. Weinberger and
Saul therefore proposed a dedicated first-order solver, which exploits the fact that only
a small number of triplets are active (i.e. involve an actual impostor) at a given time.

Projected (sub)gradient descent Let us denote by ε(M) = (1 − µ)εpull(M) +
µεpush(M) the objective function. It is convex but not differentiable, because of the
hinge loss. A subgradient of ε at M is given by

G(M) = (1− µ)
m∑︂

i=1

∑︂
j⇝i

Cij + µ
∑︂

(i,j,l)∈A(M)
(Cij −Cil) ,

where A(M) is the set of active triplets, i.e. the triplets (i, j, l) with j ⇝ i, yil = 0 and
1 + d2

M(xi, xj)− d2
M(xi, xl) > 0. A gradient step M− ηG(M) may leave the cone Sd

+;
we then project it back onto the cone, which is easy thanks to the following result.
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Algorithm 11: LMNN by projected subgradient descent
Inputs : Training set S = {(xi, yi)}mi=1, number of target neighbors k, trade-off

µ ∈ [0, 1], step size η > 0, number of iterations T
Output: A matrix M ∈ Sd

+
1 for i = 1 to m do
2 find the k target neighbors j ⇝ i of xi: its k nearest (Euclidean) neighbors

with label yi;
3 set M0 = I;
4 for t = 0 to T − 1 do
5 compute the set A(Mt) of active triplets (target neighbors violated by an

impostor);
6 compute the subgradient

G(Mt) = (1− µ)∑︁i

∑︁
j⇝i Cij + µ

∑︁
(i,j,l)∈A(Mt) (Cij −Cil);

7 gradient step: A = Mt − η G(Mt);
8 projection: compute A = UΛU⊤ and set Mt+1 = U max(Λ, 0)U⊤;
9 return MT

Proposition 10.5: Projection onto the PSD cone

Let A be a symmetric matrix with eigendecomposition A = UΛU⊤, where Λ =
diag(λ1, . . . , λd). Then the projection of A onto Sd

+ for the Frobenius norm is

ΠSd
+

(A) = arg min
M∈Sd

+

∥M−A∥F = U max(Λ, 0) U⊤,

where max(Λ, 0) = diag(max(λ1, 0), . . . , max(λd, 0)), i.e. the negative eigenvalues
are set to 0.

Proof. The Frobenius norm is invariant under orthogonal transformations, so ∥M −
A∥F = ∥B−Λ∥F with B = U⊤MU, and B ⪰ 0 if and only if M ⪰ 0. For any B ⪰ 0,
the diagonal entries satisfy Bkk = e⊤

k Bek ≥ 0, hence

∥B−Λ∥2F =
d∑︂

k=1
(Bkk − λk)2 +

∑︂
k ̸=k′

B2
kk′ ≥

d∑︂
k=1

(Bkk − λk)2 ≥
d∑︂

k=1
min(λk, 0)2.

This lower bound is attained by B = max(Λ, 0), which is PSD, i.e. by M =
U max(Λ, 0)U⊤.

The resulting procedure is summarized in Algorithm 11. Each iteration requires
an eigenvalue decomposition, whose cost is O(d3): this is affordable for moderate di-
mensions, and a preliminary dimensionality reduction (e.g. with a principal component
analysis) is often applied beforehand. An alternative, used in many implementations,
is to optimize directly over the linear map L of Proposition 10.4: the PSD constraint
then disappears, but the problem is no longer convex in L.

Once M is learned, a new example is classified with the k-NN rule using dM or,
equivalently, with the Euclidean k-NN rule applied to the transformed data Lx. On
many benchmarks, LMNN significantly improves the accuracy of the k-NN classifier
compared with the Euclidean distance Weinberger and Saul (2009).
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Going further We stop our presentation of metric learning here. Let us simply
mention that many other approaches exist, e.g. metric learning with generalization
guarantees, local metric learning, which learns several metrics in different regions of
the space Zantedeschi et al. (2016), or nonlinear metric learning, where the linear map
L is replaced by a neural network trained on pairs or triplets of examples (siamese
networks Bromley et al. (1994); Chopra et al. (2005)). We refer the interested reader to
the survey Bellet et al. (2013) and to the book Bellet et al. (2015) for a comprehensive
overview.

To remember from Section 10

• The expected squared error decomposes into bias2 + variance + noise; more
generally, the excess risk is the sum of an approximation error and of an
estimation error, the latter being controlled by the Rademacher complexity
of H (Theorem 10.2).

• Averaging T models never increases the squared error, and divides the vari-
ance by T when the errors are uncorrelated; correlation between the models
limits the gain.

• The three ensemble strategies of this section are compared in the table
below.

• AdaBoost is a coordinate descent on the exponential loss; its training error
is at most exp(−2γ2T ) when every weak learner has an edge γ.

• Gradient boosting is a gradient descent in function space: each weak learner
fits the negative gradient (pseudo-residuals) of any differentiable loss; XG-
Boost uses a second-order expansion to compute the leaf values and the
splitting gain. Use a small learning rate and early stopping.

• Stacking learns how to combine models; its meta-model must be trained on
out-of-fold predictions.

• A Mahalanobis distance dM is a Euclidean distance after the linear map
L, with M = L⊤L; LMNN learns it with local pull/push constraints to
improve the k-NN classifier.

bagging, random
forests

boosting stacking

base learners strong (deep trees) weak (stumps, small
trees)

any, heterogeneous

training parallel, bootstrap sequential, reweighting base models, then
meta-model

mainly reduces the variance the bias (and the
variance)

both

large T no over-fitting over-fitting: early
stopping

–

Check your understanding

Short questions to test yourself; the answers are in Appendix A (click on the number of a question
to see its answer).
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Back to Statistical Learning Theory

Q10.1. Data follow the model y = f(x)+ε with Var(ε) = 0.25. At a point x, a learned predictor
satisfies E[h(x)] = f(x) + 0.3 and Var(h(x)) = 0.16. What is its expected squared error
at x, and which part of it could a better algorithm remove?

Q10.2. In the decomposition of the excess riskR(h)−R(hH), why can the termRS(hH)−R(hH)
be controlled by the law of large numbers (or by Hoeffding’s inequality), whereas the term
R(h)−RS(h) cannot?

Q10.3. Assume that Rm(H) ≤ C/
√

m for some constant C. By how much is the gap R(h) −
RS(h) guaranteed by the first bound of Theorem 10.2 reduced when the sample size is
multiplied by 4?

Ensemble Methods

Q10.4. A model has a very small training error and a large test error. Which term of the error
decomposition is large, and which ensemble method would you try first?

Q10.5. What fraction of the distinct examples of S appears, on average, in a bootstrap sample
of size m, when m is large?

Q10.6. Why does a random forest draw a random subset of the features at each node, rather
than just using bootstrap samples?

Q10.7. True or false? “A random forest with 1000 trees over-fits more than the same forest
with 100 trees.”

Ensemble Methods

Q10.8. In AdaBoost, what happens to the weight αt when εt = 1/2? And to the weights of the
examples misclassified by ht when εt < 1/2?

Q10.9. The weak learner of AdaBoost returns a classifier ht with a weighted error εt = 0.8. Is
it useless? What does AdaBoost do with it?

Q10.10. Why should the meta-model of a stacking procedure not be trained on the predictions
of the base learners on their own training data?

Gradient Boosting

Q10.11. What are the pseudo-residuals of gradient boosting for the loss 1
2 (y − H)2? Does

increasing the number of trees always improve a gradient boosting model?

Q10.12. With the logistic loss and labels y ∈ {0, 1}, the pseudo-residual is y − σ(Ht−1(x)).
Compute it for a positive example (y = 1) predicted with probability 0.9, then with
probability 0.1. Which one will the next weak learner focus on?

Q10.13. In XGBoost with the squared loss 1
2 (y − ŷ)2, a leaf contains three examples whose

residuals yi − ŷ
(t−1)
i are 1, 2 and 3. Compute the value of the leaf for λ = 0 and for

λ = 1.

Synthesis of the section

Q10.14. Let M = diag(1, 0). Is dM a distance on R2? Give a matrix L such that M = L⊤L.

Q10.15. True or false? “Standardizing the features is enough to make the Euclidean k-NN
classifier insensitive to irrelevant features.”

Q10.16. LMNN can be solved either over the matrix M ⪰ 0 or directly over the linear map L,
with M = L⊤L. What is gained and what is lost in the second case?

243 - Statistical Supervised Machine Learning



11 Applications and Learning in Practice

The previous sections presented many algorithms together with their theoretical proper-
ties. In practice, however, choosing the “best” algorithm is rarely the most difficult part
of a machine learning project: most of the time is spent understanding the problem,
collecting and cleaning the data, designing a sound evaluation protocol and interpreting
the results. A powerful model evaluated with a flawed protocol is worse than useless,
since it gives a false sense of confidence.

This section is a practical guide to conduct a supervised learning study, from
the formulation of the problem to the report of the results. It gathers advice that
is scattered throughout the literature and that is usually learned the hard way. We
illustrate some of the steps with short pieces of Python code using the scikit-learn
library Pedregosa et al. (2011), but the principles do not depend on the software. As
a running illustration, the reader may think of a fraud detection problem: predicting
whether a banking transaction is fraudulent from its characteristics Dal Pozzolo et al.
(2015); Metzler et al. (2018b).

About this section

In this section you will learn to:
• frame a prediction problem and choose a performance measure before looking at the

results;
• explore and preprocess the data (missing values, categorical features, scaling) with-

out leaking information from the test set;
• split the data according to their structure (stratified, grouped or temporal) and eval-

uate a whole tuning procedure by nested cross-validation;
• handle imbalanced data with adapted measures, resampling, costs and decision

thresholds;
• interpret a model, report its performance with its uncertainty and compare models

with appropriate statistical tests.

11.1 Framing the Problem and Choosing a Metric

Before any computation, the problem must be translated into a well-defined learning
task. This requires answering a few questions with the people who will use the model.

• What exactly do we predict, and for which unit? A transaction, a customer,
a day? Is it a classification task (fraudulent or not) or a regression task (amount
of the loss)? Is the label reliable, and when is it known (a fraud may only be
detected weeks later)?

• Which information is available at prediction time? A feature that is only
known after the event we want to predict must not be used, even if it is present
in the historical database (see Section 11.4).

• What is the cost of the errors? Missing a fraud (a false negative) and blocking
a legitimate transaction (a false positive) do not have the same cost. These costs
determine the performance measure and, as we will see, the decision threshold of
the model.
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• What is a useful level of performance? Comparing the model with the
current solution (e.g. a set of expert rules) or with a trivial model tells us whether
machine learning brings any value.

The choice of the performance measure follows from these answers, and it must
be made before looking at the results, to avoid choosing the measure that makes our
favorite model look good. The classical measures have been presented in Section 7.2:
the accuracy is only meaningful when the classes are balanced and the errors have
similar costs; otherwise, the precision, the recall, the F -measure, the area under the
ROC or precision-recall curves, or an explicit cost are more appropriate. In regression,
the choice between the mean squared error and the mean absolute error depends on
how much large errors should be penalized.

11.2 Collecting and Exploring the Data

Machine learning assumes that the training data are representative of the data the
model will face in production, i.e. that both are drawn from the same distribution
D. This assumption must be questioned from the start: was the sample collected in a
biased way (e.g. only the transactions that were manually checked have a label)? Did
the distribution change over time (new fraud patterns, a new version of a sensor)?

An exploratory data analysis then aims at understanding the data before
modeling them. It typically includes:

• the size of the dataset and the type of each feature (numerical, categorical, ordinal,
date, text), together with a description of what each feature means;

• the distribution of the target: proportion of each class, or histogram of the target
value (a strong imbalance calls for the methods of Section 11.6);

• univariate summaries (mean, median, quantiles, number of distinct values) and
plots of each feature, which reveal errors of encoding, impossible values or strong
asymmetries;

• the proportion and the structure of the missing values, and the presence of dupli-
cated examples;

• the relations between the features (correlation matrix, scatter plots) and between
each feature and the target;

• the temporal or grouped structure of the data (several examples per customer,
per patient, per day), which will matter when splitting the data.

Suspicious findings, such as a feature that predicts the target almost perfectly,
must be investigated: they are more often the sign of a problem (e.g. a leakage) than
of a miracle.

11.3 Preprocessing and Feature Engineering

Most algorithms expect a numerical matrix without missing values. Preprocessing trans-
forms the raw data into such a matrix, and feature engineering tries to build a repre-
sentation in which the task is easier to learn.
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Missing values Removing the examples (or the features) with missing values is the
simplest solution, but it wastes data and may bias the sample when the values are not
missing at random (e.g. people with a high income may be less likely to report it).
The most common alternative is imputation: replacing a missing value by the mean
or the median of the feature (for numerical features), by its most frequent value (for
categorical features), or by a value predicted from the other features (e.g. with a k-NN
or a regression model). Since the fact that a value is missing can itself be informative, it
is often useful to add a binary missingness indicator feature. Note that some algorithms,
such as several implementations of gradient boosting, handle missing values natively.

Categorical features A categorical feature with q modalities is usually encoded with
a one-hot encoding: it is replaced by q binary features, exactly one of which is equal to 1.
Encoding the modalities by integers 1, . . . , q is only appropriate for ordinal features (e.g.
a level of education), since it introduces an order and distances between the modalities.
When q is very large (e.g. a zip code or a merchant identifier), one can group the
rare modalities, or use a target encoding, which replaces each modality by the mean
of the target over the examples having this modality; the latter must be computed on
the training data only (and, ideally, out-of-fold), otherwise it leaks the label into the
features.

Scaling Algorithms based on distances (k-NN, k-means, kernel methods), on gradient
descent (neural networks) or on a penalty on the weights (ridge, lasso, SVM) are sensitive
to the scale of the features. Decision trees and their ensembles are not, since their splits
only depend on the order of the values.

Definition 11.1: Standardization

Let {xi}mi=1 be a training sample in Rd. The standardization of a feature j trans-
forms any value xj (of a training or a new example) into

x̃j = xj − µ̂j

ŝj
, where µ̂j = 1

m

m∑︂
i=1

xij and ŝ2
j = 1

m

m∑︂
i=1

(xij − µ̂j)2

are estimated on the training sample only.

The standardized features have zero mean and unit variance on the training set.
Another common choice is the min-max scaling, which maps each feature to [0, 1] using
its minimum and maximum on the training set. In the vocabulary of Section 10.4,
standardizing the data before a k-NN is the same as using a Mahalanobis distance with
a diagonal matrix M of entries 1/ŝ2

j ; metric learning goes further by learning M from
the labels.

Outliers Outliers can be detected with simple univariate rules (e.g. a value more
than 1.5 interquartile ranges below the first quartile or above the third quartile) or with
dedicated algorithms Breunig et al. (2000). They should not be removed blindly: an
outlier may be an error of measurement, but it may also be the most interesting example
of the dataset (a fraud is, by nature, an unusual transaction). Robust alternatives
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consist in transforming the feature (e.g. with a logarithm), clipping extreme values, or
using robust estimators (median and interquartile range instead of mean and standard
deviation).

Feature engineering Knowledge of the domain is often the most effective way to
improve a model. Typical transformations include applying a logarithm to a skewed
positive feature (amounts, counts), extracting information from dates (hour, day of the
week, time since the last event), computing ratios or interactions between features, and
aggregating the history of an entity (e.g. the number of transactions of the card in
the last hour, which is known to be very informative for fraud detection). Conversely,
feature selection removes irrelevant or redundant features, which reduces the variance of
the model and its cost. As always, every transformation whose parameters are estimated
from the data must be estimated on the training set only.

11.4 Splitting the Data and Avoiding Leakage

The protocol of Section 7 splits the data into a training set, used to learn and tune the
model (possibly with a cross-validation, see Figure 49), and a test set, used once at the
end to estimate the generalization performance. This protocol is only valid if the test
set mimics new, unseen data. The way the data are split must therefore respect their
structure:

• in classification, the split is usually stratified, so that each set has the same class
proportions (this is essential with imbalanced data);

• when several examples come from the same entity (a customer, a patient), all of
them must belong to the same set (group split), otherwise the model is evaluated
on entities it has already seen;

• when the data are ordered in time and the model will predict the future, the
training set must precede the test set (temporal split); a random split would let
the model use the future to predict the past.

Definition 11.2: Data leakage

There is a data leakage when information that would not be available at prediction
time, in particular information about the test examples or about the target, is used
to train or to select a model Kaufman et al. (2012).

A leakage leads to an optimistic estimate of the performance, which collapses once
the model is deployed. Classical sources of leakage are:

• features that are consequences of the target (e.g. a “refund issued” flag to predict
a fraud, or a treatment to predict a diagnosis);

• preprocessing parameters (means, variances, imputation values, selected features,
target encodings) estimated on the whole dataset before splitting it;

• duplicated (or near-duplicated) examples present in both the training and the test
sets, or a random split of grouped or temporal data;
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• using the test set, even indirectly, to choose the model, the features or the hyper-
parameters.

The simplest way to avoid the second kind of leakage is to gather all the steps of
preprocessing and learning into a single object, a pipeline, which is fitted on the training
data only and then applied, unchanged, to the test data. When a pipeline is evaluated
by cross-validation, the preprocessing is re-fitted on the learning folds at each round, so
that the validation fold never influences it.

from sklearn.pipeline import Pipeline
from sklearn.compose import ColumnTransformer
from sklearn.impute import SimpleImputer
from sklearn.preprocessing import StandardScaler, OneHotEncoder
from sklearn.linear_model import LogisticRegression
from sklearn.model_selection import train_test_split

num = Pipeline([("impute", SimpleImputer(strategy="median")),
("scale", StandardScaler())])

cat = Pipeline([("impute", SimpleImputer(strategy="most_frequent")),
("onehot", OneHotEncoder(handle_unknown="ignore"))])

prep = ColumnTransformer([("num", num, num_cols),
("cat", cat, cat_cols)])

model = Pipeline([("prep", prep),
("clf", LogisticRegression(max_iter=1000))])

X_train, X_test, y_train, y_test = train_test_split(
X, y, test_size=0.3, stratify=y, random_state=0)

# imputation and scaling are fitted on X_train only
model.fit(X_train, y_train)
print(model.score(X_test, y_test))

11.5 Choosing, Tuning and Comparing Models

Start with baselines Any study should start with baselines: a trivial model (pre-
dicting the majority class, or the mean of the target in regression) and a simple, well-
understood model (a regularized linear or logistic regression, a small decision tree).
They provide a reference: a complex model is only worth its cost if it clearly outper-
forms them. They also help detect bugs, e.g. a model that does not beat the trivial one
on the training set. Then, more flexible models can be tried; for tabular data, ensem-
bles of trees such as random forests and gradient boosting (Sections 10.2.1 and 10.3)
are often very strong candidates.

Diagnosing a model Comparing the training and validation errors tells us in which
regime we are (Section 10): a high training error indicates a large bias (under-fitting),
and calls for a more flexible model or better features; a low training error with a much
higher validation error indicates a large variance (over-fitting), and calls for more data,
more regularization or an ensemble method. Plotting these errors as a function of the
size of the training set (learning curves) tells us whether collecting more data would
help.
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Hyper-parameter search The hyper-parameters are chosen by cross-validation, as
explained in Section 7. The candidate values can be explored in two main ways.

• Grid search evaluates all the combinations of a finite set of values for each hyper-
parameter. Its cost grows exponentially with the number of hyper-parameters.

• Random search evaluates a fixed number of combinations drawn at random from
given distributions (e.g. a log-uniform distribution for a regularization constant).
For the same budget, it is often more efficient than a grid search Bergstra and
Bengio (2012): when only a few hyper-parameters really matter, a grid of n2

points only tests n distinct values of each of them, whereas n2 random points test
n2 distinct values of each of them.

More sophisticated strategies, such as Bayesian optimization, build a model of the
validation score as a function of the hyper-parameters to choose the next candidates,
and are useful when each evaluation is expensive.

Nested cross-validation A subtle but important point is that the best cross-
validation score obtained during the search is not an unbiased estimate of the
performance of the selected model: by selecting the maximum of many noisy scores,
we select, in part, the noise Cawley and Talbot (2010); Varma and Simon (2006).

Proposition 11.1: Optimism of the selected score

Let ŝ1, . . . , ŝK be unbiased estimates of the true performances s1, . . . , sK of K
candidate models, i.e. E[ŝk] = sk for all k. Then

E
[︃
max

k
ŝk

]︃
≥ max

k
sk.

Proof. For all k, we have maxk′ ŝk′ ≥ ŝk, hence E[maxk′ ŝk′ ] ≥ E[ŝk] = sk. Taking the
maximum over k of the right-hand side gives the result.

The inequality is usually strict, and the bias increases with the number of can-
didates and with the variance of the estimates (small datasets). This is why the final
performance must be measured on data that played no role in the selection: either a
separate test set, or, when data are scarce, a nested cross-validation. In a nested
cross-validation, an outer cross-validation estimates the performance, and, within each
outer training set, an inner cross-validation selects the hyper-parameters (Figure 104).
The outer validation folds are thus never used for the selection.

Note that nested cross-validation evaluates the whole procedure (search included);
the final model is then obtained by running the search on all the data.

from sklearn.model_selection import (GridSearchCV, StratifiedKFold,
cross_val_score)

inner = StratifiedKFold(n_splits=5, shuffle=True, random_state=1)
outer = StratifiedKFold(n_splits=5, shuffle=True, random_state=2)
search = GridSearchCV(model, {"clf__C": [0.01, 0.1, 1, 10, 100]},

cv=inner, scoring="f1")
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Outer loop: estimate the performance

round 1
round 2
round 3
round 4
round 5

Inner loop: choose λ

for each
candidate λi

outer training set
of round 1

training folds outer test fold (performance) inner validation fold (selection)

Figure 104: Nested 5× 4-fold cross-validation. In each outer round, the four blue folds form the
outer training set: an inner 4-fold cross-validation run on them chooses the hyper-parameter
λ, a model is refitted on them with this value, and it is scored on the red outer test fold. The
red folds never take part in the selection, so the average of the five outer scores estimates the
performance of the whole procedure (search included).

scores = cross_val_score(search, X_train, y_train, cv=outer,
scoring="f1")

print(scores.mean(), scores.std())

The same reasoning applies to ensembles: the base learners of a stacking model
(Section 10.2.3) can be tuned in an inner loop, while the meta-model is learned on
out-of-fold predictions.

11.6 Learning from Imbalanced Data

In many applications, such as fraud detection, medical diagnosis or anomaly detection,
the class of interest (the positive or minority class) is much rarer than the other one: the
imbalance ratio between the majority and the minority classes can reach 100 or 1000. In
this case, a classifier that always predicts the majority class has an excellent accuracy
but is useless, and most learning algorithms, which minimize a surrogate of the error
rate, tend to neglect the minority class Lopez et al. (2013). Learning from imbalanced
data has been an active research topic for more than twenty years, to which the author
of these notes has contributed Metzler et al. (2018a,b); Viola et al. (2019); Bascol et al.
(2019). The approaches can be grouped into three families.

Adapted performance measures The first step is to use a measure that focuses
on the minority class (Section 7.2): the recall, the precision, the F -measure, the area
under the precision-recall curve, or the balanced accuracy (the mean of the recalls of the
two classes). The area under the ROC curve Metz (1978); Cortes and Mohri (2004) is
insensitive to the imbalance, which can make it over-optimistic when the positive class
is very rare.

Data-level methods: resampling These methods modify the training set to balance
the classes, and can be used with any algorithm Batista et al. (2003). Random under-
sampling removes examples of the majority class; it is fast but discards information.
Random oversampling duplicates examples of the minority class; it keeps all the infor-
mation but tends to over-fit the duplicated points. The SMOTE algorithm Chawla et al.
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(2002) (Synthetic Minority Over-sampling TEchnique) generates instead new synthetic
minority examples: for a minority example xi, it draws one of its k nearest minority
neighbors xnn and creates

xnew = xi + u (xnn − xi), with u ∼ U([0, 1]),

i.e. a random point on the segment joining xi and xnn (Figure 105). Many variants
exist, focusing on the examples close to the decision boundary (Borderline-SMOTE Han
et al. (2005)) or on the hardest examples (ADASYN He et al. (2008)), or combining
oversampling with the removal of ambiguous pairs of examples (Tomek links Tomek
(1976)); see Fernández et al. (2018) for a review. These methods are implemented in
the imbalanced-learn library Lemaître et al. (2017). Resampling can also be combined
with ensemble methods, as in SMOTEBoost Chawla et al. (2003); see Galar et al. (2012)
for a review.
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majority class (y=−1) minority class (y= +1) synthetic examples

Figure 105: The SMOTE algorithm. Left: a synthetic example xnew is drawn at random on the
segment joining a minority example xi (circled) and one of its k = 5 nearest minority neighbors
(dotted segments), here xnn. Right: 40 synthetic examples generated in this way; they fill the
region spanned by the minority class, but never leave it. [ code: make_figures_ch06.py:
fig_ch10_smote ]

Pitfall Resampling must only be applied to the training data (and, within a
cross-validation, only to the learning folds). Oversampling before splitting puts
copies, or interpolations, of the same minority examples in both the training and
the validation sets: this is a leakage, which leads to very optimistic estimates.
The validation and test sets must keep the true class proportions.

from imblearn.pipeline import Pipeline as ImbPipeline
from imblearn.over_sampling import SMOTE
from sklearn.ensemble import RandomForestClassifier
model = ImbPipeline([("prep", prep),

("smote", SMOTE(k_neighbors=5)),
("clf", RandomForestClassifier())])

# the sampler is only applied when fitting (learning folds)
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scores = cross_val_score(model, X_train, y_train, cv=outer,
scoring="f1")

Algorithm-level methods: costs and thresholds Instead of modifying the data,
we can modify the learning algorithm so that errors on the minority class cost more.
This is the principle of cost-sensitive learning Elkan (2001); López et al. (2012). The
following result, which follows directly from the definition of the Bayes classifier, shows
that costs essentially move the decision threshold.

Proposition 11.2: Optimal decision with asymmetric costs Elkan (2001)

Let η(x) = P(Y = 1 | x), and let cF N > 0 (resp. cF P > 0) be the cost of predicting
0 for a positive example (resp. 1 for a negative example), correct predictions having
no cost. Then the classifier minimizing the expected cost predicts 1 if and only if

η(x) ≥ cF P

cF P + cF N
.

Proof. At a given x, predicting 1 has an expected cost (1− η(x)) cF P , while predicting
0 has an expected cost η(x) cF N . Predicting 1 is optimal if and only if (1− η(x)) cF P ≤
η(x) cF N , i.e. η(x) (cF P + cF N ) ≥ cF P .

With equal costs, we recover the usual threshold 1/2. With cF N = 9 cF P , a
transaction should be flagged as soon as its probability of being fraudulent exceeds 0.1
(Figure 106).
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Figure 106: Expected cost per example of the classifier “predict 1 if η(x) ≥ t” as a function of
the threshold t, for cF P = 1 and three values of cF N (the probabilities η(x) follow a Beta(0.6, 3)
distribution, i.e. about 17% of positives). The minimum is reached at t∗ = cF P /(cF P + cF N ),
as stated by Proposition 11.2: the more costly the false negatives, the lower the threshold.[ code:
make_figures_ch06.py: fig_ch10_cost_threshold ]
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In practice, costs can be taken into account in three ways: by weighting the exam-
ples of each class in the loss function (the class_weight option of many scikit-learn
models), by learning a model that estimates η(x) and then moving the threshold, or
by designing cost-sensitive versions of the algorithms, e.g. of decision trees Ling et al.
(2006); Metzler et al. (2018b) or boosting Fan et al. (1999). Moving the threshold re-
quires reasonably calibrated probabilities; note that resampling distorts the predicted
probabilities, since it changes the class proportions seen during training.

When the target measure is not a cost but, e.g., the F -measure, the optimal
classifier is still a threshold on η(x), but the optimal threshold depends on the distribu-
tion Koyejo et al. (2014); Narasimhan et al. (2015). The threshold (or, equivalently, the
costs) is then tuned on validation data, and the F -measure can be optimized through
a sequence of cost-sensitive problems Parambath et al. (2014); Bascol et al. (2019). In
all cases, the threshold is a hyper-parameter and must be tuned without using the test
set.

11.7 Interpreting a Model

A model with a good performance is not always sufficient: users, regulators or do-
main experts want to understand why it makes a given decision, and interpretation
tools are also very effective to detect leakages or spurious correlations. We distinguish
global explanations, which describe the behavior of the model as a whole (which fea-
tures matter?), from local explanations, which explain a single prediction (why was this
transaction flagged?).

Interpretable models Some models are interpretable by design: the coefficients
of a linear or logistic regression (provided the features are standardized, so that the
coefficients are comparable), or a small decision tree, whose decision can be read as a
set of rules. For ensembles, the impurity-based importance of the features of a random
forest (Section 10.2.1) gives a first global view, but it is computed on the training data
and it favors features with many possible split values.

Permutation importance A model-agnostic alternative, introduced with random
forests Breiman (2001), consists in measuring how much the performance of the model
degrades when the information carried by a feature is destroyed.

Definition 11.3: Permutation importance

Let h be a trained model, s a performance measure and V a validation (or test) set.
For a feature j and a random permutation π of the examples of V , let V (j,π) be the
set V in which the values of the j-th feature have been permuted according to π
(the other features and the labels being unchanged). The permutation importance
of the feature j is

Ij = s(h, V )− 1
R

R∑︂
r=1

s
(︂
h, V (j,πr)

)︂
,

where π1, . . . , πR are R independent random permutations.
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Permuting a feature breaks its relation with the target while keeping its marginal
distribution. A large drop of performance means that the model relies heavily on
the feature. The measure is computed on held-out data and applies to any model
(sklearn.inspection.permutation_importance). Its main limitation concerns cor-
related features: when two features carry the same information, permuting one of them
barely changes the performance, and both may appear unimportant.

SHAP values To explain an individual prediction h(x), the SHAP method Lundberg
and Lee (2017) borrows the Shapley value from cooperative game theory: the features
are seen as players who cooperate to produce the prediction, and each feature receives
its fair share of the “gain” h(x) − E[h(X)]. Denoting by F = {1, . . . , d} the set of
features and by vx(A) the expected prediction when only the features of A ⊆ F are
known (e.g. vx(A) = E[h(X) | XA = xA]), the contribution of the feature j is

ϕj(x) =
∑︂

A⊆F \{j}

|A|! (d− |A| − 1)!
d!

(︂
vx(A ∪ {j})− vx(A)

)︂
,

i.e. the average, over all the orders in which the features can be added, of the marginal
contribution of j. These contributions are additive: h(x) = ϕ0 +∑︁d

j=1 ϕj(x), with ϕ0 =
E[h(X)]. The exact computation is exponential in d, so SHAP relies on approximations,
and on an exact polynomial algorithm for tree ensembles. Averaging |ϕj(x)| over a
dataset also gives a global importance measure.

Remark Explanations describe the model, not the world: a feature can be impor-
tant for the model because it is correlated with the true cause, and an explanation
does not imply causality. Moreover, different explanation methods may disagree,
especially in the presence of correlated features.

11.8 Reproducibility and Reporting

A result that cannot be reproduced cannot be trusted. Reproducibility requires fixing
the random seeds (of the splits, of the algorithms, of the resampling), recording the
versions of the software and of the data, keeping the code of the whole pipeline (from
the raw data to the figures), and saving the splits that were used.

Uncertainty of the results A performance measured on a finite test set is a ran-
dom quantity, and it should always be reported with an estimate of its uncertainty: the
standard deviation over the folds of a cross-validation or over several runs with different
seeds, or a confidence interval. For the accuracy p̂ measured on n independent test ex-
amples, the normal approximation of the binomial distribution gives the 95% confidence
interval

p̂± 1.96

√︄
p̂(1− p̂)

n
.

Example 11.1. A model correctly classifies 850 of the n = 1000 examples of a test
set, so p̂ = 0.85 and

√︁
0.85× 0.15/1000 ≃ 0.0113. The 95% confidence interval is

approximately [0.828, 0.872]. A second model reaching 0.86 on the same test set is
therefore not obviously better: the difference is well within the uncertainty of each
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estimate. Since both models are evaluated on the same examples, a paired test, such as
McNemar’s test below, is needed to conclude.

Comparing two models To compare two classifiers A and B on the same test set,
McNemar’s test only looks at the examples on which they disagree: let n01 be the
number of test examples misclassified by A but not by B, and n10 the number of
examples misclassified by B but not by A. Under the null hypothesis that both classifiers
have the same error rate, the statistic

χ2 = (|n01 − n10| − 1)2

n01 + n10

approximately follows a χ2 distribution with one degree of freedom, and the null hy-
pothesis is rejected at the 5% level when χ2 > 3.84. Dietterich Dietterich (1998) showed
that this test has a low type I error, and recommended it (or a 5 × 2 cross-validated
t-test when the algorithms can be re-trained several times). On the contrary, a standard
paired t-test on the scores of a k-fold cross-validation should be avoided: the training
sets of the different folds overlap, so the scores are not independent and the variance
is underestimated, which leads to too many false discoveries. To compare several algo-
rithms over several datasets, Demšar Demšar (2006) recommends non-parametric tests
based on ranks: the Wilcoxon signed-rank test for two algorithms, and the Friedman
test followed by a post-hoc Nemenyi test for more than two.

Reporting A good report describes the data (origin, size, class proportions), the pre-
processing, the splitting protocol, the performance measures and why they were chosen,
the searched hyper-parameter ranges, the baselines, the results with their uncertainty,
and the limitations of the study (possible biases of the data, conditions under which the
model should not be used). Negative results, such as a sophisticated model that does
not beat a simple baseline, are also informative and deserve to be reported.

11.9 A Checklist

We end this section with a checklist that summarizes the main steps of a supervised
learning study.

Checklist for a supervised learning study

□ The task, the unit of prediction and the target are clearly defined, and the
features are available at prediction time.

□ The performance measure reflects the cost of the errors, and was chosen before
looking at the results.

□ The data have been explored: target distribution, missing values, duplicates,
outliers, temporal or grouped structure.

□ The test set is split off first, with a split that respects the structure of the
data (stratified, grouped or temporal), and is used only once, at the end.

□ All preprocessing steps (imputation, encoding, scaling, feature selection, re-
sampling) are fitted on the training data only, ideally inside a pipeline.
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□ Trivial and simple baselines have been evaluated.
□ Hyper-parameters (including the decision threshold) are tuned by cross-

validation on the training data; the final performance is estimated on the
test set or by a nested cross-validation.

□ In the imbalanced case, adapted measures are used, and resampling is applied
to the learning folds only.

□ Results are reported with their uncertainty, and models are compared with
appropriate statistical tests.

□ The model has been inspected (feature importance, explanations) to detect
leakages and spurious correlations.

□ Seeds, code, data versions and splits are saved, so that the study can be
reproduced.

To remember from Section 11

• Most of the effort of a machine learning study goes into framing the prob-
lem, understanding the data and designing a sound evaluation protocol; the
performance measure is chosen first, from the costs of the errors.

• Every preprocessing step (imputation, encoding, scaling, feature selection,
resampling) is fitted on the training data only, ideally inside a pipeline; the
split must respect the stratified, grouped or temporal structure of the data.

• The best cross-validation score of a search is optimistic; the performance
of a tuned model is estimated on an untouched test set or by nested cross-
validation.

• With imbalanced data, use adapted measures, resample the learning folds
only, or weight the errors; costs amount to moving the decision threshold,
which is a hyper-parameter.

• Results are reported with their uncertainty and compared with paired tests
(McNemar, 5 × 2 cross-validation); interpretation tools (permutation im-
portance, SHAP) help to detect leakages but do not reveal causes.

Check your understanding

Short questions to test yourself; the answers are in Appendix A (click on the number of a question
to see its answer).

Splitting the Data and Avoiding Leakage

Q11.1. A categorical feature has 5 modalities. How many binary features does its one-hot
encoding create, and why is the encoding 1, . . . , 5 usually a bad idea?

Q11.2. True or false? The features must be standardized before learning a random forest.

Q11.3. A merchant identifier appears in a single training transaction, which is fraudulent. What
is its target encoding computed on the training set, and why is it a problem?

Q11.4. Why can it be useful to add a binary feature indicating that a value was missing, in
addition to imputing it?
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Synthesis of the section

Q11.5. Why is a random split inappropriate when several transactions of the same customer
are in the dataset, or when the model will be used to predict the future?

Q11.6. In a nested cross-validation, which folds are used to choose the hyper-parameters, and
which ones to estimate the performance?

Q11.7. Three hyper-parameters are tuned on a grid of 10 values each, by 5-fold cross-validation.
How many models are learned during the search? What could you do instead?

Q11.8. True or false? The best of the 200 cross-validation scores obtained during a random
search is an unbiased estimate of the performance of the selected model.

Q11.9. Why must SMOTE be applied inside the cross-validation, and not before it?

Q11.10. A false negative costs nine times more than a false positive. Which threshold should
be applied to a well-calibrated estimate of P(Y = 1 | x)? And if it costs four times more?

Q11.11. A model is learned on a training set in which the minority class has been oversampled
from 1% to 50%. Are its predicted probabilities calibrated for the real data?

Q11.12. Two features are exact copies of each other and the model uses both. What can be
said of their permutation importances?

Q11.13. For a given transaction, ϕ0 = 0.10 and the SHAP values of three features are 0.30,
−0.05 and 0.15. What is the prediction of the model for this transaction?

Q11.14. Two models reach 85% and 86% of accuracy on the same 1000 test examples. Can we
conclude that the second one is better?

Q11.15. Why should a standard paired t-test on the 10 scores of a 10-fold cross-validation be
avoided to compare two algorithms?
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Part IV

PAC-Bayesian Learning: a Theoretical
Framework for Ensemble Methods

Most ensemble methods of Part III — bagging, random forests, boosting — end with a
vote: many base classifiers, called voters, each give their prediction, and the ensemble
returns the (weighted) majority. Such votes often work remarkably well, much better
than the voters taken one by one. This last part answers two simple questions about
them:

• Why is a vote of mediocre classifiers so good?

• How can we guarantee that a vote is good, using only the training data, without
setting aside a test set?

The tool is PAC-Bayesian theory. It looks at an ensemble as a probability distribution
Q over the voters (the weights of the vote), and it gives bounds of the form

true risk ≤ empirical risk + a price for having chosen Q with the data,

which hold with high probability and can be computed from the training sample.

What you need. The whole part only uses the following notions: the true and empir-
ical risks (Section 6), expectations and Markov’s inequality (Section 1), and logarithms
and exponentials. Every proof is written step by step, and the proofs that are longer
than a few lines are left aside: we give their idea and a reference. The part is deliber-
ately short; the goal is to understand the ideas and to be able to compute a bound, not
to know every variant of the theory.

Plan. The part has six sections, to be read in this order (Fig. 107).

• Section 12 presents the puzzling experiment that motivates the part, and the
two ways of using a distribution Q over voters: the majority vote and the Gibbs
classifier.

• Section 13 explains how to turn an error measured on a sample into a guarantee
on the true error, for one classifier and then for a classifier chosen among several
(Occam’s bound).

• Section 14 proves a first PAC-Bayesian bound, for a whole distribution Q over the
voters, and shows how to read and compute it.

• Section 15 goes from the Gibbs classifier to the majority vote, and shows that the
quality of a vote depends on the diversity of its voters.

• Section 16 uses the bounds as learning objectives: we learn the weights of a vote
by minimizing a bound, and obtain a guarantee for free.
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• Section 17 derives such a self-bounding algorithm step by step, from the tandem
bound to the learned weights of our forest.

How to read this part. As in the rest of the notes, each section opens with a box
About this section and ends with a summary To remember followed by short questions
Check your understanding, answered in Section A. Orange boxes In a nutshell give the
intuition behind a result, and teal boxes Running example follow a single experiment,
a random forest on handwritten digits, from the first to the last section. In long com-
putations a grey arrow ↓ like this explains how each line is obtained from the previous
one. The notation is summarized in Table 7.

Further reading. For a gentle introduction to the literature, we recommend Alquier
(2024), Guedj (2019) and Langford (2005); the analysis of majority votes follows mainly
Germain et al. (2015) and Masegosa et al. (2020).

12 Why PAC-Bayes? Why is a vote better than its voters? Votes
as distributions Q.

13 From an error to a guarantee Certify one classifier, then one
classifier chosen among many.

14 The PAC-Bayesian bound Certify a whole distribution Q over
the voters (Gibbs classifier).

15 From the Gibbs classifier to the vote Certify the vote; the
role of diversity.

16 Learning with the bounds Learn the weights of a vote by mini-
mizing a bound.

17 Deriving an algorithm From a bound to an algorithm, in five
steps.

Figure 107: The six sections of Part IV and the question answered by each of them. [ code:
figures/tikz/roadmap.tex ]
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Table 7: Notation of Part IV.

X , Y = {−1, +1} input space, output space (binary classification)
D unknown distribution of the data on X × Y
S = {(xi, yi)}m

i=1 learning sample of m examples drawn independently from D
H set of voters (base classifiers) h : X → {−1, +1}
RD(h), ˆ︁RS(h) true risk (probability of error on a new example) and empirical

risk (fraction of errors on S) of h

P , Q prior (weights chosen before seeing S) and posterior (weights cho-
sen with S)

BQ, GQ majority vote weighted by Q, and Gibbs classifier (a voter drawn
at random from Q)

KL(Q∥P ) Kullback–Leibler divergence: how far Q is from P

kl(q∥p), kl−1 binary kl divergence and its inverse (Section 13.4)
eD(Q), dD(Q) joint error and disagreement of two voters drawn from Q

δ confidence parameter: a bound holds with probability at least
1− δ (e.g. δ = 0.05)

260 - Statistical Supervised Machine Learning



12 Why PAC-Bayes for ensemble methods?

About this section

Guiding question. Why is a vote of mediocre classifiers so good, and can we guarantee
its accuracy without a test set?
We start from an experiment: a random forest whose trees are mediocre, but whose vote
is excellent. We then observe that bagging, random forests and boosting all produce the
same object, a probability distribution Q over voters, which can be used in two ways: the
majority vote and the Gibbs classifier. We finally explain what a guarantee on the error
of a classifier is, and give the general shape of the PAC-Bayesian guarantees studied in
this part.

12.1 A puzzling experiment

Let us start with an experiment that will accompany us throughout this part. We train
a random forest of 100 trees (Section 10.2.1), each tree being learned on a bootstrap
sample of half the size of the training set, on the digits dataset of scikit-learn,
where the task is to decide whether a handwritten digit is smaller than 5. We use 1257
examples for training and keep 540 for testing.

Taken one by one, the trees are mediocre: their test errors range from 14% to
25%, with an average of 19%. Yet the forest, which simply lets the 100 trees vote, errs
on only 4.4% of the test digits. The vote is more than four times better than an average
tree, and three times better than the best one (Fig. 108).
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Figure 108: The running example. Left: test error of the vote of the first n trees, average test
error of these trees (the Gibbs risk, defined below) and their disagreement (Section 15), as n
grows. Right: the test errors of the 100 trees; the vote is better than every one of them. [ code:
make_figures.py: fig_forest_growth ]

This experiment raises two questions, which organize the whole part.

1. An explanatory question. Why is a vote of mediocre classifiers so much better
than its members? What property of the trees makes this possible?

2. A practical question. Could we have guaranteed that the forest is accurate
without a test set, that is from the 1257 training examples only?
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Answering the second question would be very useful: the 540 test examples could then
be used for training, and we would still know how good the forest is.

Running example We will come back to this forest in every section. In Sec-
tion 13 we certify it with a test set, in Section 14 we certify the error of an
average tree without a test set, in Section 15 we certify the vote itself and explain
its accuracy by the diversity of the trees, and in Section 16 we learn new weights
for the trees by minimizing a certificate.

12.2 A vote is a distribution over voters

Ensembles produce votes. The ensemble methods of Section 10.2 rely on different
ideas, but they all end with the same kind of predictor. We call the base classifiers
h : X → {−1, +1} voters.

• In bagging and random forests (Breiman, 1996, 2001), each tree ht is
learned on a bootstrap sample, and the trees vote with the same weight:
H(x) = sign

(︁ 1
n

∑︁n
t=1 ht(x)

)︁
.

• In AdaBoost, the weak learner ht receives a weight αt ≥ 0 and H(x) =
sign

(︁∑︁
t αtht(x)

)︁
. Dividing the score by the positive number ∑︁s αs does not

change its sign, so H(x) = sign
(︁∑︁

t Q(ht) ht(x)
)︁

with Q(ht) = αt/
∑︁

s αs.

In both cases the weights are non-negative and sum to one: they form a probability
distribution Q over the voters (Fig. 109). From now on, an ensemble is a distribution
Q over a set H of voters, and learning an ensemble means choosing Q.

Bagging / random forest

trees h1, . . . , hT

Q(ht) = 1/T

AdaBoost

stumps h1, . . . , hT

Q(ht) = αt/
∑︁

s
αs

Random Fourier features

frequencies ω ∈ Rd (infinitely many voters)

density Q(ω)

one object: a distribution Q ∈M(H) over voters, and the vote BQ(x) = sign
(︁
Eh∼Q[h(x)]

)︁

Figure 109: Three ensemble methods, one object. Bagging and random forests put the same
weight on every tree, AdaBoost normalizes the weights αt of its weak learners, and a kernel
machine with random features draws its voters from a continuous distribution. In each case the
predictor is the Q-weighted majority vote BQ. [ code: figures/tikz/ensembles_as_q.tex ]

Two ways of using Q. A distribution Q over the voters can be used to predict in
two different ways.
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Definition 12.1: Majority vote and Gibbs classifier

Let Q be a probability distribution over a set H of voters.
• The majority vote BQ predicts the label chosen by the (weighted) majority

of the voters:

BQ(x) = sign
(︂

E
h∼Q

[h(x)]
)︂

= sign
(︂ ∑︂

h∈H
Q(h) h(x)

)︂
.

• The Gibbs classifier GQ draws one voter h at random according to Q, and
predicts h(x). A new voter is drawn for each prediction.

The Gibbs classifier is a strange way of predicting, and nobody uses it in practice.
But its risk is very simple: since a voter is drawn at random for each prediction, the
probability that GQ errs is the average of the risks of the voters,

RD(GQ) = E
h∼Q

[RD(h)] =
∑︂
h∈H

Q(h) RD(h), ˆ︁RS(GQ) = E
h∼Q

[︂ ˆ︁RS(h)
]︂

. (12.1)

In the running example, Q is uniform over the 100 trees, GQ is “pick a tree at random
and use it”, and its test error is 19%, the error of an average tree. The vote BQ is the
forest, with a test error of 4.4%.

Example 12.1 (Three voters). Consider three voters h1, h2, h3 with the same weight 1
3

and four equally likely points x1, . . . , x4, all of label +1. The table gives the predictions;
an error is shown in red.

x1 x2 x3 x4 risk
h1 −1 +1 +1 +1 0.25
h2 +1 −1 +1 +1 0.25
h3 +1 +1 −1 +1 0.25
vote BQ +1 +1 +1 +1 0

Each voter errs on one point out of four, so the Gibbs risk is RD(GQ) = 1
3(0.25 + 0.25 +

0.25) = 0.25. But the voters never err on the same point: on each point, at least two
voters out of three are right, and the vote never errs. If, instead, the three voters had
all erred on x1, the vote would have erred on x1 too, and its risk would have been 0.25,
the same as the Gibbs risk.

This small example contains the answer to our explanatory question, which Sec-
tion 15 will make precise: a vote is good when its voters do not make their mistakes on
the same points, that is, when they are diverse. The Gibbs risk only sees the average
quality of the voters; the risk of the vote also depends on how their errors are spread.
Figure 110 shows the same phenomenon on a two-dimensional problem: individual trees
are irregular and inaccurate, their vote is smooth and accurate.

In a nutshell The Gibbs risk is the average error of the voters: it is easy to
study, because it is an average. The vote is what we actually use: it can be much
better than the Gibbs classifier when the voters are diverse. The strategy of this
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voter h1 ∼Q voter h2 ∼Q h∼Q h(x) majority vote BQ(x)

1

0

1

Figure 110: Two voters h1, h2 drawn from a random forest (uniform Q over 200 randomized
trees), the average prediction Eh∼Qh(x) and the majority vote BQ on the moons dataset. Indi-
vidual voters are irregular; their vote is smooth and accurate. [ code: make_figures.py:
fig_gibbs_vs_mv ]

part is to first certify the Gibbs risk (Section 14), and then to go from the Gibbs
classifier to the vote (Section 15).

12.3 What is a guarantee?

We now turn to the practical question. The true risk RD(h) of a classifier is the proba-
bility that it errs on a new example. It is unknown, because the distribution D of the
data is unknown. What we can compute is the empirical risk ˆ︁RS(h), the fraction of
errors on a sample S of m examples.

The sample is random. Had we been given another sample, we would have measured
another empirical risk. A statement about the true risk can therefore only hold with
a certain probability over the draw of the sample. A guarantee, or risk certificate, is a
statement of the form

w.p. at least 1− δ over S : RD(h) ≤ a number computed from S,

where δ is a small number chosen by the user, typically δ = 0.05. The right-hand
side is called a bound on the true risk. “With probability at least 95%” means: if
we repeated the whole experiment (draw a sample, compute the number) on many
independent samples, the statement would be true for at least 95% of them. This is
the PAC framework (Probably Approximately Correct, Valiant, 1984): probably refers to
1− δ, approximately to the gap between the bound and the true risk.

Good and useless guarantees. A bound is always true with probability 1− δ (this
is what a theorem proves), but it is not always useful. A bound larger than 1 is vacuous:
a risk is always at most 1, so it says nothing. A good bound is tight (close to the true
risk) and computable (every term can be computed from the data).

Why this is difficult for ensembles. If the classifier is chosen before looking at
the sample, its empirical risk is an unbiased estimate of its true risk, and Section 13
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shows how to turn it into a guarantee. The difficulty comes from learning: an ensemble
is chosen with the sample, so it fits the sample, and its empirical risk is optimistic
(Section 6). The classical answer is to pay a price for the size or the complexity of the
set of classifiers we choose from (Sections 6 and 10). For ensembles this price is far too
high: a forest of 100 trees is an element of a gigantic set, and the corresponding bounds
are larger than 1. Moreover, they pay the same price whatever the weights we choose,
and cannot see the diversity of the voters.

12.4 The PAC-Bayesian idea

PAC-Bayesian theory replaces the size of the set of classifiers by a quantity that depends
on what has been learned (Fig. 111).

1. Before seeing the data, we fix a distribution P over the voters, called the prior;
for instance the uniform distribution over the trees.

2. A learning algorithm looks at the sample and chooses a distribution Q, called the
posterior; for instance the weights of the vote.

3. A bound compares Q to P : the closer Q is to P , the smaller the price.

The bounds of Section 14 have the following shape: with probability at least 1− δ over
S, for all posteriors Q simultaneously,

RD(GQ)⏞ ⏟⏟ ⏞
true risk (unknown)

≤ ˆ︁RS(GQ)⏞ ⏟⏟ ⏞
empirical risk

+ price
(︁

KL(Q∥P ), m, δ
)︁⏞ ⏟⏟ ⏞

price for having chosen Q with S

, (12.2)

where KL(Q∥P ) measures how far the posterior is from the prior, and the price decreases
when the sample size m grows.

Prior P
chosen before S

Learning
algorithm uses S

Posterior Q
depends on S

Predictor
GQ or BQ

Sample S ∼ Dm Certificate (w.p. ≥ 1− δ)
RD(Q) ≤ ˆ︁RS(Q) + complexity

(︁
KL(Q∥P ), m, δ

)︁
minimize the
bound itself

Figure 111: The PAC-Bayesian setting. The prior P is fixed before seeing the data; the posterior
Q may depend on S in any way. The bound holds simultaneously for all posteriors, so it can be
used both as a certificate and as an objective to minimize (Section 16). [ code:
figures/tikz/principle.tex ]

In a nutshell PAC-Bayes = PAC + Bayes. From the PAC framework, it in-
herits the form of the guarantee: a bound that holds with probability 1− δ over
the sample, whatever the distribution of the data. From Bayesian statistics, it
borrows the words prior and posterior. But the posterior does not need to be
computed with Bayes’ rule: it is any distribution we like, for instance the weights
of a random forest or of AdaBoost.
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A short history. The first PAC-Bayesian bounds are due to Shawe-Taylor and
Williamson (1997) and McAllester (1998, 1999). They were made tighter by Seeger
(2002), Maurer (2004) and Catoni (2007), and applied to majority votes by Lacasse
et al. (2006) and Germain et al. (2015). They are today among the very few bounds
that give non-vacuous guarantees for complex models such as random forests (Lorenzen
et al., 2019; Masegosa et al., 2020) and deep neural networks (Dziugaite and Roy, 2017;
Pérez-Ortiz et al., 2021).

To remember from Section 12

• Bagging, random forests and boosting output a distribution Q over voters:
the weights of a majority vote.

• The majority vote BQ is what we use; the Gibbs classifier GQ draws one
voter at random. Its risk is the average risk of the voters.

• A vote can be much better than its average voter, when the voters do not
err on the same points (diversity).

• A guarantee is a bound on the true risk that holds with probability at least
1− δ over the sample, and that can be computed from the data.

• PAC-Bayesian bounds read: true risk ≤ empirical risk + a price that grows
with the distance KL(Q∥P ) between the posterior Q and a prior P fixed
before seeing the data.

Check your understanding

Short questions to test yourself; the answers are in Appendix A (click on the number of a question
to see its answer).

Q12.1. Three voters have risks 0.1, 0.2 and 0.3, and weights 0.5, 0.3 and 0.2. What is the risk
of the Gibbs classifier?

Q12.2. AdaBoost outputs the weights α1 = 1, α2 = 3. What is the corresponding distribution
Q?

Q12.3. Can the vote be worse than the Gibbs classifier? Can it be better?

Q12.4. A bound states that, with probability at least 0.95, RD(h) ≤ 1.3. Is it false? Is it
useful?

Q12.5. Why must the prior be chosen before seeing the data?
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13 From an error on a sample to a guarantee

About this section

Guiding question. How can an error measured on a sample be turned into a guarantee
on the true error, first for one classifier, then for a classifier chosen among many?
We start with a single classifier fixed in advance. Its empirical risk is an average of
independent random variables, and two inequalities, Markov’s and Hoeffding’s, tell us
how far it can be from the true risk. This gives the test-set bound, and a sharper version
based on the binary kl divergence. We then see why these bounds fail when the classifier
is chosen with the data, and how to repair them: the union bound and, more cleverly,
Occam’s bound, which already contains the main idea of PAC-Bayes.

13.1 One classifier fixed in advance

Let h be a classifier chosen before looking at a sample S = {(xi, yi)}mi=1 of m examples
drawn independently from D; think of a model trained on other data and evaluated on
a test set. For each example, let Zi = 1[h(xi) ̸= yi] be 1 if h errs on it and 0 otherwise.
Then:

• Z1, . . . , Zm are independent, because the examples are, and h does not depend on
them;

• each Zi is a Bernoulli variable whose mean is the true risk: EZi = P(h(xi) ̸= yi) =
RD(h);

• the empirical risk is their average, ˆ︁RS(h) = 1
m

∑︁m
i=1 Zi.

Hence E ˆ︁RS(h) = RD(h): the empirical risk is an unbiased estimate of the true risk,
and its variance is RD(h)(1−RD(h))/m, which goes to 0 when m grows. The question
is: how large can the gap RD(h)− ˆ︁RS(h) be, with a given probability? Measuring ˆ︁RS(h)
is like flipping m times a coin whose bias RD(h) is unknown, and asking how far the
observed frequency can be from the bias.

13.2 Markov’s inequality

All the bounds of this part rely on one very simple inequality, already met in Section 1
(Proposition 1.9).

Lemma 13.1: Markov’s inequality

Let Z ≥ 0 be a non-negative random variable and a > 0. Then

P(Z ≥ a) ≤ EZ

a
.

Equivalently, for any δ ∈ (0, 1], with probability at least 1− δ, Z ≤ EZ
δ .

Proof. Since Z ≥ 0, we have a1[Z ≥ a] ≤ Z for every value of Z (Fig. 112): the left-hand
side is 0 when Z < a, and it is a ≤ Z otherwise. Taking expectations,

aP(Z ≥ a) = E
[︁
a1[Z ≥ a]

]︁
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↓ expectation of an indicator: E1[A] = P(A); then a1[Z ≥ a] ≤ Z

≤ EZ.

For the second form, apply the first one with a = EZ/δ: then P(Z ≥ EZ/δ) ≤ δ.

0 a
0

a

z

a1[z ≥ a]

density of Z

P(Z ≥ a)

z

Figure 112: Why Markov’s inequality holds: for a non-negative variable, the step z ↦→ a1[z ≥ a]
(red) lies below the identity z ↦→ z (blue), so that aP(Z ≥ a) ≤ EZ. The shaded red area is the
tail probability. [ code: figures/tikz/markov.tex ]

Example 13.1. If the average salary in a company is 2000 euros, at most 10% of the
employees earn 20 000 euros or more: otherwise these employees alone would bring the
average above 0.1× 20 000 = 2000 euros. This is Markov’s inequality with a = 10EZ.

Markov’s inequality is weak when applied directly, but it becomes very powerful
when applied to a well-chosen function of the variable of interest, such as an exponential.
This is how all the bounds below are obtained.

13.3 Hoeffding’s inequality and the test-set bound

Theorem 13.2: Hoeffding’s inequality (Hoeffding, 1963)

Let Z1, . . . , Zm be independent random variables with values in [0, 1] and the same
mean p, and let p̂ = 1

m

∑︁m
i=1 Zi. For every ε > 0,

P
(︁
p− p̂ ≥ ε

)︁
≤ e−2mε2

.

The proof is given in Section 1 (Proposition 1.14). Its idea is worth remembering,
because the PAC-Bayesian proof of Section 14 uses the same ingredients. For any
λ > 0, the event p − p̂ ≥ ε is the same as eλ(p−p̂) ≥ eλε, so that Markov’s inequality
gives P(p− p̂ ≥ ε) ≤ e−λε E eλ(p−p̂). The expectation of the exponential is then bounded
thanks to independence and to Hoeffding’s lemma (Lemma 1.13):

E eλ(p−p̂) ≤ eλ2/(8m) for every λ ∈ R, (13.1)

and choosing λ = 4mε gives the result.
Hoeffding’s inequality says that the empirical risk underestimates the true risk by

more than ε with probability at most e−2mε2 . Turned around, it gives a guarantee.
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Corollary 13.3: Test-set bound

Let h be a classifier chosen independently of the sample S ∼ Dm, and δ ∈ (0, 1].
With probability at least 1− δ over S,

RD(h) ≤ ˆ︁RS(h) +

√︄
ln(1/δ)

2m
.

Proof. Apply Theorem 13.2 to Zi = 1[h(xi) ̸= yi], with p = RD(h), p̂ = ˆ︁RS(h), and
choose ε such that the right-hand side equals δ:

e−2mε2 = δ ⇐⇒ 2mε2 = ln 1
δ
⇐⇒ ε =

√︄
ln(1/δ)

2m
.

Then P
(︁
RD(h)− ˆ︁RS(h) ≥ ε

)︁
≤ δ: with probability at least 1−δ, RD(h) < ˆ︁RS(h)+ε.

Example 13.2 (Reading the test-set bound). A classifier makes 100 errors on a test set
of m = 1000 examples: ˆ︁RS(h) = 0.1. With δ = 0.05, ln(1/δ) = ln 20 ≈ 3.0 and

RD(h) ≤ 0.1 +
√︃

3.0
2000 ≈ 0.1 + 0.039 = 0.139.

With 95% confidence, the true risk is below 13.9%. With 4000 test examples, the
margin 0.039 would be halved: it decreases like 1/

√
m. A higher confidence costs little:

δ = 0.001 gives ln(1/δ) ≈ 6.9 and a margin of 0.059.

Running example Suppose that we had fixed the forest before seeing the 540
test digits, and that we use them only to certify it. The vote errs on 4.4% of them;
with δ = 0.05, the test-set bound certifies a true risk below 0.044+

√︁
ln 20/1080 =

0.097. This number will serve as a reference: our goal is to obtain comparable
guarantees without setting aside a test set.

13.4 A sharper bound with the binary kl

The margin
√︁

ln(1/δ)/(2m) of the test-set bound does not depend on the risk itself.
This is wasteful when the risk is small: a coin of bias 0.01 fluctuates much less than
a coin of bias 0.5 (its variance p(1 − p) is 25 times smaller). The sharpest bounds for
coins use the following quantity.

Definition 13.4: Binary kl divergence

For q, p ∈ [0, 1], the binary kl divergence is

kl(q∥p) = q ln q

p
+ (1− q) ln 1− q

1− p
,

with the convention 0 ln 0 = 0. It is non-negative and equal to 0 only if q = p.

The binary kl measures how surprising it is to observe a frequency q of errors when
the true error rate is p: the probability that m flips of a coin of bias p give a frequency
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close to q behaves like e−m kl(q∥p). For instance kl(0.1∥0.2) ≈ 0.037: observing at most
10% of errors on m = 100 examples when the true risk is 20% has a probability at
most e−100×0.037 ≈ 2.5% (the exact value is 0.6%). The following theorem makes this
precise (Langford, 2005); it is the kl form of Chernoff’s bound, proved in Section 1
(Example 1.6).

Theorem 13.5: kl test-set bound

Let h be a classifier chosen independently of S ∼ Dm, and δ ∈ (0, 1]. With
probability at least 1− δ over S,

ˆ︁RS(h) ≥ RD(h) or kl
(︁ ˆ︁RS(h) ∥RD(h)

)︁
≤ ln(1/δ)

m
.

Turning a kl into a bound. The theorem bounds a kl, not the risk. To get a bound
on the risk, we look for the largest p that is still compatible with the observation. For
a fixed q, the function p ↦→ kl(q∥p) is 0 at p = q and increases on [q, 1] (Fig. 113), so
the set of p ≥ q such that kl(q∥p) ≤ ε is an interval [q, kl−1(q, ε)], where

kl−1(q, ε) = max
{︁
p ∈ [q, 1] : kl(q∥p) ≤ ε

}︁
.

Theorem 13.5 then reads: with probability at least 1− δ,

RD(h) ≤ kl−1(︂ ˆ︁RS(h), ln(1/δ)
m

)︂
. (13.2)

There is no formula for kl−1, but it is easy to compute by bisection, since we look for
the point where an increasing function crosses a level (Algorithm 12).

Algorithm 12: Computing kl−1(q, ε) by bisection
Input: empirical value q ∈ [0, 1], level ε ≥ 0, tolerance τ (e.g. 10−6)

1 a← q, b← 1 ; // the answer is in [a, b]
2 while b− a > τ do
3 c← (a + b)/2;
4 if kl(q∥c) > ε then b← c;
5 else a← c;

Output: b

Example 13.3 (Inverting the kl by hand). Let q = 0.1 and ε = 0.05. Since kl(0.1∥0.2) ≈
0.037 ≤ 0.05 and kl(0.1∥0.25) ≈ 0.072 > 0.05, the answer lies in [0.2, 0.25]. At the
midpoint, kl(0.1∥0.225) ≈ 0.053 > 0.05, so the answer is in [0.2, 0.225], and so on. After
twenty steps, we find kl−1(0.1, 0.05) ≈ 0.220.

The kl bound is never worse. Pinsker’s inequality states that kl(q∥p) ≥ 2(q − p)2

for all q, p. Hence, if kl(q∥p) ≤ ε, then 2(p− q)2 ≤ ε, that is p ≤ q +
√︁

ε/2:

kl−1(q, ε) ≤ q +
√︂

ε/2.
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Figure 113: The function p ↦→ kl(q∥p) for q = 0.1. For ε = 0.05, the values of p compatible with
kl(q∥p) ≤ ε form an interval whose upper end kl−1(q, ε) = 0.220 is smaller than the Hoeffding-
type value q +

√︁
ε/2 = 0.258. [ code: make_figures.py: fig_kl_inverse ]

With ε = ln(1/δ)/m, the right-hand side is exactly the test-set bound of Corollary 13.3.
The kl bound is therefore always at least as good, and much better when the empirical
risk is small (Fig. 114): for ˆ︁RS(h) = 0.01, m = 1000 and δ = 0.05, Hoeffding gives 0.049
and the kl 0.020.
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Figure 114: Left: margin p − p̂ of the upper bound on the risk of a fixed classifier given by
Hoeffding’s inequality (constant) and by the kl, as a function of the empirical risk, for m = 100
and m = 1000. Right: frequency, over 4000 simulated samples of size 100, of the event “the true
risk is above the bound”; it stays below δ = 0.05 for both bounds: they are valid. [ code:
make_figures.py: fig_concentration ]

Running example With the kl, the 540 test digits certify the vote of the forest
at kl−1(0.044, ln 20/540) = 0.069 instead of 0.097. For an average tree (19% of
test errors), the two certificates are 0.234 (kl) and 0.243 (Hoeffding): the kl makes
a difference for small risks only.
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13.5 What goes wrong when we choose

The bounds above require the classifier to be fixed before seeing the sample. Let us see
what happens if this is not the case. Take K = 1000 classifiers that answer at random
(true risk 0.5 each), evaluate them on the same sample of m = 100 examples, and
keep the one with the smallest empirical risk. Among 1000 random classifiers, some are
lucky on this sample: the selected one typically shows an empirical risk of about 0.34
(Fig. 115). The test-set bound, applied naively to it, gives 0.34 + 0.12 = 0.46 < 0.5: it
is wrong in almost all the runs of the experiment.
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naive bound wrong in 99.8% of the runs, Occam in 0.3%

Figure 115: Selecting the best of 1000 random classifiers (true risk 0.5) on m = 100 examples,
over 1000 repetitions. Histogram: empirical risk of the selected classifier. Vertical lines: the
largest empirical risk for which the naive test-set bound, and the bound with the union bound
(Occam’s bound with a uniform prior), stay below the true risk 0.5. The naive bound is wrong
in almost every run, the union bound almost never. [ code: make_figures.py: fig_uniformity ]

Pitfall The test-set bound holds for a classifier fixed in advance, not for the
classifier that looks best on the sample. Choosing is learning, and learning makes
the empirical risk optimistic. This is exactly the situation of the training error
of a learned model, and of the best score of a cross-validation (Section 7).

The repair is to ask for a guarantee that holds for all classifiers at once: then it
holds in particular for the chosen one, whatever the way it was chosen. The tool is the
following.

Lemma 13.6: Union bound

For any events A1, . . . , AK , P(A1 ∪ · · · ∪AK) ≤∑︁K
k=1 P(Ak).

In words: the probability that at least one of several bad events happens is at
most the sum of their probabilities.
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Theorem 13.7: Finite class bound

Let H = {h1, . . . , hK} be a finite set of classifiers fixed before seeing S ∼ Dm.
With probability at least 1− δ, for all h ∈ H,

RD(h) ≤ ˆ︁RS(h) +

√︄
ln K + ln(1/δ)

2m
.

Proof. For each k, let Ak be the bad event “the test-set bound fails for hk at level δ/K”.
Each hk is fixed in advance, so Corollary 13.3 applied with δ/K gives P(Ak) ≤ δ/K.
By the union bound,

P(at least one Ak) ≤
K∑︂

k=1

δ

K
= δ.

With probability at least 1 − δ, no bad event happens, that is, for all k, RD(hk) ≤ˆ︁RS(hk) +
√︁

ln(K/δ)/(2m), and ln(K/δ) = ln K + ln(1/δ).

The price of choosing among K classifiers is only ln K in the numerator: with
m = 1000, an empirical risk of 0.1 and δ = 0.05, the bound is 0.139 for one classifier
fixed in advance, 0.170 for the best of K = 1000, and 0.192 for the best of a million.

13.6 Occam’s bound: spreading the confidence with a prior

In the proof above, every classifier receives the same share δ/K of the confidence budget
δ. Nothing forces us to share it equally: we can give a larger share to the classifiers we
believe in, as long as this belief is fixed before seeing the data. This belief is described
by a prior : a probability distribution P over H, with P (h) ≥ 0 and ∑︁h P (h) = 1.

Theorem 13.8: Occam’s bound (Blumer et al., 1987; McAllester, 1998)

Let H be a finite (or countable) set of classifiers and P a prior on H, both fixed
before seeing S ∼ Dm. With probability at least 1−δ, for all h ∈ H with P (h) > 0,

RD(h) ≤ ˆ︁RS(h) +

√︄
ln 1

P (h) + ln 1
δ

2m
.

Proof. Same proof as Theorem 13.7, with the share δP (h) instead of δ/K for each h.
The test-set bound at level δP (h) fails for h with probability at most δP (h), so the
probability that it fails for at least one h is at most ∑︁h δP (h) = δ. Finally ln 1

δP (h) =
ln 1

P (h) + ln 1
δ .

With the uniform prior P (h) = 1/K, ln 1
P (h) = ln K and we recover Theorem 13.7.

With a non-uniform prior, the classifiers with a large prior weight pay less, and those
with a small prior weight pay more.

Example 13.4 (A favourite classifier). We choose among K = 1000 classifiers, m = 1000,
δ = 0.05. Before seeing the data, an expert tells us which classifier she expects to be
the best. We give it the prior weight 1

2 and share the other half among the 999 others
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(P (h) = 1
1998). If the favourite classifier has an empirical risk of 0.08, its certificate

is 0.08 +
√︁

(ln 2 + ln 20)/2000 = 0.123, better than with the uniform prior (0.150). If
another classifier is selected with the same empirical risk, its certificate is 0.153: a little
worse than with the uniform prior. A good prior helps a lot; a bad one costs little.

In a nutshell The prior is not a belief about the world, it is a way of spreading the
confidence budget δ over the classifiers. Any prior gives a valid bound, as long as
it is fixed before seeing the data; a good prior gives a tight one. The price ln 1

P (h)
is the number of nats needed to describe h with a code built from P : simple
classifiers, which get a large prior weight, are cheap. This is a mathematical form
of Occam’s razor : among the explanations of the data, prefer the simplest.
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Figure 116: Occam’s bound (kl form) as a function of the size |H| of the class, with the uniform
prior, for m = 1000, δ = 0.05 and three empirical risks. The price grows only like ln |H|:
certifying a classifier chosen among 1010 is still possible. [ code: make_figures.py: fig_occam ]

Towards PAC-Bayes. Occam’s bound certifies one classifier, chosen with the data,
and the price is ln 1

P (h) . A vote uses a whole distribution Q over the classifiers. The
next section shows that the price ln 1

P (h) is a special case of a quantity defined for any
distribution Q, the Kullback–Leibler divergence KL(Q∥P ), and that Occam’s bound is
a special case of the PAC-Bayesian bound.

To remember from Section 13

• For a classifier fixed in advance, the empirical risk is an average of m inde-
pendent Bernoulli variables, of mean the true risk.

• Markov’s inequality P(Z ≥ a) ≤ EZ/a is the basic tool; applied to an
exponential it gives Hoeffding’s inequality.

• Test-set bound: RD(h) ≤ ˆ︁RS(h) +
√︁

ln(1/δ)/(2m) with probability 1 − δ.
The kl bound RD(h) ≤ kl−1( ˆ︁RS(h), ln(1/δ)/m) is never worse, and much
better for small risks; kl−1 is computed by bisection.

• These bounds fail for a classifier chosen with the data. The union bound
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repairs them at the price ln K for K classifiers.

• Occam’s bound spreads the confidence with a prior P fixed in advance: the
price becomes ln 1

P (h) .

Check your understanding

Short questions to test yourself; the answers are in Appendix A (click on the number of a question
to see its answer).

Q13.1. A non-negative random variable has mean 0.02. What can you say about P(Z ≥ 0.2)?

Q13.2. A classifier fixed in advance makes 30 errors on m = 600 test examples. Give its test-set
bound at level δ = 0.05.

Q13.3. How many test examples are needed for a margin of 0.01 with δ = 0.05 in the test-set
bound?

Q13.4. Why is the kl bound much better than the test-set bound when the empirical risk is
close to 0?

Q13.5. Why can’t we apply the test-set bound to the classifier with the smallest training error?

Q13.6. With the uniform prior on K classifiers, what is the price ln 1
P (h) in Occam’s bound?

What happens if K is multiplied by 10?

275 - Statistical Supervised Machine Learning



14 The PAC-Bayesian bound

About this section

Guiding question. How can we certify a whole distribution Q over voters, chosen with
the data?
We go from Occam’s bound, which certifies one classifier, to a bound on the risk of
the Gibbs classifier GQ, for any distribution Q. We first define the Kullback–Leibler
divergence KL(Q∥P ), which measures how far Q is from the prior. We then prove, in three
steps, a first PAC-Bayesian bound, and state the two bounds used in practice, McAllester’s
and Seeger’s. We end by reading the bound, and by finding the posterior that minimizes
it.

Throughout the section, H is a finite set of n voters, so that a distribution Q over
H is just a list of n non-negative weights Q(h1), . . . , Q(hn) summing to one. Everything
extends to infinite sets of voters (sums become integrals), but we will not need it.
Recall from Section 12 that the risks of the Gibbs classifier are averages of the risks of
the voters:

RD(GQ) =
∑︂
h∈H

Q(h)RD(h), ˆ︁RS(GQ) =
∑︂
h∈H

Q(h) ˆ︁RS(h).

14.1 Measuring the distance to the prior: the KL divergence

In Occam’s bound, choosing the classifier h costs ln 1
P (h) . We now look for the price of

choosing a whole distribution Q.

Definition 14.1: Kullback–Leibler divergence

Let P and Q be two distributions on a finite set H, with P (h) > 0 for all h. The
Kullback–Leibler (KL) divergence of Q from P is

KL(Q∥P ) =
∑︂
h∈H

Q(h) ln Q(h)
P (h) = E

h∼Q

[︃
ln Q(h)

P (h)

]︃
,

with the convention 0 ln 0 = 0 (voters with Q(h) = 0 do not count).

The KL divergence is the average, over the voters chosen by Q, of the log-ratio
ln Q(h)

P (h) : how much more weight the posterior gives to a voter than the prior did. It is
not a distance in the mathematical sense (it is not symmetric), but it behaves like one.

Proposition 14.2: Properties of the KL divergence

For all distributions P , Q on H: KL(Q∥P ) ≥ 0, and KL(Q∥P ) = 0 if and only if
Q = P .

Proof. Let HQ = {h : Q(h) > 0}. The logarithm is concave, so Jensen’s inequality
(Proposition 1.3) gives E[ln U ] ≤ lnE[U ] for any positive random variable U . With
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U = P (h)
Q(h) and h ∼ Q,

−KL(Q∥P ) =
∑︂

h∈HQ

Q(h) ln P (h)
Q(h)

↓ Jensen’s inequality

≤ ln
∑︂

h∈HQ

Q(h)P (h)
Q(h) = ln

∑︂
h∈HQ

P (h)

↓ the weights of P sum to at most one on HQ

≤ ln 1 = 0.

Equality holds when P (h)
Q(h) is constant on HQ and HQ = H, that is when Q = P .

Example 14.1 (Three typical posteriors). Let P be uniform on n voters: P (h) = 1
n .

• Q = P (we keep the prior): KL(Q∥P ) = 0.

• Q uniform on k of the n voters (for instance the k best ones): each of the k

voters has Q(h) = 1
k , so KL(Q∥P ) = ∑︁

k voters
1
k ln 1/k

1/n = ln n
k .

• Q puts all its weight on one voter h (a Dirac distribution δh): KL(δh∥P ) =
1× ln 1

1/n = ln n. More generally, KL(δh∥P ) = ln 1
P (h) : this is exactly the price of

Occam’s bound.

With n = 100 voters: keeping the uniform distribution costs 0, spreading the weight over
the 10 best voters costs ln 10 ≈ 2.3, and choosing the single best voter costs ln 100 ≈ 4.6.
The more concentrated the posterior, the higher the price.
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P=N(0, 1)

N(0.5, 1): KL = 0.125
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N(3.0, 1): KL = 4.5

Figure 117: Examples of priors P (grey) and posteriors Q (blue) on 10 voters, and the cor-
responding KL divergence. The KL is 0 when Q = P and grows as Q concentrates on a few
voters that P considered unlikely. Right: the same for Gaussian distributions on a continuous
parameter. [ code: make_figures.py: fig_kl_examples ]

14.2 The change of measure

The key step of every PAC-Bayesian proof is an inequality that allows to replace an
average over the posterior Q, which depends on the data, by an average over the prior
P , which does not.
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Lemma 14.3: Change of measure (Donsker and Varadhan, 1975)

Let P , Q be distributions on a finite set H with P (h) > 0 for all h. For every
function ϕ : H → R,

E
h∼Q

[ϕ(h)] ≤ KL(Q∥P ) + ln E
h∼P

[︂
eϕ(h)

]︂
. (14.1)

Proof. With HQ = {h : Q(h) > 0}, we combine the two sums of the left-hand side
minus the KL:

E
h∼Q

[ϕ(h)]−KL(Q∥P ) =
∑︂

h∈HQ

Q(h)
(︂
ϕ(h)− ln Q(h)

P (h)
)︂

↓ ϕ(h) = ln eϕ(h) and ln a− ln b = ln a

b

=
∑︂

h∈HQ

Q(h) ln P (h) eϕ(h)

Q(h)

↓ Jensen’s inequality for the concave logarithm

≤ ln
∑︂

h∈HQ

Q(h)P (h) eϕ(h)

Q(h) = ln
∑︂

h∈HQ

P (h) eϕ(h)

↓ we add the non-negative terms of the voters with Q(h) = 0

≤ ln
∑︂
h∈H

P (h) eϕ(h) = ln E
h∼P

[︂
eϕ(h)

]︂
.

In a nutshell Read (14.1) as follows: the average of ϕ under any posterior
Q is controlled by a quantity computed under the prior, lnEP eϕ, plus a price,
KL(Q∥P ), for having moved from P to Q. If Q = P the price is 0; the further Q
is from P , the more we pay. The right-hand side does not depend on Q except
through the KL: this is what will allow the bound to hold for all posteriors at
once.

14.3 A first PAC-Bayesian bound

We can now state and prove our first PAC-Bayesian bound. It contains a free parameter
λ > 0, which must be fixed before seeing the data.

Theorem 14.4: A PAC-Bayesian bound (Catoni, 2007; Alquier, 2024)

Let P be a prior on H and λ > 0, both fixed before seeing the sample S ∼ Dm,
and δ ∈ (0, 1]. With probability at least 1− δ over S, for all distributions Q on H,

RD(GQ) ≤ ˆ︁RS(GQ) +
KL(Q∥P ) + ln 1

δ

λ
+ λ

8m
. (14.2)

Proof. For each voter h, let ∆(h) = RD(h)− ˆ︁RS(h) be its generalization gap. The proof
has three steps (Fig. 118).
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Step 1: one voter at a time. Each voter h is fixed before seeing S (it belongs
to H, which is fixed in advance). By Hoeffding’s lemma (13.1), applied to the errors of
h,

E
S

[︂
eλ∆(h)

]︂
≤ eλ2/(8m) for every h ∈ H.

Step 2: average over the prior, then Markov. Consider the random variable
Z = Eh∼P

[︂
eλ∆(h)

]︂
, which depends on the sample through the gaps ∆(h), but not

through P , which is fixed. It is non-negative, and

E
S

[Z] = E
S

[︄∑︂
h

P (h) eλ∆(h)
]︄

↓ linearity of the expectation: P does not depend on S

=
∑︂

h

P (h) E
S

[︂
eλ∆(h)

]︂
↓ Step 1, and

∑︂
h

P (h) = 1

≤ eλ2/(8m).

By Markov’s inequality (Lemma 13.1, second form), with probability at least 1− δ over
S,

E
h∼P

[︂
eλ∆(h)

]︂
≤ eλ2/(8m)

δ
. (14.3)

Step 3: change of measure. Assume that (14.3) holds (this is the case with
probability at least 1− δ). Then, for every distribution Q,

λ
(︁
RD(GQ)− ˆ︁RS(GQ)

)︁
= E

h∼Q
[λ∆(h)]

↓ change of measure (Lemma 14.3) with ϕ = λ∆

≤ KL(Q∥P ) + ln E
h∼P

[︂
eλ∆(h)

]︂
↓ inequality (14.3), and ln ea

δ
= a + ln 1

δ

≤ KL(Q∥P ) + λ2

8m
+ ln 1

δ
.

Dividing by λ > 0 and moving ˆ︁RS(GQ) to the right gives (14.2). Since (14.3) does not
involve Q, the conclusion holds for all Q simultaneously.

Occam’s bound is a special case. Take for Q a Dirac distribution δh on one voter
h. Then RD(GQ) = RD(h), ˆ︁RS(GQ) = ˆ︁RS(h), and KL(δh∥P ) = ln 1

P (h) (example 14.1):
(14.2) becomes a bound of the same form as Occam’s bound. The PAC-Bayesian bound
extends it from one chosen classifier to any distribution over classifiers.

14.4 The bounds used in practice

Theorem 14.4 has a drawback: λ must be fixed before seeing the data. If we knew
KL(Q∥P ) in advance, the best choice would be λ =

√︂
8m(KL(Q∥P ) + ln 1

δ ), which
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Step 1 (one voter). For each fixed h: ES eλ∆(h) ≤ eλ2/8m. Hoeffding’s lemma

Step 2 (prior). Average over P , fixed before S; then, w.p. ≥ 1 − δ, EP eλ∆(h) ≤
eλ2/8m/δ. Markov

Step 3 (posterior). For every Q: λEQ∆ ≤ KL(Q∥P ) + lnEP eλ∆. change of
measure

Figure 118: The three steps of the proof of Theorem 14.4. Only Step 2 involves the randomness
of the sample, and it does not involve the posterior: this is why the bound holds for all posteriors
at once. It is also the only step that requires the prior to be fixed before seeing the data.

balances the two last terms of (14.2) and gives a margin
√︂

(KL(Q∥P ) + ln 1
δ )/(2m).

But the KL depends on Q, which depends on the data. Applying Theorem 14.4 for a
whole grid of values of λ simultaneously (with a union bound), or slightly changing the
function ∆ in the proof, removes this difficulty at a very small cost, and leads to the
two bounds used in practice. We state them without proof.

Theorem 14.5: McAllester’s and Seeger’s bounds (McAllester, 1999;
Seeger, 2002; Maurer, 2004)

Let P be a prior on H, fixed before seeing S ∼ Dm (m ≥ 8), and δ ∈ (0, 1]. With
probability at least 1 − δ over S, for all distributions Q on H, the two following
bounds hold:

(McAllester) RD(GQ) ≤ ˆ︁RS(GQ) +

√︄
KL(Q∥P ) + ln 2

√
m

δ

2m
, (14.4)

(Seeger) RD(GQ) ≤ kl−1(︂ ˆ︁RS(GQ),
KL(Q∥P ) + ln 2

√
m

δ

m

)︂
. (14.5)

The two bounds are the PAC-Bayesian versions of the two test-set bounds of
Section 13: Hoeffding’s (margin

√︁
·/2m) and the kl bound. As for a single classifier,

Seeger’s bound is always at least as good as McAllester’s (by Pinsker’s inequality), and
much better when the empirical Gibbs risk is small. It is the bound we use for computing
certificates; McAllester’s bound is the one we use for understanding, because it has a
simple formula. Compared with the test-set bound, only two things have changed: the
term KL(Q∥P ), the price for having chosen Q with the data, and ln 1

δ replaced by
ln 2

√
m

δ , a small price for not having fixed λ.
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14.5 Reading the bound

McAllester’s bound (14.4) can be read like a sentence:

RD(GQ)⏞ ⏟⏟ ⏞
what we want

≤ ˆ︁RS(GQ)⏞ ⏟⏟ ⏞
fit to the data

+

⌜⃓⃓⃓
⃓⃓⃓⃓
⎷⃓

KL(Q∥P )⏞ ⏟⏟ ⏞
distance to the prior

+ ln 2
√

m

δ⏞ ⏟⏟ ⏞
confidence

2m⏞⏟⏟⏞
sample size

.

• The sample size m: the price decreases like 1/
√

m.

• The confidence δ only enters through a logarithm: going from 95% to 99.9%
confidence costs little.

• The KL is the price for learning: a posterior that stays close to the prior is cheap,
a posterior that concentrates on a few voters is expensive.

• The size of H does not appear: only the distance between Q and P matters.
This is what makes the bound usable for large ensembles.

A trade-off. Concentrating Q on the voters with the smallest empirical risks decreases
the first term, but increases the KL. The best posterior realizes a compromise (Fig. 119).
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Figure 119: Anatomy of the bound, for m = 1000, δ = 0.05 and an empirical Gibbs risk of 0.12.
Grey: the empirical risk; orange and blue: the price added by McAllester’s and by Seeger’s
bound, as KL(Q∥P ) grows from 0 to 50. Seeger’s bound is always smaller. [ code:
make_figures.py: fig_bound_anatomy ]

Example 14.2 (Computing the bounds). Take m = 1000, δ = 0.05 and an empirical
Gibbs risk ˆ︁RS(GQ) = 0.12. Then ln 2

√
m

δ = ln 2×31.6
0.05 ≈ 7.14, and:

KL(Q∥P ) 0 2.3 4.6 20 50
McAllester 0.180 0.189 0.197 0.236 0.289
Seeger 0.162 0.169 0.176 0.209 0.256
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For McAllester with KL = 0, for instance: 0.12 +
√︁

7.14/2000 = 0.12 + 0.060 = 0.180.
The values 2.3 and 4.6 are those of a posterior uniform on 10 voters out of 100, and of
a single voter out of 100 (example 14.1). Even with a KL of 50, which corresponds to
a posterior very far from the prior, the bound remains far below 1.

Running example Let us certify the Gibbs classifier of our forest (a tree drawn
at random), with the uniform prior and the uniform posterior, so that KL(Q∥P ) =
0. We need examples that the trees have not been trained on. For now, let us
admit that each tree can be evaluated on the examples left out of its bootstrap
sample, its out-of-bag examples (Section 16.2). The average out-of-bag error of
the trees is 0.174, computed with at least 747 examples per tree. With δ = 0.05,
McAllester’s bound gives 0.243 and Seeger’s bound 0.230. The test Gibbs risk,
which the bound did not see, is 0.190: the certificate is valid and not far from
the truth, and it was obtained without a test set. But the vote has a test risk
of 0.044, and nothing in this section says anything about it: this is the object of
Section 15.

14.6 Choosing the prior and the posterior

The prior. Any prior gives a valid bound, provided it is fixed before seeing the data.
The uniform prior is the default choice. A better prior gives a smaller KL for the
posteriors we are likely to learn, hence a tighter bound. A classical trick to obtain a
good prior without breaking the rules is to split the sample: a first part of the data is
used to build the prior (for instance to pre-train a model), and the bound is computed
on the second part only, which the prior has not seen.

The posterior. The bound holds for all posteriors at once, so we are free to choose
the posterior that makes it as small as possible. For the bound (14.2) with λ fixed, the
answer has a closed form.

Proposition 14.6: The Gibbs posterior (Catoni, 2007)

For λ > 0, the distribution that minimizes ˆ︁RS(GQ)+ KL(Q∥P )
λ , hence the right-hand

side of (14.2), is

Qλ(h) = P (h) e−λˆ︁RS(h)

Zλ
, Zλ =

∑︂
h′∈H

P (h′) e−λˆ︁RS(h′). (14.6)

Proof. For any Q, we write λ times the objective as a single sum:

λ ˆ︁RS(GQ) + KL(Q∥P ) =
∑︂

h

Q(h)
(︂
λ ˆ︁RS(h) + ln Q(h)

P (h)
)︂

↓ λ ˆ︁RS(h) = − ln e−λˆ︁RS(h)

=
∑︂

h

Q(h) ln Q(h)
P (h)e−λˆ︁RS(h)

↓ definition of Qλ: P (h)e−λˆ︁RS(h) = ZλQλ(h)
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=
∑︂

h

Q(h) ln Q(h)
Qλ(h) − ln Zλ = KL(Q∥Qλ)− ln Zλ.

The last term does not depend on Q, and KL(Q∥Qλ) ≥ 0 with equality if and only if
Q = Qλ (Proposition 14.2).

The Gibbs posterior reweights the prior: each voter keeps its prior weight, mul-
tiplied by e−λˆ︁RS(h), a factor that is larger for voters with a small empirical risk. The
parameter λ plays the role of an inverse temperature (Fig. 120): for λ = 0 we keep
the prior, and for λ → ∞ all the weight goes to the voter with the smallest empirical
risk, the empirical risk minimizer. In between, the Gibbs posterior is a soft version of
empirical risk minimization, which spreads its weight over all the good voters. When
the loss is the negative log-likelihood and λ = m, it is exactly the posterior of Bayesian
statistics: this is where the name PAC-Bayes comes from.
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Figure 120: The Gibbs posterior on 300 decision stumps, with m = 120 examples. Left: the
weights Qλ(h) of the stumps, sorted by empirical risk, for three values of λ (in the figure, λ is
given per example, i.e. divided by m: the values 0.001, 0.05 and 1 correspond to λ = 0.12, 6 and
120 in (14.6)). Right: empirical Gibbs risk, KL divergence and Seeger’s bound as functions of
λ; the bound is minimal for an intermediate value of λ, which spreads the weight over the good
stumps. [ code: make_figures.py: fig_temperature ]

To remember from Section 14

• The KL divergence KL(Q∥P ) = ∑︁
h Q(h) ln Q(h)

P (h) measures how far the pos-
terior is from the prior; it is ≥ 0, equal to 0 iff Q = P , and equal to ln 1

P (h)
for a Dirac posterior.

• The change of measure EQϕ ≤ KL(Q∥P ) + lnEP eϕ transfers a statement
on the prior to every posterior.

• PAC-Bayesian bound: with probability 1−δ, for all Q, RD(GQ) ≤ ˆ︁RS(GQ)+
KL(Q∥P )+ln(1/δ)

λ + λ
8m . Proof: Hoeffding for each voter, Markov on the prior

average, change of measure.

• In practice: McAllester’s bound (simple formula) and Seeger’s bound
(tighter, computed with kl−1), with ln 2

√
m

δ instead of ln 1
δ .

• Concentrating Q lowers the empirical risk but raises the KL. The Gibbs
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posterior Qλ ∝ Pe−λˆ︁RS realizes the best compromise.

Check your understanding

Short questions to test yourself; the answers are in Appendix A (click on the number of a question
to see its answer).

Q14.1. P is uniform on 20 voters and Q is uniform on 5 of them. What is KL(Q∥P )?

Q14.2. What is KL(Q∥P ) when Q gives a positive weight to a voter h with P (h) = 0?

Q14.3. Which step of the proof of Theorem 14.4 requires the prior to be independent of the
sample?

Q14.4. Why does the bound hold for all posteriors at the same time?

Q14.5. Compute McAllester’s bound for m = 2000, δ = 0.05, ˆ︁RS(GQ) = 0.2 and KL(Q∥P ) = 0.

Q14.6. What does the Gibbs posterior become when λ = 0? When λ is very large?
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15 From the Gibbs classifier to the majority vote

About this section

Guiding question. Why is a vote better than its average voter, and how can we certify
the vote itself?
Section 14 certifies the Gibbs classifier, a voter drawn at random. But we predict with the
majority vote, which can be much better. We introduce one random variable, the weight
WQ of the voters that err on an example, which describes both predictors. Markov’s
inequality applied to WQ gives the first-order bound: the vote is at most twice worse than
the Gibbs classifier. Applied to W 2

Q, it gives the tandem bound, which involves pairs of
voters and sees their diversity. This answers the explanatory question of Section 12.

Throughout the section, the voters take values in {−1, +1}, Q is a distribution
over a finite set H of voters, and the vote BQ(x) = sign

(︁∑︁
h Q(h)h(x)

)︁
is counted as

wrong in case of a tie.

15.1 One random variable that describes the vote

Definition 15.1: Weight of the erring voters

For an example (x, y), the weight of the erring voters is

WQ(x, y) =
∑︂
h∈H

Q(h)1[h(x) ̸= y] ∈ [0, 1],

that is, the proportion of voters (weighted by Q) that err on (x, y).

When (x, y) is drawn from D, WQ(x, y) is a random variable with values in [0, 1].
Both predictors can be read on it (Fig. 121).

• The Gibbs risk is its mean. Exchanging the sum over the voters and the
expectation over the data,

E
(x,y)∼D

[WQ(x, y)] = E
(x,y)∼D

[︄∑︂
h

Q(h)1[h(x) ̸= y]
]︄

↓ linearity of the expectation

=
∑︂

h

Q(h)P(x,y)∼D
(︁
h(x) ̸= y

)︁
=
∑︂

h

Q(h)RD(h) = RD(GQ).

(15.1)

• The vote errs when WQ ≥ 1
2 . The vote errs on (x, y) when the voters that err

weigh at least as much as those that are right, that is when WQ(x, y) ≥ 1
2 . Hence

RD(BQ) = P(x,y)∼D
(︂
WQ(x, y) ≥ 1

2

)︂
. (15.2)

In a nutshell The Gibbs risk only depends on the mean of WQ, whereas the
risk of the vote depends on how often WQ exceeds 1

2 , that is on the tail of
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WQ(x, y)
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4
1
2

3
4

1

the vote is right the vote errs

MQ(x, y)
1 0 −1

margin MQ = 1 − 2WQ: all voters right (MQ = 1), half-and-half (MQ = 0), all wrong (MQ = −1)

x1 x2

Figure 121: The weight WQ of the erring voters on an example. On x1, 30% of the voters
(weighted by Q) err and the vote is right; on x2, 62% of them err and the vote errs. The margin
MQ = 1− 2WQ (Section 15.6) measures the same thing on the scale [−1, 1]. [ code:
figures/tikz/wq_line.tex ]

its distribution. Two ensembles with the same Gibbs risk can have very different
votes (Fig. 122). Bounding a tail with a mean is exactly what Markov’s inequality
does.

0 1/2 1
WQ(x, y)

0.0

0.2

0.4

0.6

(W
Q

=
w

) Gibbs risk
0.3

diverse voters
vote risk 0.00

0 1/2 1
WQ(x, y)

Gibbs risk
0.3

errors pile up above 1/2
vote risk 0.58

0 1/2 1
WQ(x, y)

Gibbs risk
0.3

identical voters
vote risk 0.30

Figure 122: Three distributions of WQ with the same mean, i.e. the same Gibbs risk 0.3. Left:
the voters are diverse and their errors never pile up, so the vote is always right. Middle: the
errors pile up just above 1

2 on 58% of the examples, where the vote errs; this is close to the worst
case of the first-order bound. Right: identical voters, the vote is as good as one voter. [ code:
make_figures.py: fig_wq_scenarios ]

15.2 The first-order bound

Proposition 15.2: First-order bound (Langford and Shawe-Taylor, 2002)

For every distribution Q, RD(BQ) ≤ 2 RD(GQ).

Proof. WQ is non-negative, so Markov’s inequality (Lemma 13.1) applies:

RD(BQ) = P
(︂
WQ ≥ 1

2

)︂
↓ Markov’s inequality with a = 1

2

≤ EWQ

1/2
↓ the mean of WQ is the Gibbs risk (15.1)
= 2 RD(GQ).
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Combined with Seeger’s bound on the Gibbs risk, it gives a certificate for the
vote: with probability at least 1− δ, for all Q,

RD(BQ) ≤ 2 kl−1(︂ ˆ︁RS(GQ),
KL(Q∥P ) + ln 2

√
m

δ

m

)︂
. (15.3)

When is it tight? Markov’s inequality is an equality when the variable only takes
the values 0 and a. Here: on each example, either all the voters are right (WQ = 0), or
exactly half of them err (WQ = 1

2), and the vote errs on all the examples of the second
kind (the middle panel of Fig. 122 is close to this situation). This is the worst case: the
voters pile up their errors on the same examples, just enough to make the vote err. In
general the bound is loose. It cannot explain why a vote is better than its voters, since
it is always above the Gibbs risk: in the running example, it gives 2× 0.19 = 0.38 for a
vote whose test risk is 0.044.

15.3 Condorcet’s jury theorem

The opposite of the worst case is a vote of independent voters. This situation was
already studied by Condorcet (1785) for juries.

Proposition 15.3: Condorcet’s jury theorem

Let h1, . . . , hn be n voters, with uniform weights, that err independently of each
other, each with probability p < 1

2 on a random example. Then

RD(BQ) ≤ e−2n( 1
2 −p)2 −−−→

n→∞
0.

Proof. On a random example, WQ = 1
n

∑︁n
t=1 1[ht(x) ̸= y] is an average of n independent

Bernoulli variables of mean p. By Hoeffding’s inequality (Theorem 13.2 applied to the
variables 1− 1[ht(x) ̸= y], which gives the same bound for the upper tail),

RD(BQ) = P
(︂
WQ ≥ 1

2

)︂
= P

(︂
WQ − p ≥ 1

2 − p
)︂
≤ e−2n( 1

2 −p)2
.

With n = 101 voters of error 0.3, the vote errs with probability less than e−8.1 <
0.0004. Independent voters are much better together than alone. Of course, voters
learned on the same data are never independent: their errors are correlated, they tend
to err on the same difficult examples, and the gain of the vote is limited (Fig. 123,
right). What matters is how much the voters err together.

15.4 Pairs of voters: joint error and disagreement

To measure how much the voters err together, we look at pairs of voters (h, h′) drawn
independently from Q.
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risk of the vote R(BQ) first order 2R(GQ) tandem 4eQ C-bound CQ

Figure 123: Risk of the majority vote (black) and of the bounds of this section, for voters of
individual error p = 0.3. Left: independent errors, as a function of the number of voters; the
first-order bound stays at 2p = 0.6. Right: 25 voters whose errors are correlated (each voter
copies the errors of a common leader with probability c); the more correlated the voters, the
worse the vote. [ code: make_figures.py: fig_condorcet ]

Definition 15.4: Joint error and disagreement

The joint error eD(Q) is the probability that two voters drawn from Q both err
on a random example, and the disagreement dD(Q) the probability that they
give different answers:

eD(Q) =
∑︂
h,h′

Q(h)Q(h′)P
(︁
h(x) ̸= y and h′(x) ̸= y

)︁
,

dD(Q) =
∑︂
h,h′

Q(h)Q(h′)P
(︁
h(x) ̸= h′(x)

)︁
.

The disagreement measures the diversity of the ensemble; it does not need the
labels and can be computed on unlabelled data. The three quantities are linked by a
simple identity (Fig. 124).

Proposition 15.5: Gibbs risk, joint error and disagreement

For every distribution Q, RD(GQ) = eD(Q) + 1
2 dD(Q).

Proof. Fix two voters h, h′ and an example (x, y). With binary labels there are three
cases: both are right, both err, or exactly one errs, and exactly one errs if and only if
they disagree. Counting the errors in each case,

1[h(x) ̸= y] + 1
[︁
h′(x) ̸= y

]︁
= 21

[︁
h(x) ̸= y, h′(x) ̸= y

]︁
+ 1

[︁
h(x) ̸= h′(x)

]︁
.

Take the expectation over (x, y) ∼ D and over h, h′ ∼ Q. The left-hand side gives
2RD(GQ), the right-hand side 2eD(Q) + dD(Q). Divide by 2.
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both correct disagree
h right, h′ wrong

disagree
h wrong, h′ right

both wrong
(tandem loss)

h′(x) = y h′(x) ̸= y

h(x) = y

h(x) ̸= y

h, h′ ∼ Q independent, (x, y) ∼ D:
■ joint error: eD(Q) = P(red)
■ disagreement: dD(Q) = P(orange)
Gibbs risk: red + one orange cell,
RD(GQ) = eD(Q) + 1

2 dD(Q).

Figure 124: Two voters h, h′ drawn from Q on an example: the four cases. The joint error is
the probability of the red cell, the disagreement that of the two orange cells. The Gibbs risk is
the red cell plus one orange cell. [ code: figures/tikz/tandem_table.tex ]

In a nutshell For a given Gibbs risk (a given quality of the voters), the more
the voters disagree, the less often they err together. This is diversity: good voters
that do not make the same mistakes. The next bound shows that the joint error,
not the Gibbs risk, controls the vote.

15.5 The tandem bound

Proposition 15.6: Tandem bound (Masegosa et al., 2020)

For every distribution Q, RD(BQ) ≤ 4 eD(Q).

Proof. Since WQ ≥ 0, WQ ≥ 1
2 if and only if W 2

Q ≥ 1
4 . Hence

RD(BQ) = P
(︂
W 2

Q ≥ 1
4

)︂
↓ Markov’s inequality applied to W 2

Q ≥ 0, with a = 1
4

≤ 4E
[︁
W 2

Q

]︁
.

It remains to compute E[W 2
Q]. Developing the square of the sum,

E
[︁
W 2

Q

]︁
= E

[︂∑︂
h

Q(h)1[h(x) ̸= y]
∑︂
h′

Q(h′)1
[︁
h′(x) ̸= y

]︁ ]︂
↓ product of indicators: both err

=
∑︂
h,h′

Q(h)Q(h′)P
(︁
h(x) ̸= y, h′(x) ̸= y

)︁
= eD(Q).

The tandem bound uses the second moment of WQ, where the first-order bound
only used its mean: it sees whether the errors pile up. When the voters are diverse,
eD(Q) can be much smaller than RD(GQ)/2, and the tandem bound much better than
the first-order bound. When they are not, it can be worse than the first-order bound:
for identical voters, eD(Q) = RD(GQ) and the tandem bound is 4RD(GQ).

Example 15.1 (Three voters, again). In Example 12.1, three voters with weights 1
3 each

err on a different point among four. A voter paired with itself errs with probability 0.25;
two different voters never err together. Among the 9 pairs (h, h′), 3 are a voter with
itself, so eD(Q) = 3

9 × 0.25 ≈ 0.083. Two different voters disagree on 2 points out of 4,
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so dD(Q) = 6
9×0.5 ≈ 0.333. We check the identity: 0.083+ 1

2×0.333 = 0.25 = RD(GQ).
The first-order bound gives 0.5, the tandem bound 4 × 0.083 = 0.333; the true risk of
the vote is 0.

The C-bound. An even finer bound, the C-bound (Lacasse et al., 2006; Germain
et al., 2015), uses both the mean and the variance of WQ (through Chebyshev–Cantelli’s
inequality): if RD(GQ) < 1

2 ,

RD(BQ) ≤ 1−
(︁
1− 2RD(GQ)

)︁2
1− 2 dD(Q) .

In the three-voter example, it gives 1 − 0.25
0.333 = 0.25. We will not use it further: it is

harder to certify from data, because it needs two estimates at once.

Certifying the vote. The joint error is the Gibbs risk of a “pair” of voters, for the
loss “both err”, with the distribution Q2 over pairs. Seeger’s bound therefore applies
to it, with the empirical joint error ˆ︁eS(Q) (the proportion of pairs that both err on the
sample, averaged with Q2) and KL(Q2∥P 2) = 2 KL(Q∥P ). With probability at least
1− δ, for all Q,

RD(BQ) ≤ 4 kl−1(︂ˆ︁eS(Q),
2 KL(Q∥P ) + ln 2

√
m

δ

m

)︂
. (15.4)

Running example We can now answer the explanatory question of Section 12.
On the test set, the trees of our forest have a Gibbs risk of 0.190, a disagreement of
0.266 and a joint error of 0.057 (check: 0.057+0.266/2 = 0.190). Two trees drawn
at random disagree on more than a quarter of the digits, but both err on only 5.7%
of them. The first-order bound is 0.381, the tandem bound 4 × 0.057 = 0.229,
and the C-bound 0.179, for a vote whose risk is 0.044. The vote is good because
the trees are diverse: they are individually mediocre, but their errors are spread
over different digits.
Without a test set, estimating the same quantities on the out-of-bag examples
(Section 16.2) with δ = 0.05 certifies the vote at 0.460 with the first-order bound
(15.3) and at 0.387 with the tandem bound (15.4). These certificates are valid, but
far from the test risk: the factor 4 and the doubled KL are expensive. Section 16
improves them by learning the weights of the trees.

15.6 Margins and boosting

The quantity WQ is closely related to the margin of the vote, met with AdaBoost in
Section 10.2.2:

MQ(x, y) = y
∑︂

h

Q(h)h(x) = 1− 2 WQ(x, y) ∈ [−1, 1].

(Each voter contributes +Q(h) when it is right and −Q(h) when it errs.) The vote errs
when MQ ≤ 0, and the margin is close to 1 when almost all the voters agree on the
right answer. The bounds of this section are statements about the distribution of the
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Figure 125: Random forests of 100 trees on a simulated problem, for an increasing number of
features tried at each split. Left: risk of the vote and oracle values of the bounds, computed
on a large test sample. Right: stronger trees (small Gibbs risk) are also less diverse (small
disagreement). The tandem bound and the C-bound follow the risk of the vote much better
than the first-order bound. [ code: make_figures.py: fig_mv_bounds_diversity ]

margin: the first-order bound uses its mean, the tandem bound its second moment. This
explains the observation of Schapire et al. (1998) recalled in Section 10.2.2: AdaBoost
keeps increasing the margins of the training examples after its training error has reached
0 (Fig. 126); pushing the distribution of the margins away from 0 makes WQ small on
most examples, hence a small joint error and a good vote.
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Figure 126: AdaBoost with decision stumps on a simulated problem. Left: the normalized
weights Q(ht) of the first stumps form a distribution over the weak learners. Middle: the
training error of the vote goes to zero while the test error stabilizes. Right: the distribution of
the margins keeps moving to the right. [ code: make_figures.py: fig_adaboost ]

To remember from Section 15

• The weight of the erring voters WQ describes both predictors: the Gibbs
risk is its mean, the vote errs when WQ ≥ 1

2 .
• First-order bound: RD(BQ) ≤ 2RD(GQ) (Markov on WQ). Simple, but it

cannot explain why a vote beats its voters.
• Condorcet: independent voters better than chance make an almost perfect

vote. Real voters are correlated.
• Joint error eD and disagreement dD: RD(GQ) = eD(Q) + 1

2dD(Q). For a
given Gibbs risk, more diversity means a smaller joint error.
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• Tandem bound: RD(BQ) ≤ 4eD(Q) (Markov on W 2
Q). Both bounds can be

certified from data with Seeger’s bound.

• A vote is good when its voters are good and diverse.

Check your understanding

Short questions to test yourself; the answers are in Appendix A (click on the number of a question
to see its answer).

Q15.1. On an example, voters weighing 0.7 in total are right. What is WQ? Is the vote right?

Q15.2. The Gibbs risk of an ensemble is 0.1. What does the first-order bound say about the
vote?

Q15.3. An ensemble has a Gibbs risk of 0.2 and a disagreement of 0.3. What are its joint error
and its tandem bound?

Q15.4. What are the joint error and the disagreement of an ensemble of identical voters of risk
p?

Q15.5. Why is the KL doubled in the certificate of the tandem bound?

Q15.6. How are the margin and WQ related?
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16 Learning with the bounds

About this section

Guiding question. Since the bounds hold for every posterior, why not choose the pos-
terior that minimizes them?
So far, the bounds certified a posterior given by some algorithm. This section reverses the
roles: we learn the posterior by minimizing a bound, and the minimal value of the bound is
a guarantee on the learned model. We explain why this is legitimate, and which rule must
not be broken. We then apply the idea to random forests, where the out-of-bag examples
allow to learn and certify with the same data, and we see why the bound to minimize must
take the diversity of the voters into account. A short tour of other applications closes the
section; Section 17 then derives one of these algorithms in detail.

16.1 From empirical risk minimization to bound minimization

In Parts II and III, learning meant minimizing an empirical risk, possibly plus a regu-
larization term, and the quality of the learned model was then estimated on a test set.
A PAC-Bayesian bound suggests another way:

ˆ︁Q ∈ arg min
Q

ˆ︁RS(GQ) + price
(︁

KL(Q∥P ), m, δ
)︁⏞ ⏟⏟ ⏞

the bound

, (16.1)

that is, minimize an upper bound on the true risk instead of the empirical risk. The first
term asks for a posterior that fits the data, the second one for a posterior that stays
close to the prior: the KL plays the role of a regularization, but with a weight that is
dictated by the theory instead of being tuned.

The certificate comes for free. The bound holds, with probability at least 1−δ, for
all posteriors at once. It therefore holds for the posterior ˆ︁Q found by the minimization,
whatever the algorithm used to find it (exact formula, gradient descent, grid search. . . ).
The value of the bound at ˆ︁Q is a valid guarantee on its true risk. Such a procedure,
which outputs a model together with a guarantee on its risk, is called self-bounding
(Freund, 1998; Viallard et al., 2021).

Example 16.1 (The Gibbs posterior as a self-bounding algorithm). Take a finite set of
voters (for instance 300 decision stumps built on a first sample), the uniform prior, and
a second sample of m examples to compute their empirical risks. For each λ on a grid,
compute the Gibbs posterior Qλ ∝ e−λˆ︁RS(h) (Proposition 14.6) and its Seeger bound
(14.5); keep the λ with the smallest bound (Fig. 120). Choosing λ in this way is allowed:
Seeger’s bound holds for every posterior, so it holds for every Qλ, whichever λ we keep.
On the breast cancer dataset, with m = 120 examples, this gives a certificate of 0.256
on the risk of the Gibbs classifier, whose test risk is 0.114.

Pitfall Everything may depend on the data except the prior and the confidence
δ. If the prior, or the set of voters on which it is defined, is chosen with the same
examples as those used to compute the empirical risks in the bound, the bound
is no longer valid. In particular, one must not try several priors on the same data
and keep the one that gives the smallest bound (unless the price of this choice is
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paid with a union bound). Splitting the sample, one part for the prior and the
voters, the other part for the bound, is the safe solution.

16.2 Random forests and the out-of-bag examples

Splitting the sample wastes data: the examples used to build the voters are not used to
certify them. Bagging offers a way out. Each tree ht of a forest is learned on a bootstrap
sample St, and the examples left out of it, its out-of-bag (OOB) examples Tt = S \ St,
have never been seen by ht (Fig. 127). From the point of view of the tree ht, they are a
fresh test sample. With bootstrap samples of size m, about e−1 ≈ 37% of the sample is
out-of-bag for each tree (Section 10.2.1); with bootstrap samples of size m/2, as in our
running example, about e−1/2 ≈ 61%.

h1

h2

h3

S z1 z2 z3 z4 z5 z6 z7 z8 z9 z10 z11 z12 z13 z14 z15 z16

in the bootstrap sample St (training)
out-of-bag Tt = S \ St (evaluation)

tandem loss of (h1, h2): evaluated on T1 ∩ T2

Figure 127: Out-of-bag sets of three trees. Blue: the examples of the bootstrap sample of a tree
(used to train it); orange: its out-of-bag examples (used to evaluate it). The tandem loss of a
pair of trees is evaluated on the examples that are out-of-bag for both. [ code:
figures/tikz/oob_sets.tex ]

Thiemann et al. (2017) and Lorenzen et al. (2019) showed that this is enough to
apply the bounds of Sections 14 and 15. The trick is to put the prior on the indices
1, . . . , n of the trees (the uniform prior, for instance), which are fixed before the forest
is grown, and to evaluate each tree on its own out-of-bag examples:

• the empirical risk of a tree is its OOB error, and the empirical Gibbs risk the
weighted average of these errors;

• the empirical joint error of a pair of trees is computed on the examples that are
out-of-bag for both;

• the sample size m in the bounds is replaced by the size of the smallest of these
OOB sets.

With these replacements, the first-order and the tandem certificates (15.3)–(15.4) re-
main valid. Every example is used both to grow some trees and to certify the others,
and no test set is needed.

16.3 Learning the weights of a forest

We can now learn new weights Q for the 100 trees of our forest by minimizing one of
the two certificates on the OOB data. Table 8 and Fig. 128 compare the results with
the uniform weights of the forest.
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Table 8: Three posteriors on the forest of 100 trees on digits: test risks of the vote and of
the Gibbs classifier, OOB certificates on the risk of the vote (δ = 0.05), and effective number of
trees 1/

∑︁
t Q(ht)2.

posterior vote Gibbs first-order tandem effective
(test) (test) certificate certificate trees

uniform (the forest) 0.044 0.190 0.460 0.387 100
minimizing the first-order bound 0.150 0.158 0.386 0.666 2
minimizing the tandem bound 0.043 0.183 0.436 0.361 58

Minimizing the first-order bound destroys the vote. The first-order bound only
depends on the Gibbs risk, the average error of the trees. Its minimizer therefore puts
almost all the weight on the trees with the smallest OOB error: only two effective trees
remain. The Gibbs risk decreases (0.158), but the vote of two similar trees has lost all
the benefit of diversity, and its risk jumps from 0.044 to 0.150.

Minimizing the tandem bound keeps the vote good. The tandem bound de-
pends on the joint error of pairs of trees: putting a lot of weight on two trees that err
on the same examples is expensive, spreading the weight over trees that err on different
examples is cheap. Its minimizer keeps 58 effective trees, its vote is as good as the forest
(0.043), and it obtains the best certificate, 0.361.
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Figure 128: Weights learned on the forest of 100 trees on digits. Left: sorted weights of the
posteriors (log scale). Right: weight of each tree as a function of its OOB error, for the first-
order and the tandem posteriors: the first-order posterior selects the two best trees, the tandem
posterior spreads its weight over many good trees. [ code: make_figures.py:
fig_fo_iterations_and_weights ]

In a nutshell A good learning objective for a vote must reward the diversity of
the voters, not only their individual quality. The first-order bound does not, and
its minimization leads to a bad vote; the tandem bound does. This is the lesson
of Section 15 turned into an algorithm.
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Running example Let us gather what we have learned about our forest of 100
trees on digits. Its vote errs on 4.4% of the test digits, while an average tree
errs on 19% of them; the gap is explained by the diversity of the trees, whose
disagreement (0.27) exceeds their Gibbs risk (Section 15). Setting aside the 540
test digits certifies the vote at 0.069 (Section 13). Without any test set, the OOB
tandem bound certifies the forest at 0.387, and learning the weights by minimizing
it lowers the certificate to 0.361, with an equally good vote. These certificates
are valid but still far from the test risk: certifying a vote from the training data
alone remains harder than evaluating it on a test set. Their advantage is that
every example has been used for learning.

16.4 Beyond ensembles

The same recipe applies to many other models; we only give two examples.

Linear classifiers. Take as voters all the linear classifiers hv(x) = sign(⟨v, x⟩), as
prior a standard Gaussian distribution P = N (0, I) on v, and as posteriors the Gaussian
distributions Q = N (w, I) centred on a vector w. The KL between two such Gaussians
is KL(Q∥P ) = ∥w∥2

2 , and the vote BQ is the linear classifier sign(⟨w, x⟩) (Fig. 129).
Minimizing the bound then amounts to minimizing an empirical risk plus ∥w∥2

2 : we
recover a regularized linear classifier, similar to the SVM of Part II (Langford and
Shawe-Taylor, 2002; Germain et al., 2009).

N(w, I), ‖w‖= 1.5

R̂S(GQ) = 0.159, R̂S(BQ) = 0.062
KL = 1.1

N(5w, I), ‖5w‖= 7.4

R̂S(GQ) = 0.062, R̂S(BQ) = 0.062
KL = 27.6

Figure 129: A Gaussian posterior Q = N (w, I) on linear classifiers: voters drawn from Q (grey
lines) and their vote BQ (black line). Left: small ∥w∥, diverse voters, small KL. Right: large
∥w∥, voters close to the vote, larger KL. [ code: make_figures.py: fig_linear_gaussian ]

Neural networks. The same Gaussian construction can be applied to the weights of
a neural network. Dziugaite and Roy (2017) obtained in this way the first non-vacuous
guarantees for deep networks, and Pérez-Ortiz et al. (2021) showed that minimizing
such bounds gives networks that are both accurate and certified.
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To go further. PAC-Bayesian theory is an active field of research: bounds for un-
bounded losses and dependent data, other divergences than the KL, data-dependent
priors, applications to domain adaptation or to large language models (Lotfi et al.,
2024). The surveys of Alquier (2024) and Guedj (2019) are good entry points.

To remember from Section 16

• Since the bounds hold for all posteriors, we can learn the posterior by mini-
mizing a bound; the minimal value is a valid certificate (self-bounding learn-
ing).

• The KL term acts as a regularization whose weight is given by the theory.

• Everything may depend on the data except the prior and δ: the prior must
be fixed before seeing the data used in the bound.

• In a random forest, each tree can be evaluated on its out-of-bag examples:
the bounds can be computed without a test set, and every example is used
for learning.

• Minimizing the first-order bound concentrates the weights and destroys the
vote; minimizing the tandem bound rewards diversity and keeps a good
vote.

Check your understanding

Short questions to test yourself; the answers are in Appendix A (click on the number of a question
to see its answer).

Q16.1. Why is the value of the bound at the minimizer ˆ︁Q a valid certificate, although ˆ︁Q was
chosen with the data?

Q16.2. May we choose the temperature λ of the Gibbs posterior by minimizing Seeger’s bound
on the sample? May we choose the prior in the same way?

Q16.3. With bootstrap samples of size m, about which fraction of the sample is out-of-bag for
one tree? For two trees?

Q16.4. Why does minimizing the first-order bound degrade the vote of a forest?

Q16.5. For a Gaussian posteriorN (w, I) and the priorN (0, I), what is the KL? Which classical
regularization does it correspond to?
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17 Deriving a self-bounding algorithm, step by step

About this section

Guiding question. How do we turn a bound into a learning algorithm, concretely?
Section 16 showed the results of bound minimization, but not how the algorithms are
obtained. This section derives one completely, on our running forest. Starting from the
tandem bound of Section 15, we follow a recipe in five steps: choose a bound, fix what
must be fixed, write the quantity to minimize, solve the minimization, and certify the
result. Along the way, we obtain an algorithm with a simple interpretation: each tree is
penalized by the errors it shares with the other trees of the vote. The tools are the bound
of Theorem 14.4, the Gibbs posterior (Proposition 14.6) and the Lagrange multipliers of
Part I (Theorem 4.2).

17.1 The recipe

A self-bounding algorithm always comes from the same five steps.

1. Choose a bound that holds, with probability at least 1 − δ, for all posteriors
Q at once. It will be used twice: its shape tells us what to minimize, its value
certifies the result.

2. Fix before seeing the data everything the bound requires to be fixed: the
voters (or the way they are built), the prior P , the confidence δ.

3. Write the objective: keep the terms of the bound that depend on Q, drop the
others.

4. Minimize the objective over Q: with a formula when there is one, with an
iterative algorithm otherwise.

5. Certify: evaluate the bound at the output ˆ︁Q. Since the bound holds for all
posteriors, it holds for ˆ︁Q, even if the minimization is not exact.

A first example: the Gibbs posterior. We have already followed this recipe with-
out saying so. With the bound of Theorem 14.4 (step 1), a prior P and a parameter λ

fixed in advance (step 2), the objective is ˆ︁RS(GQ) + KL(Q∥P )
λ (step 3), the terms ln(1/δ)

λ

and λ
8m not depending on Q. Proposition 14.6 solves it with a formula, the Gibbs pos-

terior Qλ(h) ∝ P (h)e−λˆ︁RS(h) (step 4). Its certificate on the vote is the first-order bound
(15.3) (step 5).

On our forest, with the OOB errors of the trees as empirical risks, this algorithm
is not satisfactory (orange curves of Fig. 130). When λ grows, the Gibbs posterior
concentrates on the trees with the smallest OOB error, the vote loses its diversity, and
its test risk jumps from 0.044 to 0.150. This is the lesson of Section 16: to learn a vote,
we must start from a bound that sees the diversity of the voters. We now apply the
recipe to the tandem bound.
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17.2 Steps 1 and 2: the bound and what is fixed

The data. The voters are the 100 trees h1, . . . , h100 of the forest, the prior P is
uniform on their indices, and δ = 0.05; all of this is fixed before looking at the out-of-
bag examples (Section 16.2). For each pair of trees, we compute on the examples that
are out-of-bag for both the empirical joint error

ˆ︁eS(h, h′) = proportion of these examples on which h and h′ both err.

These 100 × 100 numbers form a symmetric table, whose diagonal contains the OOB
errors of the trees (ˆ︁eS(h, h) = ˆ︁RS(h)). The empirical joint error of a posterior is the
average of the table with the weights Q(h)Q(h′):

ˆ︁eS(Q) =
∑︂

h

∑︂
h′

Q(h) Q(h′) ˆ︁eS(h, h′).

In the bounds, m is the size of the smallest set of examples out-of-bag for a pair of trees;
here m = 423.

The bound. We need a bound whose shape is easy to minimize. The kl form (15.4)
contains the inverse kl−1, which has no formula. The linear bound of Theorem 14.4 is
a simple sum, and it applies to the joint error exactly as Seeger’s bound does in (15.4).

Proposition 17.1: A linear tandem bound

Let P and λ > 0 be fixed before seeing the sample. With probability at least 1−δ,
for all distributions Q on the voters,

RD(BQ) ≤ 4
(︂ˆ︁eS(Q) +

2 KL(Q∥P ) + ln 1
δ

λ
+ λ

8m

)︂
. (17.1)

Proof. The joint error eD(Q) is the Gibbs risk of pairs of voters (h, h′) drawn from
the distribution Q2, for the loss “both err”, which takes values in [0, 1] (Section 15).
Theorem 14.4, applied to pairs with the prior P 2, gives

eD(Q) ≤ ˆ︁eS(Q) +
KL(Q2∥P 2) + ln 1

δ

λ
+ λ

8m
↓ KL(Q2∥P 2) = 2 KL(Q∥P ) (Section 15)

= ˆ︁eS(Q) +
2 KL(Q∥P ) + ln 1

δ

λ
+ λ

8m
.

We conclude with the tandem bound RD(BQ) ≤ 4 eD(Q) (Proposition 15.6).

17.3 Step 3: the objective

For a fixed λ, only two terms of (17.1) depend on Q. Dropping the factor 4 and
the constant terms ln(1/δ)

λ and λ
8m , which do not change the minimizer, we obtain the

objective
Fλ(Q) = ˆ︁eS(Q)⏞ ⏟⏟ ⏞

fit: rare common errors

+ 2
λ

KL(Q∥P )⏞ ⏟⏟ ⏞
stay close to the prior

, (17.2)
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to be minimized over the distributions Q on the 100 trees. As in Section 16, the KL
acts as a regularization, and λ sets the balance: a small λ keeps Q close to the uniform
prior, a large λ lets the data speak.

In a nutshell The objective does not ask for good trees, it asks for trees that
rarely err together. Two excellent trees that make the same mistakes have a large
joint error; two average trees that err on different examples have a small one.

17.4 Step 4: solving the minimization

The optimality condition. For a voter h, let

ˆ︁eS(h, Q) =
∑︂
h′

Q(h′) ˆ︁eS(h, h′)

be the average joint error of h with a voter drawn from Q: how often h errs together with
the vote. It plays the role that the empirical risk ˆ︁RS(h) plays for the Gibbs posterior.

Proposition 17.2: Optimality condition

If Q⋆ minimizes Fλ and gives a positive weight to every voter, then for every voter
h,

Q⋆(h) = P (h) e−λˆ︁eS(h,Q⋆)

Z
, Z =

∑︂
h′

P (h′) e−λˆ︁eS(h′,Q⋆). (17.3)

Proof. We minimize Fλ(Q) under the single constraint ∑︁h Q(h) = 1, so we apply The-
orem 4.2 with the Lagrangian L(Q, µ) = Fλ(Q) + µ

(︁∑︁
h Q(h)− 1

)︁
. We need the partial

derivatives of the two terms of Fλ with respect to the weight Q(h) of one voter h.

• In the double sum ˆ︁eS(Q), Q(h) appears in the row h and in the column h of the
table; since the table is symmetric, both give the same contribution:

∂ˆ︁eS(Q)
∂Q(h) = 2

∑︂
h′

Q(h′) ˆ︁eS(h, h′) = 2 ˆ︁eS(h, Q).

• In KL(Q∥P ) = ∑︁
h Q(h) ln Q(h)

P (h) , the derivative of q ln q
p is ln q

p + 1, so

∂ KL(Q∥P )
∂Q(h) = ln Q(h)

P (h) + 1.

At the minimum, the derivative of the Lagrangian with respect to each Q(h) vanishes:

2 ˆ︁eS(h, Q⋆) + 2
λ

(︂
ln Q⋆(h)

P (h) + 1
)︂

+ µ = 0

↓ multiply by λ

2 and isolate the logarithm

⇐⇒ ln Q⋆(h)
P (h) = −λ ˆ︁eS(h, Q⋆)− c, with c = 1 + λµ

2
↓ exponentiate
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⇐⇒ Q⋆(h) = P (h) e−λˆ︁eS(h,Q⋆) e−c.

The constant e−c does not depend on h; since the weights sum to one, it equals 1
Z .

Compare with the Gibbs posterior Qλ(h) ∝ P (h)e−λˆ︁RS(h): the structure is the
same, but the penalty of a tree is no longer its own error, it is its error shared with the
current vote. A tree that errs where the others are right costs little, even if its own error
is high: this is how diversity enters the algorithm.

A fixed-point algorithm. Unlike the Gibbs posterior, (17.3) is not a formula: Q⋆

appears on both sides. Such an equation Q = T (Q), where T (Q)(h) ∝ P (h)e−λˆ︁eS(h,Q),
is called a fixed-point equation, and the natural idea is to iterate: start from Q = P ,
compute T (Q), and repeat. To avoid oscillations, we only move part of the way, by a
fraction α (Algorithm 13). This is the same idea as the step size of gradient descent
(Part I): too large a step may oscillate, a small step is slower but safer.

Algorithm 13: Learning the weights of a vote with the tandem bound
Input: joint errors ˆ︁eS(h, h′) of the voters, prior P , parameter λ > 0, step

α ∈ (0, 1] (e.g. 0.1), tolerance τ (e.g. 10−9)
1 Q← P ;
2 repeat
3 for each voter h do s(h)←∑︁

h′ Q(h′) ˆ︁eS(h, h′) ; // error shared with
the vote

4 ;
5 for each voter h do T (h)← P (h) e−λs(h);
6 T ← T/

∑︁
h T (h) ; // normalize

7 Q← (1− α) Q + α T ; // move part of the way
8 until the weights change by less than τ ;

Output: the posterior Q

Does it find the minimum? When all the voters are evaluated on the same examples
x1, . . . , xm (for instance on a separate validation sample), the empirical joint error is
the average of the squares of the empirical Gibbs errors, ˆ︁eS(Q) = 1

m

∑︁
i WQ(xi)2 (as in

the proof of Proposition 15.6). A square of a linear function of Q is convex, the KL
is convex, so Fλ is convex, and a point that satisfies the optimality condition is the
global minimum (Part I). With the OOB examples, the pairs are evaluated on different
examples and convexity is not guaranteed, but the iterations converge quickly in practice
(about 130 iterations on our forest for λ ≤ 1024). In any case, step 5 does not need an
exact minimum.

Pitfall The algorithm needs the 100 × 100 table of joint errors, not only the
100 OOB errors of the trees: these pairwise statistics are what makes it see the
diversity. Using the OOB errors alone gives back the Gibbs posterior, which
concentrates on a few similar trees.
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17.5 Step 5: certify, and choose λ

For each λ, Algorithm 13 outputs a posterior Qλ. Which value of the bound do we
report, and which λ do we keep? We use the bound in its tightest form, the kl tandem
bound (15.4). It holds with probability 1 − δ for all posteriors simultaneously, so it
holds for every Qλ, and we may compute it for each λ of a grid and keep the smallest
value, at no extra cost.

The linear bound (17.1) has therefore only been used to tell us what to minimize;
the kl bound tells us how good the result is. We could also certify with the linear bound
itself, but λ must then be fixed in advance, or chosen in a grid of k values fixed in
advance at the price of a union bound (Lemma 13.6): ln 1

δ becomes ln k
δ . On our forest,

this certificate is looser (0.50 at best, for a grid of 11 values).

22 25 28 211

parameter λ

0.375

0.400

0.425

0.450

Certificate on the vote (OOB, δ= 0.05)

22 25 28 211

parameter λ

0.050

0.075

0.100

0.125

0.150
Risk of the vote on the test set

Gibbs posterior (first-order bound) tandem algorithm (tandem bound) uniform weights (the forest)

Figure 130: The two self-bounding algorithms of this section on the forest of 100 trees on
digits, for λ = 1, 2, 4, . . . , 4096. Left: kl certificate on the risk of the vote, computed on
the OOB examples (first-order bound (15.3) for the Gibbs posterior, tandem bound (15.4) for
Algorithm 13); the circle marks the λ kept. Right: risk of the vote on the 540 test digits, which
the algorithms never see. The dotted lines correspond to the uniform weights of the forest. [ code:
make_figures.py: fig_tandem_algorithm ]

Running example We run Algorithm 13 on our forest for λ = 1, 2, 4, . . . , 4096
(Fig. 130 and the table below).

λ ˆ︁eS(Qλ) effective trees certificate vote (test)
uniform 0.049 100 0.387 0.044

64 0.046 92 0.373 0.043
128 0.044 78 0.366 0.039
256 0.042 57 0.361 0.043

1024 0.040 31 0.365 0.046
4096 0.039 24 0.373 0.044

For small λ, the posterior stays close to the uniform weights. When λ grows, the
joint error decreases and the weights concentrate, but slowly: even for λ = 4096,
24 trees keep a significant weight, while the Gibbs posterior keeps a single one.
The certificate is minimal for λ = 256: the learned vote is certified at 0.361
(instead of 0.387 for the uniform weights), with 57 effective trees and a test risk
of 0.043. We recover the tandem posterior of Table 8, now with an algorithm
that we have derived ourselves.
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17.6 What to remember from the derivation

The same five steps apply to other bounds and other models. Two points are worth
keeping in mind.

• The bound shapes the algorithm. The first-order bound only sees the in-
dividual errors and gives an algorithm that selects the best voters; the tandem
bound sees the pairs and gives an algorithm that rewards diversity. Choosing a
bound is choosing an inductive bias.

• Optimization and certification are separate. The algorithm may minimize
a convenient version of the bound (here, the linear one), approximately; the cer-
tificate is then computed with the tightest bound available, which holds for all
posteriors.

To remember from Section 17

• A self-bounding algorithm is derived in five steps: choose a bound valid
for all Q, fix the prior and δ, keep the terms that depend on Q, minimize,
certify.

• From the linear bound, the first-order objective ˆ︁RS(GQ)+ KL(Q∥P )
λ gives the

Gibbs posterior; the tandem objective ˆ︁eS(Q)+ 2 KL(Q∥P )
λ gives the condition

Q(h) ∝ P (h)e−λˆ︁eS(h,Q).

• In the tandem algorithm, a voter is penalized by the errors it shares with
the vote, not by its own errors: diversity is rewarded.

• The condition is a fixed-point equation, solved by damped iterations (Algo-
rithm 13).

• Since the bounds hold for all posteriors, the parameter λ can be chosen
by minimizing the certificate, and the certificate does not require an exact
minimization.

• On our forest, the derived algorithm certifies the vote at 0.361 instead of
0.387, without degrading its test risk.

Check your understanding

Short questions to test yourself; the answers are in Appendix A (click on the number of a question
to see its answer).

Q17.1. Which terms of the linear tandem bound (17.1) are dropped to obtain the objective Fλ,
and why is this allowed?

Q17.2. In the optimality condition, why does the derivative of ˆ︁eS(Q) with respect to Q(h)
contain a factor 2?

Q17.3. What is the difference between the penalty of a tree in the Gibbs posterior and in the
tandem algorithm?

Q17.4. Why can we not simply compute Q⋆ with a formula, as for the Gibbs posterior?

Q17.5. Is the certificate still valid if the iterations are stopped before convergence?
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Q17.6. May we choose λ by minimizing the kl certificate over a grid? And by minimizing the
linear certificate (17.1)?
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A Answers to the “Check your understanding” questions

The number of each answer is a link back to its question.

Section 1 Probability Essentials and Concentration Inequalities

Q1.1. False. The equality only says that X and Y are uncorrelated. For X uniform on {−1, 0, 1}
and Y = X2, E[XY ] = E[X3] = 0 = E[X]E[Y ], but Y is a function of X: P(X = 0, Y = 1) =
0 ̸= P(X = 0)P(Y = 1) = 2

9 .

Q1.2. The number of errors is Bin(400, 0.2), so the test error ˆ︁p has expectation p = 0.2 and
variance p(1 − p)/m = 0.16/400 = 4 × 10−4, i.e. a standard deviation of 0.02: two percentage
points.

Q1.3. A pmf value is the probability P(X = x) ≤ 1. A density value is not a probability: only
its integrals over intervals are. A density only has to be nonnegative with a total integral equal
to 1, so it can be large on a short interval, e.g. f = 10 on [0, 0.1] for U([0, 0.1]).

Q1.4. The square root is concave, so E[
√

Z] ≤
√︁

E[Z]; the exponential is convex, so eE[X] ≤
E[eX ]. Both inequalities are equalities when the variable is almost surely constant.

Q1.5. The training error is not: hS depends on S, and the training error is typically too
optimistic, E[RS(hS)] < E[R(hS)]. The error on a test set T independent of S is unbiased:
conditionally on S, hS is fixed and the test losses are i.i.d. with mean R(hS), so E[RT (hS) |
S] = R(hS).

Q1.6. The law of large numbers says that X̄m → µ (almost surely), without any speed. The cen-
tral limit theorem describes the size and the shape of the fluctuations: X̄m−µ is approximately
N (0, σ2/m), so it is of order σ/

√
m. Both are asymptotic.

Q1.7. The number of errors is Bin(100, 0.01), which is very skewed: it equals 0 with probability
0.99100 ≈ 0.37, and the mean mp = 1 is too small for the Gaussian approximation to be accurate.
In particular, when no error is observed, the estimated variance is 0 and the CLT interval reduces
to {0}, which does not contain p.

Q1.8. False. The “m ≥ 30” rule of thumb is not a theorem: the central limit theorem only gives
a limit, and the quality of the approximation for a given m depends on the distribution (it is
poor for skewed distributions, see Fig. 4). The probability can be noticeably larger than 0.05.

Q1.9. Markov’s inequality applied to X only uses the mean and gives a 1/t decay. Applied
to the increasing function eλX , it uses all the moments of X through the MGF, and the free
parameter λ can be optimized for each t; for bounded or Gaussian variables this gives a decay
in e−ct2 .

Q1.10.
√︁

ln(2/0.05)/(2× 500) =
√︁

3.689/1000 ≈ 0.061, i.e. about 6 percentage points.

Q1.11. The sample size ln(2/δ)/(2ε2) is multiplied by 4 when ε is halved. Replacing δ by δ/10
only adds ln 10/(2ε2) ≈ 1.15/ε2 examples, e.g. from 738 to 1198 for ε = 0.05 and δ = 0.05.

Q1.12. False. They must be independent and bounded, Xi ∈ [ai, bi], but they can have different
distributions and different means; the inequality controls Sm − E[Sm], and the ranges enter
through

∑︁
i(bi − ai)2.

Q1.13. Hoeffding’s inequality is valid for a hypothesis fixed before seeing S. hS is chosen
because its empirical risk is small, which favours the hypotheses whose empirical risk happens
to underestimate their true risk. A bound valid simultaneously for all h ∈ H (with probability
1− δ) holds in particular for hS , whatever the way it was chosen.

Q1.14. The half-width
√︁

(ln K + ln(2/δ))/(2m) goes from
√︁

(6.91 + 3.69)/20000 ≈ 0.023 to√︁
(13.82 + 3.69)/20000 ≈ 0.030: multiplying the number of hypotheses by 1000 only increases

the width by about 30%, because the dependence is in
√

ln K.
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Q1.15. When the variance σ2 is much smaller than the squared range, (b− a)2/4. For the 0-1
loss of a classifier with a small error rate p, σ2 = p(1− p) ≈ p: for p = 0.01, m = 1000, δ = 0.05,
the one-sided deviation is about 0.0097 with Bernstein against 0.0387 with Hoeffding.

Q1.16. Changing one coordinate changes the maximum by at most 1, so ci = 1 and McDiarmid
gives P(f − E f ≥ ε) ≤ e−2ε2/m, which is useless for ε ≤ 1. McDiarmid is efficient only when
every single variable has a small influence, like 1/m for averages.

Section 2 Linear Algebra and Convexity

Q2.1. No. It is not absolutely homogeneous, since ∥λx∥2
2 = λ2 ∥x∥2

2 ̸= |λ| ∥x∥
2
2 when |λ| ̸= 0, 1

and x ̸= 0, and it does not satisfy the triangle inequality: with x = y = e1, ∥x + y∥2
2 = 4 >

2 = ∥x∥2
2 + ∥y∥2

2. It is, however, a convex function.

Q2.2. Onto (1, 0)T : ⟨x,y⟩
∥y∥2

2
y = 2 (1, 0)T = (2, 0)T . Onto (1, 1)T : 2+3

2 (1, 1)T = 5
2 (1, 1)T =

(2.5, 2.5)T ; indeed x− p = (−0.5, 0.5)T is orthogonal to (1, 1)T .

Q2.3. False: the inequality goes the other way. For x = (1, 1)T , ∥x∥1 = 2 >
√

2 = ∥x∥2. The
correct chain is ∥x∥∞ ≤ ∥x∥2 ≤ ∥x∥1 ≤

√
d ∥x∥2: the L1 unit ball is the smallest one.

Q2.4. ∥Id∥F =
√︁

Tr (Id) =
√

d. For xyT , whose entries are xiyj ,
⃦⃦
xyT

⃦⃦2
F

=
∑︁

i,j x2
i y2

j =
∥x∥2

2 ∥y∥
2
2, so

⃦⃦
xyT

⃦⃦
F

= ∥x∥2 ∥y∥2.

Q2.5. f(x) =
∑︁

j x2
j , so ∂f/∂xi = 2xi, i.e. ∇f(x) = 2x, and ∇2f(x) = 2Id for every x (the

second derivatives are 2 on the diagonal and 0 elsewhere).

Q2.6. f(1, 2) = 2 and ∇f(x) = (2x1x2, x2
1)T = (4, 1)T at (1, 2), so f(1.01, 2) ≈

2 + ⟨(4, 1)T , (0.01, 0)T ⟩ = 2.04. The exact value is 1.0201 × 2 = 2.0402: the error, 0.0002, is of
order h2 with h = 0.01.

Q2.7. The direction of steepest descent is −∇f(1, 1)/ ∥∇f(1, 1)∥2 with ∇f(1, 1) = (2, 6)T , i.e.
−(1, 3)T /

√
10. It is not the direction −(1, 1)T /

√
2 of the minimizer: the gradient is orthogonal

to the elliptic level set through (1, 1), not aimed at its centre. This is why gradient descent
zigzags on elongated level sets (Section 3).

Q2.8. The union is not convex in general: [0, 1] ∪ [2, 3] contains 1 and 2 but not 1.5. The
intersection always is: if u, v ∈ C1 ∩ C2, the segment joining them lies in C1 and in C2, by
convexity of each set.

Q2.9. No: it contains (1, 1) and (−1,−1) but not their midpoint (0, 0). Its part {x1 > 0, x1x2 ≥
1} is convex, however: it is the epigraph of the convex function x ↦→ 1/x on ]0, +∞[ (see
Proposition 2.4).

Q2.10. The unit square [0, 1]2: ( 1
2 , 1

2 ) lies inside and is not a vertex. Its writing is not unique:
( 1

2 , 1
2 ) = 1

2 (0, 0) + 1
2 (1, 1) = 1

2 (1, 0) + 1
2 (0, 1) = 1

4
(︁
(0, 0) + (1, 0) + (0, 1) + (1, 1)

)︁
.

Q2.11. Yes, f is convex: it is a norm on R, or the maximum of the two linear functions x and −x
(Proposition 2.5). But f is not differentiable at 0, so neither Proposition 2.6 nor Proposition 2.7
applies on R: use the definition or Proposition 2.5.

Q2.12. It is a global minimizer: by Proposition 2.6, f(v) ≥ f(u⋆) + ⟨0, v − u⋆⟩ = f(u⋆) for
all v. It need not be unique: a constant function, or the quadratic form of the middle panel of
Figure 17, has a whole set of minimizers. Uniqueness holds if f is strictly convex.

Q2.13. Yes, although it has negative entries: its eigenvalues are 1 (eigenvector (1, 1)T ) and 3
(eigenvector (1,−1)T ), both positive. Equivalently, zT Az = 2z2

1 − 2z1z2 + 2z2
2 = z2

1 + z2
2 + (z1−

z2)2 > 0 for z ̸= 0.

Q2.14. f ′′(x) = ex > 0, so f is (strictly) convex. Since f ′(x) = ex−1 vanishes only at x = 0, the
first-order condition shows that 0 is the unique global minimizer, with f(0) = 1. In particular
ex ≥ 1 + x for all x: the exponential lies above its tangent at 0.
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Q2.15. Then f is not convex. If ∇2f(u)z = µz with µ < 0 and z ̸= 0, the restriction
g(t) = f(u + tz) satisfies g′′(0) = zT∇2f(u)z = µ ∥z∥2

2 < 0, so g is not convex near 0, and
neither is f (Proposition 2.3). One negative eigenvalue at one point is enough.

Q2.16. True. If f(u) < f(v) for some u, v, write v as a convex combination of u and of
wt = u + t(v − u), t > 1: v = (1 − 1

t )u + 1
t wt. Convexity gives f(v) ≤ (1 − 1

t )f(u) + 1
t f(wt),

i.e. f(wt) ≥ f(u) + t
(︁
f(v)− f(u)

)︁
→ +∞ as t→ +∞, a contradiction. A nonconstant convex

function on R thus grows at least linearly on one side.

Section 3 Unconstrained and Smooth Convex Optimization

Q3.1. No: f(x) = x2
1−x2

2 has a critical point at 0, which is a saddle point; its Hessian diag(2,−2)
has eigenvalues of both signs (Figure 21).

Q3.2. The Hessian is
(︃

2 −4
−4 2

)︃
, with eigenvalues 6 and −2: 0 is a saddle point (along x1 = x2,

f = −2x2
1 decreases; along x1 = −x2, f = 6x2

1 increases).

Q3.3. That it is inconclusive when the Hessian is only semidefinite: 0 is a global minimum of
x4, a global maximum of −x4, and neither for x3. Higher-order terms decide.

Q3.4. False: f(x) = x3 has the unique critical point 0, which is not even a local minimum, and
f has no minimum at all. The statement becomes true for a convex function that has a critical
point.

Q3.5. By the first-order characterization of convexity (Proposition 2.6), f(v) ≥ f(u) +
⟨∇f(u), v− u⟩ = f(u) for all v as soon as ∇f(u) = 0.

Q3.6. When XT X is invertible, i.e. when X has rank d (linearly independent columns). The
Hessian 2XT X is then positive definite and θ⋆ = (XT X)−1XT y. Otherwise there are infinitely
many minimizers.

Q3.7. False: Euler’s equation XT (p− y) = 0 is nonlinear in θ (the probabilities pi depend on
θ through the sigmoid), so it must be solved iteratively, e.g. by gradient descent or Newton’s
method.

Q3.8. By Cauchy–Schwarz, among the directions d of a given norm, ⟨∇f(u), d⟩, which drives
the first-order decrease of f(u− ρd), is maximal for d proportional to ∇f(u).

Q3.9. L = 10 and ρ > 2/L = 0.2: the component u2 is multiplied by 1−10ρ = −2 at each step,
so the algorithm diverges (while u1 is multiplied by 0.7).

Q3.10. ρ = 2/(α + L) = 2/11: the two components are multiplied by 1 − 2/11 = 9/11 and
1−20/11 = −9/11, so the error is multiplied by (κ−1)/(κ + 1) = 9/11 ≈ 0.82 at each iteration.

Q3.11. The derivative of ρ ↦→ f(uk − ρ∇f(uk)) vanishes at ρk, and this derivative is
−⟨∇f(uk+1),∇f(uk)⟩.

Q3.12. For a strictly convex φ, the graph lies strictly above its tangent at 0, so φ(ρ) ≤ φ(0) +
ρφ′(0) never holds for ρ > 0: with c = 1 no step would be accepted. With c < 1, all small
enough steps are accepted.

Q3.13. Newton: one, whatever the condition number. Gradient descent: in general infinitely
many, with a number of iterations to reach a given accuracy roughly proportional to κ.

Q3.14. False: for f(x) =
√

1 + x2, xk+1 = −x3
k, which diverges as soon as |x0| > 1. Convergence

is only local; damping with a line search fixes this.

Q3.15. Gradient descent: its steps are 100 times larger (L is multiplied by 100), so a step
that worked may now diverge. Newton’s method is unaffected, since (100∇2f)−1(100∇f) =
(∇2f)−1∇f .

Q3.16. It only uses gradients and costs O(d2) per iteration, instead of computing the Hessian
and solving a linear system in O(d3); L-BFGS even reduces the memory to O(d).
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Section 4 Constrained and Smooth Convex Optimization

Q4.1. The set {h = 0} of a convex but nonaffine function is in general not convex (e.g. the
circle ∥x∥2

2 − 1 = 0), whereas {aT x = b} is a hyperplane, hence convex.

Q4.2. No: the constraint reads g(x) = 1−∥x∥2 ≤ 0 with g concave, and the feasible set (outside
of the open unit ball) is not convex. Every point of the unit sphere is a solution: the minimizer
is not unique.

Q4.3. Stationarity gives x = −µ(1, 1), and the constraint gives µ⋆ = −1, so x⋆ = (1, 1), at
distance

√
2 = |b|/ ∥a∥2 from the origin, as in the minimum-norm example.

Q4.4. False in general: ∇f(x⋆) = −
∑︁

j µ⋆
j∇hj(x⋆) is only orthogonal to the feasible set. In the

previous question, ∇f(x⋆) = (1, 1) ̸= 0.

Q4.5. The dual function is a pointwise infimum of affine functions of (λ, µ), hence concave, and
the constraint λ ≥ 0 is convex: we maximize a concave function on a convex set.

Q4.6. By weak duality, 3.0 ≤ d⋆ ≤ p⋆ ≤ 3.2: the point x is at most 0.2 above the optimal value.
The dual pair is a certificate of accuracy.

Q4.7. False: a constraint qualification is needed. For min x s.t. x2 ≤ 0, the solution x⋆ = 0
admits no multiplier (1 + 2λ× 0 = 0 is impossible); Slater’s condition fails.

Q4.8. By complementary slackness, if λ⋆
i > 0 the constraint is active, gi(x⋆) = 0 (in the SVM,

the example is a support vector). If gi(x⋆) < 0, then λ⋆
i = 0 and removing the constraint does

not change the solution.

Q4.9. Keeping only the largest component, 2 − τ = 1 gives τ = 1, and 0.5 ≤ τ , 0 ≤ τ : the
projection is (1, 0, 0), a sparse vector.

Q4.10. z/ ∥z∥2 = (0.6, 0.8) for the ball; (1, 1) for the box. The two projections differ, although
both sets contain the same point (0.6, 0.8).

Q4.11. Clipping each coordinate gives (1, 0).

Q4.12. Because the gradient does not vanish at a solution on the boundary of C (Figure 30);
we monitor ∥xk+1 − xk∥2 instead, which vanishes exactly at the fixed points.

Q4.13. False in general: the iterates of gradient descent may temporarily leave C (e.g. with a
large step that overshoots), and the projection then modifies them. Both sequences have the
same limit, though, and coincide as long as the gradient steps stay in C.

Q4.14. It is equivalent to ⟨ρ∇f(x⋆), x− x⋆⟩ ≥ 0 for all x ∈ C, and dividing by ρ > 0 gives the
optimality condition (4.2), which does not depend on ρ.

Q4.15. One gradient evaluation plus a projection by sorting, in O(n ln n) operations; the pro-
jection is cheap, so the method is well suited to learning the weights of a vote.

Section 5 Introduction

Q5.1. T : playing chess (choosing a move in each position); P: proportion of games won against
a given set of opponents (or an Elo rating); E : games already played, e.g. against itself, as in
Samuel’s checkers program.

Q5.2. False. Mitchell’s definition requires the performance to improve with experience; a pro-
gram with fixed hand-written rules does not change when more data become available, however
good it is.

Q5.3. Not necessarily: more good data generally helps, but noisy or unrepresentative data may
not, and training “too much” on the same data can even degrade the performance on new data
(over-fitting, Section 6).
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Q5.4. Because “improving” only makes sense with respect to a criterion: a spam filter may
improve its proportion of correctly sorted emails while sending more legitimate emails to the
spam folder. Changing P may change which program is considered to learn best.

Q5.5. T : predict whether a user will like a movie (or rank the movies for this user); P: proportion
of correct predictions, or proportion of recommended movies that are actually watched; E : the
past ratings and viewing histories of the users.

Q5.6. The first one is a regression task, since the output is a real number (y ∈ R); the second
one is a binary classification task (y ∈ {rain, no rain}, encoded for instance as {−1, +1}).

Q5.7. d = 3× 64× 64 = 12 288: one value per pixel and per color channel (R, G and B).

Q5.8. Unsupervised learning, more precisely clustering: no label (no “correct group”) is avail-
able, and the groups must be discovered from the distribution of the data only.

Q5.9. Because this distribution is unknown: we only have access to a finite sample drawn from
it. The error on the distribution can only be estimated (on data that were not used for training)
or bounded, which is the subject of Section 6.

Q5.10. False. We observe a finite sample {(xi, yi)}m
i=1 drawn from the distribution, not the

distribution itself; supervision only means that each observed input comes with its output.

Q5.11. The labels are used only during the training phase, by the learning algorithm, to select
the model h. In the prediction phase, the model only needs the feature vector x of the new
input: its label is precisely what we want to predict.

Q5.12. They change with the lighting conditions (brightness), with the viewing angle and with
the distance to the camera (apparent size), although the object is the same; the same cat can
thus be represented by very different vectors. Good features should be invariant to such nuisance
factors.

Q5.13. No. The positive class is, by convention, the class of interest, the one we want to detect
(spam, fraud, disease), even if it is an undesirable event.

Q5.14. False. PCA only uses the inputs xi (it diagonalizes their covariance matrix) and never
uses a label: it is an unsupervised dimension reduction method.

Q5.15. A distribution shift: the habits of the fraudsters (and of the customers) have changed,
so that the new data no longer follow the distribution of the training data. The model should
be monitored and retrained on recent data.

Q5.16. In reinforcement learning there is no fixed dataset of correct answers: the data are
generated by the interaction of the agent with its environment, and the agent only receives a
reward (or a punishment), which says how good an action was, not which action was the correct
one.

Section 6 Statistical Learning Theory

Q6.1. The 0-1 loss is piecewise constant, hence neither convex nor differentiable, and minimizing
the empirical 0-1 risk is NP-hard in general. A convex surrogate leads to a convex problem that
can be solved efficiently; the hinge loss max(0, 1 − yh(x)) is moreover an upper bound on the
0-1 loss.

Q6.2. The errors are 0, 0.5 and −0.5. Squared loss: (0+0.25+0.25)/3 = 1/6 ≈ 0.167. Absolute
loss: (0 + 0.5 + 0.5)/3 = 1/3 ≈ 0.333.

Q6.3. False. Unbiasedness holds for a hypothesis fixed before seeing S. The hypothesis h⋆
S is

chosen on S precisely because its empirical risk is small, so its training error is optimistic on
average: E[Rℓ

S(h⋆
S)] ≤ E[Rℓ

S(hH)] = Rℓ(hH) ≤ E[Rℓ(h⋆
S)], where hH is the best hypothesis of

H (Figure 42).
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Q6.4. When H grows, the approximation error decreases (or stays the same) and the estimation
error typically increases. The approximation error does not depend on m, whereas the estimation
error typically decreases when m grows.

Q6.5. A polynomial of degree d has d + 1 coefficients; when d + 1 approaches the number m
of points, the polynomial can (almost) interpolate the data, noise included. It then oscillates
wildly between the training points, so that its error on new points becomes very large although
its training error is close to 0.

Q6.6. Because it is an expectation with respect to the distribution D, which is unknown. We
use the empirical risk, i.e. the average loss on the sample S, which is an unbiased estimate of
the true risk for a fixed hypothesis.

Q6.7. No: h⋆
S is chosen on S to have a small empirical risk, so its training error is typically opti-

mistic (Figure 42). This is why we need bounds that hold uniformly over H, or an independent
test set.

Q6.8. When λ→ 0, we recover plain empirical risk minimization over a large class, with a risk
of over-fitting. When λ → ∞, the parameters are forced towards 0 and the model becomes
(almost) constant: under-fitting.

Q6.9. ε =
√︁

ln(2/δ)/(2m) =
√︁

ln 40/2000 ≈
√︁

3.69/2000 ≈ 0.043: with probability at least
95%, the true risk is within 4.3 points of the empirical risk.

Q6.10. The deviation term behaves as 1/
√

m, so m must be multiplied by 4. Doubling ln |H|
means squaring |H|, i.e. going from 103 to 106 hypotheses: multiplying |H| by 1000.

Q6.11. True: ε increases with ln(1/δ), so it decreases when δ increases. But the guarantee then
holds with a smaller probability 1− δ: precision and confidence must be traded off.

Q6.12. Hoeffding’s inequality for variables with range K reads 2e−2mε2/K2 , so the deviation
term is multiplied by K: Rℓ(h) ≤ Rℓ

S(h) + K
√︁

(ln |H|+ ln(2/δ))/(2m).

Q6.13. d + 1 = 6, the number of parameters (five weights and a bias).

Q6.14. The first part is true. The second part is false: one must show that no set of 4 points
can be shattered. For linear classifiers in R2, four collinear points or the XOR configuration are
not shattered, but this is not enough on its own: one must also check the other configurations
(a point inside the triangle formed by the other three, or four points in convex position).

Q6.15. On the stability constant β of the algorithm (and on the bound K on the loss); for
regularized convex problems, β behaves as 1/λ (it is σ2κ2/λ in the example of the section).

Q6.16. Because it only concerns the hypothesis actually returned by the algorithm: the depen-
dence between θS and S is controlled through stability (replacing one example changes the loss
by at most β/m), which implies that the gap Rℓ(θS)−Rℓ

S(θS) satisfies the bounded-differences
condition of McDiarmid’s inequality.

Section 7 Learning Procedure

Q7.1. The selected configuration would be the one that is best on these particular examples,
partly by chance: the test score of the selected model would then over-estimate its generalization
performance (see Proposition 11.1), and the test set would in fact have been used as a validation
set.

Q7.2. A new model, learned on the whole training set with λimax ; none of the 10 models learned
during the cross-validation is used.

Q7.3. Over-fitting (high variance): the model fits the learning set much better than new data.
One can regularize more, choose a simpler model (e.g. a shallower tree), collect more data or
use an ensemble method such as bagging.
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Q7.4. The means and variances are computed with the validation folds, which therefore influence
the model: it is a (usually mild) data leakage. The scaler must be fitted on the learning folds
only, e.g. by putting it in a pipeline with the model.

Q7.5. 4×3 = 12 candidate values, each requiring 5 models, i.e. 60 models, plus one final model
learned on the whole training set with the selected values: 61 models.

Q7.6. False. Its estimate is almost unbiased, but it requires m trainings and its variance can be
large, because the m learned models are almost identical and their errors strongly correlated.
In practice, k = 5 or k = 10 is a better trade-off.

Q7.7. Hardly: the gap between the two curves is small and the validation curve no longer
increases, so the model under-fits (high bias). One should rather use a more flexible model or
better features.

Q7.8. Because it is the maximum of many noisy estimates: the selected configuration is partly
the one that was lucky on these folds, so its score is optimistic (Proposition 11.1). The perfor-
mance must be measured on data that played no role in the selection: a test set or the outer
loop of a nested cross-validation.

Q7.9. Accuracy 0.99, Recall 0 and balanced accuracy (0 + 1)/2 = 0.5: the balanced accuracy
reveals that the classifier is no better than a random guess.

Q7.10. An AUC of 0.5 means that the scores rank a positive example above a negative one only
half of the time, as a random ranking does. With very rare positives, even a small False Positive
Rate produces many more false alarms than true detections, so that the Precision is low; the
AUC, which does not depend on the class proportions, hides this.

Q7.11. MSE = (4 + 4 + 0 + 0)/4 = 2, RMSE =
√

2 ≈ 1.41 and MAE = (2 + 2 + 0 + 0)/4 = 1.

Q7.12. False. R2 = 1 −MSEh/MSEȳ is negative as soon as the model makes larger squared
errors than the constant predictor ȳ, which can happen on new data (e.g. with an over-fitted
model). It is only guaranteed to be non-negative on the training set of a least-squares model
with an intercept.

Q7.13. Accuracy = 970/1000 = 0.97, Recall = 40/50 = 0.8, Precision = 40/60 ≈ 0.667 and
F1 = 2TP/(2TP + FN + FP ) = 80/110 ≈ 0.727.

Q7.14. True: as a harmonic mean, F1 lies between min(Precision, Recall) and max(Precision, Recall).
It is moreover smaller than their arithmetic mean and closer to the smaller of the two, so a
model cannot get a good F1 with only one of them high.

Q7.15. From Fβ = (1 + β2)PR/(β2P + R), with P the Precision and R the Recall: Fβ → P
when β → 0 and Fβ → R when β → +∞.

Q7.16. With exp, an increasing function, the ranking of the examples is unchanged, so the ROC
curve and the AUC are unchanged. With −f , the ranking is reversed: every correctly ranked
pair becomes badly ranked, so the AUC becomes 1 − AUC (the curve is reflected through the
point (1/2, 1/2)).

Section 8 Supervised Algorithms

Q8.1. It is 0 (each training point is its own nearest neighbor, unless two identical inputs have
different labels), which says nothing about the test error: the training error of k-NN must not
be used to choose k; a validation set or a cross-validation must be used instead.

Q8.2. With two classes and an odd k, the majority vote can never be tied. With an even k, a
2-2 tie must be broken by an arbitrary convention (smallest label, random choice, or the label
of the nearest neighbor), which makes the rule less natural.
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Q8.3. The edge is 0.11/5 ≃ 0.63: the “neighborhood” must cover about 63% of the range of
every feature to contain only 10% of the points, so it is no longer local. This is the curse of
dimensionality, already visible in dimension 5.

Q8.4. The examples correctly classified strictly outside the margin, i.e. with yi(⟨w, xi⟩+ b) > 1
(case i) of the KKT analysis). Since w =

∑︁
i αiyixi, they do not contribute to w, and removing

them from the training set does not change the solution.

Q8.5. γ = 2/ ∥w∥2 = 2/
√

9 + 16 = 2/5 = 0.4.

Q8.6. False. A larger C penalizes the slack variables more heavily, so the solution tolerates
fewer margin violations, at the price of a larger ∥w∥2, i.e. a narrower margin 2/ ∥w∥2. It is a
small C that favors a wide margin.

Q8.7. The kernel K(x, x′) is then close to 0 as soon as x ̸= x′: the similarity becomes very local,
the boundary wraps around individual training points, most points become support vectors and
the model overfits (zero training error, poor test error).

Q8.8. The constrained form minimizes the loss over a ball. The L1 ball has corners on the axes,
where the level sets of the loss typically touch it first, so that some coordinates are exactly 0;
the L2 ball is smooth, so the contact point generally has all its coordinates nonzero (Figure 67).

Q8.9. Pr(y = 1 | x) = 1/(1 + e− ln 3) = 1/(1 + 1/3) = 3/4, and the odds are Pr(y = 1 |
x)/Pr(y = 0 | x) = eln 3 = 3 (“3 to 1”).

Q8.10. With d = 784 features and an offset, each vector has d+1 = 785 coordinates: (q−1)(d+
1) = 9 × 785 = 7065 parameters with a reference class, and q(d + 1) = 7850 for the softmax
version (which is over-parameterized, since the probabilities are invariant to a common shift of
the vectors).

Q8.11. The 0-1 loss is neither convex nor continuous in the parameters, and minimizing the
empirical 0-1 risk is computationally hard (NP-hard in general, even for linear classifiers). Con-
vex surrogates which upper bound it (hinge, logistic, exponential) can be minimized efficiently,
and making them small also makes the 0-1 risk small.

Q8.12. Decision trees: a split xj ≤ s only depends on the order of the values of feature j, which
any increasing transformation (in particular standardization or min-max scaling) preserves; the
threshold is simply transformed accordingly.

Q8.13. When λ → +∞, all the weights tend to 1, so h(x) tends to the global mean 1
m

∑︁
i yi

(underfitting). When λ → 0, the weight of the closest training point dominates all the others
exponentially, so h(x) tends to the output of the nearest neighbor of x (if it is unique): we
recover the 1-NN regression rule (overfitting).

Q8.14. GN = 1 − 3× (1/3)2 = 2/3. Yes: 1−
∑︁

j p2
j is maximal under

∑︁
j pj = 1 when all the

pj are equal, and the maximum for L classes is 1− 1/L.

Q8.15. The error is 0.2 before the split and 0.5×0+0.5×0.4 = 0.2 after: the error criterion sees
no improvement, although a pure node has been created. The Gini gain is 0.32 − 0.5 × 0.48 =
0.08 > 0: as a strictly concave function of the proportions, the Gini impurity (or the entropy)
rewards splits that increase purity even when the majority classes do not change.

Q8.16. The k-NN rule and kernel regression (the whole training set), and the kernel SVM (the
support vectors only). Linear and logistic regression, the linear SVM (through w and b) and
decision trees (through their rules) only store a fixed set of parameters.

Section 9 Neural Networks

Q9.1. False. It stops at the first hyperplane that separates the training set, which depends on
the initialization and on the order in which the examples are visited. Novikoff’s theorem only
bounds the number of updates by R2/γ2; maximizing the margin is the job of the SVM.
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Q9.2. By Theorem 9.1, at most R2/γ2 = 4/0.01 = 400 updates, whatever the dimension d, the
number of examples m and the learning rate α.

Q9.3. A perceptron is a linear classifier, and no line separates the two classes of the XOR
dataset (Fig. 74). The hidden layer computes a new representation (x1 ∨ x2, x1 ∧ x2) of the
data, in which the two classes become linearly separable, so that a single output perceptron
suffices.

Q9.4. 20× (10 + 1) + 20× (20 + 1) + 3× (20 + 1) = 220 + 420 + 63 = 703 parameters.

Q9.5. An affine function x ↦→ Wx + b (Proposition 9.2): it has exactly the expressive power
of a linear model, whatever its depth and width. Non-linear activations are needed for depth to
be useful.

Q9.6. Both are equal, by invariance to the addition of a constant: (e1, e2, e3)/(e1 + e2 + e3) ≈
(0.090, 0.245, 0.665). Computing e103 directly may overflow in single precision, which is why
we subtract maxk zk first.

Q9.7. False. The universal approximation theorem is an existence result with a possibly huge
number of hidden units, and it says nothing about learning or generalization. Some functions
require exponentially fewer units with a deep network, and deep networks learn hierarchical
representations that generalize better in practice.

Q9.8. The loss is − ln p2 = − ln 0.2 ≈ 1.61 and, by Proposition 9.4, ∇zℓ = p − e2 =
(0.7, −0.8, 0.1): the score of the true class is pushed up, the others down, proportionally to
their probabilities.

Q9.9. Backpropagation costs a forward and a backward pass, about 3P = 3×106 operations per
example. Finite differences require one forward pass per parameter, about P 2 = 1012 operations:
backpropagation is roughly 300 000 times cheaper.

Q9.10. All the units of a layer would compute the same function and receive the same gradient,
so they would remain identical during the whole training (if all the weights are equal to 0, the
errors δ(ℓ) = σ′

ℓ(a(ℓ))⊙ (W(ℓ+1)⊤δ(ℓ+1)) of the hidden layers are even exactly zero, so that only
the last layer learns). Random initialization breaks this symmetry.

Q9.11. They are multiplied by 1/(1 − p) = 1.25, so that their expectation is unchanged. At
test time, all units are kept and nothing else is done.

Q9.12. The variance is 2/nin = 2/512 ≈ 0.0039, so the standard deviation is
√︁

2/512 = 1/16 =
0.0625.

Q9.13. (3× 3× 32 + 1)× 64 = 18 496 parameters. This number does not depend on the size of
the images, thanks to weight sharing; only the size of the output feature maps does.

Q9.14. The convolution gives n′ = 32− 5 + 1 = 28, and the pooling divides it by 2: the output
is 14× 14 (per filter).

Q9.15. Its cell state is updated additively, ct = ft ⊙ ct−1 + it ⊙ c̃t, so that ∂ct/∂ct−1 contains
the term diag(ft) instead of a product diag(tanh′)W. When the forget gate is close to 1, the
gradient flows through many time steps without shrinking, as in a residual connection.

Q9.16. For a fixed generator, the optimal discriminator is D∗(x) = pdata(x)/(pdata(x)+pG(x)).
If pG = pdata, then D∗(x) = 1/2 everywhere: the discriminator can do no better than a coin
toss.

Section 10 Advanced Supervised Algorithms

Q10.1. By Proposition 10.1, E[(y−h(x))2] = 0.32 + 0.16 + 0.25 = 0.09 + 0.16 + 0.25 = 0.5. The
squared bias (0.09) and the variance (0.16) depend on the algorithm and can be reduced; the
noise term (0.25) is the Bayes error: no predictor can remove it.
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Q10.2. The hypothesis hH is fixed and does not depend on S: RS(hH) is an average of m i.i.d.
variables with mean R(hH) (see Proposition 1.14 in Section 1). The hypothesis h is chosen
using S, so the losses ℓ(h(xi), yi) are no longer independent variables with mean R(h): we have
to take a supremum over H, which is precisely where the Rademacher complexity comes in.

Q10.3. Both the complexity term 2C/
√

m and the confidence term
√︁

log(1/δ)/(2m) scale as
1/
√

m: multiplying m by 4 divides the guaranteed gap by 2. Dividing it by 10 requires 100
times more data.

Q10.4. The variance: the model is very sensitive to its training sample (it over-fits), while its
bias is small. Bagging, or a random forest if the model is a deep tree, is designed precisely to
reduce the variance while keeping the bias almost unchanged.

Q10.5. A given example is never drawn in m draws with probability (1−1/m)m → e−1 ≃ 0.37.
Hence about 1 − e−1 ≃ 63% of the distinct examples appear in the bootstrap sample (some of
them several times), and the remaining 37% are out-of-bag.

Q10.6. To decorrelate the trees. For T models with variance σ2 and pairwise correlation ρ, the
variance of their average is ρσ2 + (1− ρ)σ2/T : adding trees only kills the second term, and only
a smaller ρ decreases the first one. Trees grown on bootstrap samples of the same dataset look
alike, since they all split first on the most informative features.

Q10.7. False. Adding trees only reduces the Monte Carlo variability of the average: the test
error decreases and reaches a plateau (Figure 96). Over-fitting in a forest is controlled by the
depth of the trees, by p′ and by m′, not by T . This is the opposite of boosting, where T must
be chosen by early stopping.

Q10.8. If εt = 1/2, then αt = 1
2 ln 1 = 0: ht is no better than random guessing

and is ignored in the vote (the weights of the examples do not change either, since
Zt = 1). If εt < 1/2, the weights of the misclassified examples are multiplied by
eαt/Zt =

√︁
(1− εt)/εt /

(︁
2
√︁

εt(1− εt)
)︁

= 1/(2εt) > 1, e.g. by 5 when εt = 0.1.

Q10.9. It is not useless: −ht has a weighted error of 0.2. AdaBoost computes αt =
1
2 ln(0.2/0.8) = − ln 2 < 0, so that αtht = (ln 2)(−ht): the classifier is used with its predictions
reversed, and Zt = 2

√
0.8× 0.2 = 0.8 < 1 still decreases the bound. Only εt = 1/2 carries no

information.

Q10.10. These predictions are over-optimistic (a deep tree or a 1-NN classifier has a zero training
error). The meta-model would give a large weight to the base learners that best memorize the
data, which are not the ones that generalize best. It must be trained on predictions made
on examples that the base learners have not seen: a validation set or, better, the out-of-fold
predictions of the Super Learner.

Q10.11. Since −∂ℓ/∂H = y−H, the pseudo-residuals are the ordinary residuals yi−Ht−1(xi).
No: unlike bagging, each round decreases the training loss, and boosting eventually fits the noise;
T is chosen by early stopping on a validation set, together with the learning rate ν (Figure 101).

Q10.12. We get 1−0.9 = 0.1 and 1−0.1 = 0.9. The second example, which is misclassified, has
a pseudo-residual 9 times larger, and drives the least-squares fit of the next weak learner. As
AdaBoost, gradient boosting focuses on the badly predicted examples, but the pseudo-residuals
of the logistic loss are bounded by 1, whereas the weights of AdaBoost can grow exponentially.

Q10.13. Here g(xi) = ŷ
(t−1)
i − yi and h(xi) = 1, so that, by (10.6), the value of the leaf is∑︁

i(yi − ŷ
(t−1)
i )/(|Ij |+ λ): 6/3 = 2 (the mean residual) for λ = 0, and 6/4 = 1.5 for λ = 1. The

regularization shrinks the leaf values towards 0, all the more as the leaf contains few examples.

Q10.14. We have dM(x, x′) = |x1 − x′
1|: it is a pseudo-distance, but not a distance, since two

distinct points with the same first coordinate are at distance 0 (M is PSD but singular). One
can take L = (1 0) ∈ R1×2: the metric projects the data onto the first axis and discards the
second feature.
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Q10.15. False. Standardization amounts to using the Mahalanobis distance with M =
diag(1/s2

1, . . . , 1/s2
d): it solves the scale problem, but it does not use the labels, so a noisy

feature receives the same importance as an informative one. A supervised method such as
LMNN can shrink the irrelevant directions (down to 0 when M is singular).

Q10.16. Optimizing over L removes the PSD constraint, hence the eigenvalue decomposition
(of cost O(d3)) needed by the projection at each iteration, and a rectangular L ∈ Rr×d directly
performs a dimensionality reduction. But the objective, which is convex (piecewise linear) in
M, becomes a non-convex function of L, since d2

M(x, x′) = ∥L(x − x′)∥2
2 is quadratic in L and

appears with a minus sign in the push term: we lose the guarantee of reaching a global minimum.

Section 11 Applications and Learning in Practice

Q11.1. 5 binary features (or 4 if one modality is dropped as a reference, which avoids a redundant
column in a linear model with an intercept). The encoding 1, . . . , 5 introduces an order and
distances between the modalities (modality 5 would be “five times” modality 1), which are
meaningless for a nominal feature.

Q11.2. False. The splits of a decision tree only depend on the order of the values of each
feature, which is not changed by an increasing affine transformation. Standardization matters
for distance-based methods, gradient-based methods and penalized models.

Q11.3. The mean of the target over this single example is 1: the encoded feature reveals the
label of the example, so the model learns “this feature equal to 1 means fraud” on the training
set, which does not generalize. Target encodings must be computed out-of-fold (and smoothed
towards the global mean for rare modalities).

Q11.4. Because the fact that a value is missing can itself be informative (values are often not
missing at random, e.g. a field left empty by a fraudster); after imputation by the mean or the
median, this information would be lost.

Q11.5. The model would be evaluated on customers (or on a period) that it has already seen
during training, which over-estimates its performance on new customers (or on the future). One
must use a group split, which keeps all the examples of a customer in the same set, or a temporal
split, in which the training set precedes the test set.

Q11.6. The inner validation folds, built from the outer training set, choose the hyper-
parameters; the outer test folds, never seen during the selection, estimate the performance of
the whole procedure.

Q11.7. 103 × 5 = 5000 models (plus one final refit). A random search with a fixed budget, e.g.
60 combinations (300 models), is usually almost as good, since it tests 60 distinct values of each
hyper-parameter instead of 10; Bayesian optimization is another option.

Q11.8. False. By Proposition 11.1, the expectation of the maximum of the estimates is at least
the maximum of the true performances: the best score is optimistic, and the more candidates
and the noisier the scores, the larger the bias. Use a test set or a nested cross-validation.

Q11.9. The synthetic examples interpolate minority examples: generated before splitting, they
put near-copies of the validation examples in the learning folds, which is a leakage. The valida-
tion folds must also keep the true class proportions.

Q11.10. By Proposition 11.2, t∗ = cF P /(cF P + cF N ) = 1/10 in the first case and 1/5 in the
second one.

Q11.11. No. The model has seen a prior P(Y = 1) = 1/2 instead of 1/100, so it largely over-
estimates the probability of the positive class on real data. The probabilities must be corrected
(the odds are divided by 99) or the threshold must be tuned on validation data with the true
proportions.
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Q11.12. Both can be small: when one copy is permuted, the model still gets the information
from the other one, so the performance decreases only partially. Permutation importance under-
estimates the importance of correlated features; one should permute groups of correlated features
together.

Q11.13. By additivity, h(x) = ϕ0 +
∑︁

j ϕj = 0.10 + 0.30− 0.05 + 0.15 = 0.50.

Q11.14. Not without a test: each accuracy has a 95% confidence interval of half-width about 2
points. Since both models are evaluated on the same examples, a paired test such as McNemar’s
test, which only looks at the examples on which they disagree, must be used.

Q11.15. The 10 training sets overlap a lot (any two of them share 8/9 of their examples), so the
scores are not independent and the variance of their mean is under-estimated: the test rejects
the null hypothesis too often. McNemar’s test or the 5× 2 cross-validated t-test are preferable.

Section 12 Why PAC-Bayes for ensemble methods?

Q12.1. It is the weighted average of the risks: 0.5×0.1+0.3×0.2+0.2×0.3 = 0.05+0.06+0.06 =
0.17.

Q12.2. Q(h1) = 1
1+3 = 0.25 and Q(h2) = 3

4 = 0.75.

Q12.3. Both can happen. It is much better when the voters err on different points (Exam-
ple 12.1). It can be worse, but at most twice worse, as we will prove in Section 15.

Q12.4. It is true (any risk is at most 1), but it is vacuous: it gives no information.

Q12.5. The price in the bound measures how much the posterior has moved because of the
data; this only makes sense if the reference point, the prior, does not itself depend on the data.
Technically, the proof needs the prior to be independent of the sample (Section 14).

Section 13 From an error on a sample to a guarantee

Q13.1. By Markov’s inequality, P(Z ≥ 0.2) ≤ 0.02/0.2 = 0.1, whatever the distribution of Z.

Q13.2. ˆ︁RS(h) = 0.05 and the margin is
√︁

ln 20/1200 =
√

0.0025 = 0.05: RD(h) ≤ 0.10.

Q13.3.
√︁

ln 20/(2m) ≤ 0.01 iff m ≥ ln 20/(2× 10−4) ≈ 15 000.

Q13.4. Because the fluctuations of a coin of small bias are small (variance p(1− p)), and the kl
adapts to them, whereas Hoeffding’s inequality pays for the largest possible variance, that of a
fair coin.

Q13.5. Because it was chosen with the same data: among many classifiers, some look good by
chance on this sample, and the selected one is likely to be one of them. Its empirical risk is
optimistic.

Q13.6. ln K. Multiplying K by 10 only adds ln 10 ≈ 2.3 to the numerator.

Section 14 The PAC-Bayesian bound

Q14.1. ln 20
5 = ln 4 ≈ 1.39.

Q14.2. It is +∞ (the term Q(h) ln Q(h)
0 is infinite): the bound becomes vacuous. The prior

must give a positive weight to every voter we may want to use.

Q14.3. Step 2: we exchange the expectation over the sample and the average over P , and we
apply Markov’s inequality to EP eλ∆. This is only possible if P does not depend on S.

Q14.4. Because the only random event of the proof (Step 2) does not involve Q: once it holds,
the change of measure gives the inequality for every Q.
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Q14.5. ln 2
√

2000
0.05 = ln 1789 ≈ 7.49; the margin is

√︁
7.49/4000 ≈ 0.043, so the bound is 0.243.

Q14.6. For λ = 0 it is the prior. For λ → ∞, it puts all its weight on the voter(s) with the
smallest empirical risk (empirical risk minimization).

Section 15 From the Gibbs classifier to the majority vote

Q15.1. WQ = 0.3 < 1
2 : the vote is right.

Q15.2. RD(BQ) ≤ 0.2.

Q15.3. eD = 0.2− 0.3/2 = 0.05, and the tandem bound is 4× 0.05 = 0.2.

Q15.4. The voters always agree: dD = 0, and eD = p (when one errs, both err). The tandem
bound is 4p, worse than the first-order bound 2p.

Q15.5. Because the joint error is the Gibbs risk of pairs of voters drawn from Q2, and
KL(Q2∥P 2) = 2 KL(Q∥P ).

Q15.6. MQ = 1− 2WQ; the vote errs when MQ ≤ 0, i.e. WQ ≥ 1
2 .

Section 16 Learning with the bounds

Q16.1. Because the bound holds, with probability 1 − δ, simultaneously for all posteriors; in
particular for ˆ︁Q, whatever the way it was found.

Q16.2. Yes for λ: it only indexes posteriors, and Seeger’s bound holds for all of them. No for
the prior: it must be fixed before seeing the data used in the bound.

Q16.3. About e−1 ≈ 37% for one tree, and e−2 ≈ 14% for two trees (the examples out of both
bootstrap samples). With bootstrap samples of size m/2: e−1/2 ≈ 61% and e−1 ≈ 37%.

Q16.4. The first-order bound only sees the average error of the trees: its minimizer keeps the
few best trees, which are similar, and the vote loses its diversity.

Q16.5. ∥w∥2

2 : the ℓ2 (ridge) regularization of linear models and SVMs.

Section 17 Deriving a self-bounding algorithm, step by step

Q17.1. The factor 4 and the terms ln(1/δ)
λ and λ

8m : for a fixed λ they do not depend on Q, so
they do not change the minimizer.

Q17.2. Because Q(h) appears both in the row and in the column h of the symmetric table of
joint errors.

Q17.3. Gibbs: its own empirical error ˆ︁RS(h). Tandem: its average joint error with the vote,ˆ︁eS(h, Q), i.e. the errors it shares with the other voters.

Q17.4. Because Q⋆ appears on both sides of (17.3): it is a fixed-point equation, solved by
iterations.

Q17.5. Yes: the kl tandem bound holds for all posteriors, in particular for the one returned,
whatever its quality.

Q17.6. Yes for the kl certificate, which does not depend on λ and holds for all Qλ. For the
linear certificate, λ is a parameter of the bound: it must be fixed in advance, or chosen in a grid
at the price of a union bound (ln k

δ ).
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